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FOREWORD 


PLASMA PHysicS—ACCELERATORS— I HERMONUCLEAR RESEARCH 


(Journal of Nuclear Energy Part C) 


IN the last few years one of the classical branches of 
physics, which had for some years been rather quies- 
cent, has suddenly become fresh and exciting. Plasma 
physics is part of that study of gaseous discharges to 
which physics owes not only the fundamental dis- 
coveries of electrons and of isotopes but a great 
number of useful devices. Its renewed importance 
comes from the hope that it will be possible to derive 
controlled energy from fusion reactions between nuclei 
of isotopes of hydrogen, and so solve the problem 
of the supply of energy for all time. This involves 
heating the gas to temperatures of many million degrees 


at which it becomes a wholly ionized plasma of 


electrons and nuclei. 

In view of the immense technical possibilities a 
large amount of work is now in progress in many 
nations, as was shown at the second Geneva Con- 
ference on the Peaceful Uses of Atomic Energy last 
August, where the thermonuclear section attracted 
great attention. It is desirable that papers on this 
subject, now scattered in a great many journals and 


published in many languages should be collected 
together in one journal. It is especially important that 
prompt and accurate translations of the numerous 
and important papers produced in Russia should be 
available for physicists unable to read the originals. 
These it is intended this journal should supply. 

The design and construction of particle ac- 
celerators is another field of physics in which very 
large sums of money are now being spent. Here also 
a large proportion of the work is done in Government 
establishments or in the great international laboratory 
of C.E.R.N. It will be helpful to workers in this field 
also to have the literature collected. In fact there are 
several points of contact between this and the ther- 
monuclear field more particularly on the side of 
electrical engineering, so they should be able to share 
a common journal harmoniously. 

The new journal has a wide support from many 
countries, and’ will help to increase international 


collaboration over growing and important fields. 
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FOREWORD 


A new and promising field of research and tech- 
nological development has crystallized out of the 
ferment caused by the successful release of thermo- 
nuclear energy with the hydrogen bomb. The 


potential value to the world of sustained nuclear 
reactions which can provide controlled release of 
nuclear energy, based on fuel sources which are truly 
inexhaustible, provides an incentive which has already 
captured the imaginations of many of the world’s best 


scientists and engineers. 

The principles and techniques already emerging 
in the new technology of thermonuclear science are 
based primarily on the experience gained in two 
formerly independent fields, high energy accelerators 
and gaseous discharge. Accelerator technology has 


contributed significantly, particularly in the control 
and focusing of particle beams by electric and magnetic 
fields. Devices for studying plasma concentrations 
and pinch effects already involve shaped magnetic 
fields of unusually high flux density, which go far 
beyond either gas discharge or accelerator practice. 
Gas discharge phenomena are being pushed into a 
region of higher plasma densities than ever before 
studied, requiring new approaches in the engineering 
fields of heat removal and vacuum techniques. 

This new journal has an important and useful 
function in sponsoring this merger of scientific 
disciplines and in publicizing 
growing field of technology. 


developments in this 
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SOME INVESTIGATIONS ON THE PHYSICS OF A HEATED PLASMA 
AND ITS CONTAINMENT 


M. A. LEONTOVICH 
U.S.S.R. Academy of Sciences 


Abstract—The following theoretical and experimental investigations in plasma physics, performed at the 
Atomic Energy Institute of the U.S.S.R. Academy of Sciences were reported by Academician M. A. 


LEONTOVICH in a lecture given at the Atomic Energy Research Establishment, Harwell, England on April 28, 


1959. 


Some results of an experimental investigation of the 
currents in a plasma in toroidal chambers with a 
strong longitudinal magnetic field (V.S. MUKHOVATOV 
and V. S. STRELKOV) 
THE stability condition for a plasma turn in a longi- 
tudinal magnetic field can be written down as follows* 
H,/H, > Ria (1) 

where H, is the longitudinal magnetic field strength, 
H, is the discharge current field strength and R and a 
are respectively the radii of the torus and pinch cross- 
section. Expression (1) can be represented in the 
form 

H,,|J = k 2R/ca* (2) 
where J is the discharge current and & is a coefficient 
characterizing the margin of stability. 

Stability of pinches was studied experimentally in 
a toroidal assembly.t The discharge chamber is 
made of 0-1 mm thick stainless steel. The torus 
diameter is 125 cm and the diameter of the torus tube 
is 47 cm. Two diaphragms are mounted in the 
chamber. The diameter of the diaphragm aperture is 
26 cm. The discharge chamber is located inside a 
copper torus with 2 cm thick walls. Quasi-stationary 
magnetic fields up to 10,000 oersted can be attained 
in the apparatus. The primary winding of the air 
transformer is energized by a condenser bank. 

By varying the ratio H,,/J it can be observed clearly 
how the current is pinched towards the diaphragm 
| 

is 
2/R 
depicted in Fig. | (j, is the mean current density over 
the area covered by the diaphragm and /,; is the mean 
current density over the diaphragm aperature). 

For k~ 1, the mean current density j, is about 
30 per cent of the current density j,,. With increase of 


apertures. The dependence of jp/j,;, on k 


* BRAGINSKY S. I. and SHAFRANOV V. D. (1958) 2nd Geneva 


Conference, Report 2500. 
+ DotGcov-Save.iey G. G. et al. (1958) 2nd Geneva Conference, 


Report 2226. 
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k this ratio rapidly drops and already for values k 3 


/plig Goes not exceed 7 per cent. Oscillograms of the 


current J and its derivative J for k = 1-1 and k = 3-7 
are presented in Fig. 2. The amplitude of oscillation 
of the current derivative significantly decreases with 
increase of k i.e. of H,/H,. Streak photographs of 
the plasma column illustrate firstly the decrease of 
the radius of the luminous region with increase of & 
and secondly a more uniform glow. 

A possible interpretation of these facts is that for 
k >2 the plasma column is restricted by the dia- 
phragms and macroscopic oscillations for which 
~ R are not observed. Unfortunately due to the 
weak luminosity of the pinch in deuterium the 
photographs are not very distinct. Photographs of 
the pinch in argon are shown in Fig. 3; they are 
similar to those for deuterium. Oscillograms of the 
discharge voltage and discharge current and its 
derivative obtained under similar conditions are 
presented in Fig. 4. 
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the course of their experiments. 


Some results of an experimental investigation of the 
plasma in a magnetic mirror trap (M. S. Torre, R. 1. 
SoBoLyEV, V. G. TELKOvsKy, and E. E. YUSHMANOV) 


The lifetime of a low density plasma in a magnetic 
mirror trap was studied. A hydrogen plasma of 
density of 10®-10'° cm-3 and ion energy of 3-5 keV 
was obtained by accelerating ions from a cylindrical 
plasma column directed along the trap axis with a 
radial electric field. 

A general description of the apparatus has been 
given by L. A. ARTSIMOVICH (1958)* and by E. E. 
YUSHMANOV (1958).7 

Since, in the conditions of the experiment under 
consideration, the escape time of fast ions from the 
trap due to scattering on ions (and on residual neutral 
gas particles) was at least three orders of magnitude 
greater than the charge exchange time, it would be 
expected that charge exchange is practically the only 
source of ion losses, provided that no specific plasma 
mechanisms exist which lead to an even faster escape 
of the plasma from the trap. 

The plasma lifetime was measured by recording the 
flux of fast neutral atoms due to charge exchange 
after switching off the radial electric field. For this 
purpose rectangular accelerating electric pulses of 
several tens of wsec duration were applied; the current 
of secondary electrons ejected by the fast atoms from 
an insulated electrode located near the wall in the 
middle of the trap was recorded on an oscillograph. 
A typical oscillogram obtained in such measurements is 
shown in Fig. 5, the secondary electron current is 
depicted in the upper part and the accelerating voltage 
pulse v in the lower part of the figure. 

The lifetime 7 was taken to be the time required 
for the current to decrease by a factor of e (at a given 
pressure the current due to fast atoms and the electrons 
ejected by them is proportional to the ion density). 

The dependence of 7 on hydrogen pressure in the 
trap was measured in the pressure range from 5 < 10~7 
to 2 x 10-° mm Hg for several values of the magnetic 
field strength Hy. Results of the measurements are 
represented in Fig. 6. They indicate a linear depen- 
dence of 1/7 on pressure which is precisely what one 
would expect in the case of charge exchange; however 
the straight lines drawn through the experimental 


* ARTSIMOVICH L. A. (1958) Second Geneva Conference, Report 
2293. 

t YUSHMANOV E., E. (1958) Plasma Physics, Vol. 4, p. 235, 
Pergamon Press, London. 


M. A. LEONTOVICH 


Acknowledgements—The authors wish to express their thanks to 
L. A. ArTsIMoviCH and N. A. YAVLINSKy for guidance during 
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mmHg 


points upon extrapolation to zero pressure intersect 
the ordinate axis above zero, at 1/7,,, this point being 
the higher the weaker the magnetic field. 

Pressure measurement errors cannot explain this 
fact; it apparently signifies that under the conditions 
of the present experiment, besides charge exchange, 
there is an additional ion escape mechanism with a 
characteristic time 

For H, = 8000, 6000 and 5000 oersted the values of 
T, are respectively 1500, 400 and 200 usec (the mirror 
ratio being H,,,/H = 1-57). 

Similar measurements of the dependence of 7 on 
pressure at various mirror ratios lead to a strong 
dependence of 7, on H,,,/H,. Thus, for H, = 8000 
oersted and H,,,/H, = 1°57; 1-45; 1-25 the values of 
T, are respectively 1500, 750 and 200 usec. 


Acknowledgement—The authors wish to express their thanks to 
L. A. ARTSIMOVICH for valuable discussions. 


On the stability condition for a low pressure plasma 
(B. B. KADOMTSEV) 


Within the framework of the hydrodynamical 
theory the stability condition has been derived for 
a low pressure plasma (« = Fe 
dition permits one to determine the minimal restric- 
tions on a magnetic field which should be capable of 
confining the plasma. For fields with closed lines of 
force the stability condition was known earlier 
(KADOMTSEV, 1958).= 
In a paper completed recently by the author a study 
was made of the stability of low pressure plasmas in 
systems with unclosed field lines but of a topologically 
toroidal type, that is, in which constant pressure 
surfaces consist of nested toroidal surfaces. The 
energy principle underlies the analysis. It is shown 
that for the most dangerous disturbances which vary 
slowly along the field lines and for systems with 


< 1). This con- 


t Kapomrtsev B. B. (1958) Plasma Physics 4, 16; Progress in 
Nuclear Energy, Series X1, Vol. 1, pp. 565-575. Pergamon Press, 
London. 
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Some investigations on the physics of a heated plasma and its containment 


sufficient field inhomogeneity the necessary stability 
condition is given by the relation 


VpVU < (Vu)? 7a*/|4U| (1) 


where a is a mean value of the small radius of a 
toroidal surface of prescribed pressure p; U is the 
mean value of the integral { d//H along the field line 
over the entire length of the toroid and yw is the 
number of minor radius revolutions of the field during 
one complete circuit of the toroid. 

For a weakly inhomogeneous field such that 
|VU/U| is a small quantity of the order of ¢, the 
stability condition should be modified so as to take 
into account additional small terms; the stability 
condition then turns out to be somewhat more 
complicated and, for example, in the case of a straight 
pinch with cylindrical symmetry it is identical with the 
Suydam criterion (SUYDAM, 1958).* 

In the derivation of condition (I) no restrictions were 


imposed on the field geometry excepting that of 


toroidality, and therefore it is more general than the 
analogous criterion for stability derived by JOHNSON 
et al. (1958)+ for a straight weakly inhomogeneous 
magnetic field. 


On the interchange instability for the cylindrically 
symmetrical plasma column (B. B. KADOMTSEV) 

Convective or interchange instability was studied 
for the simplest axially symmetrical configuration of a 
plasma column confined by the field of an axial 
current; no restrictions were imposed on the plasma 
pressure (quantity = 87p/H*). 

A necessary and sufficient stability condition can 
easily be obtained in the hydrodynamic approxi- 
mation in the absence of dissipative processes. It can 
be expressed as follows 


if ¢ > 2/3y 
d\n p 
dinr 
+ ve 3y 


where y is the adiabatic exponent, equal to 5/3 for an 
ideal gas and ¢ = 8zp/H?®. 

According to the relation (1) the plasma pressure 
should not decrease too rapidly with the radius. It 
follows from this condition that stable configurations 
should have a singularity at r > 0 and apparently can 
be realized experimentally only in the presence of a 


* SuypaM B. (1958) 2nd Geneva Conference. Report 354. United 
Nations, New York. 

Tt JOHNSON J., OBERMAN C., KuLsvup R. and E1eman E. (1958) 
2nd Geneva Conference, Report 1875. 


an 


rigid current carrying conductor at the centre of the 
column. 

The stability of the plasma column was also 
investigated in the same work with the aid of the 
Boltzmann equation. It was found that in the absence 
of collisions the stability condition is somewhat less 
stringent than (1). However there exists a second, a 
collisional branch of oscillations with frequencies of 
the order of the collision frequency between particles 
and taking account of this branch leads exactly to 
criterion (1). 

Stability of entropy waves i.e., of column distur- 
bances for which the pressure at each given point 
remains constant, was also studied in the paper 
under discussion in the hydrodynamical approxi- 
mation. Electron and ion drift leads to propagation 
of these waves along the column axis with the drift 
velocity and, under certain conditions, to build-up 
of the waves with an increment of the order of 
wo ~ where V, is the drift velocity, V,; ~~ Vp 
r,, the Larmor radius, V, the thermal velocity and k 
the wave number. 

The stability condition for these oscillations is 

din T ' 7 e\ dinp 


— + —— (2) 
dinr 10 4/ dinr 
For a small curvature (r —» %) it goes over to the 
condition 
dinT 7 é 
dinp 4’ 


obtained previously by TSERKOVNIKOV which is the 
hydrodynamical analogue of one of the criteria 
deduced by him with aid of the Boltzmann equation 
(TSERKOVNIKOV, 1957). 

The physical cause of entropy wave instability is 
the same as that of convective instability, namely, the 
tendency of the plasma to expand. Excitation of 
entropy waves is a consequence of non-adiabatic 
convection in which heat exchange occurs between 
various parts of the plasma. 


On some results of the study of the stability of plasma 
of axial symmetry by means of kinetic equations 
(L. I. RuDAKOv and R. Z. SAGDEYEV) 

A collision-free kinetic equation was used to study 
the build-up of oscillations in the problem of the same 
symmetry. It was demonstrated by the authors in 
this way that entropy as well as magneto-acoustic 
waves can be built up. The condition of stability 


+ TsERKOVNIKOV (1957) Zh. eksp. teor. Fiz. 32, 67. 
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with respect to magneto-acoustic oscillations has the 
form 


dnH | LH 
where 
H 2T Vp 
Vp = [— = — 
V m On 


The analysis showed that the physical cause of 
instability of these oscillations as well as of the drift 
waves is the build-up of oscillations by particles 
drifting with a velocity close to the phase velocity of 
the wave. These particles experience a systematic 
drift along the gradient of the unperturbed magnetic 
field and impart energy to the wave. Thus, even in the 
absence of collisions, excitation of long wave oscilla- 
tions (wave length larger than the Larmor radius) is 
due to movement of the plasma across the magnetic 
field (as in convection) but only those particles which 
fall into resonance with the wave participate in this 
motion. 


On the influence of finite conductivity on the stability 
of a pinch in a strong longitudinal magnetic field 
(V. D. SHAFRANOV) 


In recent experiments performed with straight 
chambers and with toroidal chambers with a strong 
longitudinal magnetic field (H,) satisfying the con- 
dition H,/H, > R/a it has been possible to obtain a 
pinch possessing a certain degree of stability. How- 
ever, in all experiments the plasma conductivity was 
not large and did not exceed 10! CGS units. 

On the other hand, previous investigations of the 
stability of plasma systems with surface as well as 
distributed currents were carried out on the assumption 
that for small oscillations the plasma conductivity 
can be considered to be infinite, i.e. during the 
oscillations the magnetic field is ‘frozen’ in the 
matter and diffusion is absent. 

An attempt has been made to study the stability of a 
pinch stabilized by a longitudinal magnetic field by 
taking into consideration finite conductivity and 
hence diffusion of the plasma. Influence of diffusion 
of the stabilizing longitudinal field H, would seem to 
be of greatest interest, whereas diffusion of the current 
field, H,, as one can see readily from qualitative 
considerations, should not change the general picture 
appreciably. Investigation of stability therefore was 
carried out for the simplified model of a pinch with a 
surface axial current; the perturbed magnetic field 
of this current is determined by assuming that o = «0; 
stabilization is achieved with a strong uniform field 
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H, > H,, the diffusion of which is taken into account. 
The calculations show that when finite conductivity 

of the plasma is taken into account the ‘stabilized’ 

pinch proves to be unstable, the perturbations 

increasing according to the law exp (wf) where the 

increment ~ is defined by the relations 


me (m = 0) 


= 
4zp H,” 


H 
4 = (m =—1,—*<ka< 1) 
4rpa* H 


He 


= k? - 
4zp 


(m= 1 ka<1) 


Roughly, = 1/taip Where = 

c* 
is a characteristic diffusion time for a pinch of radius 
a and |/m, is the time of instability growth in the 
case of poor conductivity: in the presence of kinks 
it is H,/H,, times smaller than for axially symmetrical 
perturbations. 

The rate of development of instabilities is found to 
be very large. However these perturbations are of a 
local nature. The plasma flows from the disturbed 
areas along field lines in a thin surface layer. Therefore 
it may be expected that these perturbations will be 
less dangerous than perturbations of the unstabilized 
pinch. 


Role of impurity radiation in the energy balance of the 
pinch (V. 1. KOGAN) 

One of the modes of energy loss in a hydrogen or 
deuterium plasma is the radiation due to the presence 
of impurities. This radiation primarily leads to a 
decrease of the electron temperature. 

The problem was considered in the following 
simplest form. A completely ionized hydrogen 
pinch is confined mainly by the magnetic field of its 
own current. The ion and electron temperatures are 
assumed to be the same (at least in order of magni- 
tude). Furthermore, it is assumed that a prescribed 
amount of a given impurity is present in the plasma 
such that the total number of electrons in the shells of 
the impurity atoms is smaller than the number of 
electrons from the hydrogen atoms. In the energy 
balance account is taken of Joule heating of the 
plasma and its cooling as a result of emission of 
radiation from the impurity as well as hydrogen ions 
in free-free, free-bound and bound-bound transitions. 
It was found that if the amount of impurities exceeded 
~(0-01 — 0-1) per cent most of the radiation losses 
were due to the impurity ions. 

Under the assumptions made above, the ratio of 
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impurity radiation losses to Joule heating assumes the 
following simple form 
N* constant 
Qyoute Neit rT) 


where N* is the total number of impurity atoms per 
unit length of the pinch; F.(7) is the total intensity 
of bremsstrahlung, recombination and line radiation 
emitted by an impurity of atomic number Z per unit 
volume, the electron and impurity densities being 
assumed to equal unity. The quantity F(T) was 
evaluated with aid of the results obtained by KNoRR* 
under the assumption that the effective ionization 
depth of the impurity particles (which is important 
for the probabilities of the radiation processes) is 
defined, as a function of temperature, by the balance 
of two processes: of electron impact ionization and 
radiative recombination. This assumption is correct 
(at least qualitatively) for ‘slow’ discharges whose 
duration is much greater than the effective ionization 
time. 

The function F(T) thus obtained is such that N*,, 
turns out to be practically constant in order of 
magnitude over a broad range of temperature (from 
10 to eV). Thus 

for oxygen (Z=8) ~ 10% cm", 
for calcium (Z= 20) 


Therefore, under the assumptions made above, the 
fraction of energy carried off by the impurity radiation 
practically depends only on the absolute number of 
impurity atoms in the cross-section of the pinch. 

This means that if the percentage of impurities is 
low they can be of importance in heat loss only if 
the total number of particles in the cross-section is 
large (>10" cm“). If, on the other hand, the number 
of hydrogen ions in the cross-section is lower than 
(10'* —- a low percentage of impurities 
should ensure that the latter play an insignificant role 
in the energy balance. 


Motion of particles in magnetic traps (A. 1. Morozov 
and L. S. SoLovyov) 

At present an urgent task is the development of a 
kinetic theory of equilibrium and stability of plasma 
configurations. A natural preliminary step in this 
direction would be to examine in detail the motion of 
individual particles in magnetic traps. A study of 


* KNorRR (1958) Z. Naturf. 13a, 941. 


Some investigations on the physics of a heated plasma and its containment 


this type was undertaken in the drift approximation. 
For fields possessing translational, axial and helical 
symmetries exact integrals of the drift equations have 


—> 
been obtained for Hcurl H = 0. The integral for an 
axially symmetric magnetic field has been applied to 
analyse the motion of particles in the field of a 
current-carrying plasma turn located in a longitudinal 
magnetic field. For a thin torus the largest displace- 
ment of the particle drift trajectory due to toroidality 
is ~ry 1/a/R where r;, is the Larmor radius in the 
field of the current-carrying ring, a is the distance from 
the ring, and R is the torus radius. 

An analysis of the motion of particles in corrugated 
toroids revealed that, in principle, escape of the 
particles from the traps can be prevented. The 
maximal orbit shift due to toroidality in this case is 


| 


2a 

( where «=—, 

\2aRh 

is the period of the corrugations, H, and h are 
respectively the constant and variable components of 
the longitudinal fields. The shift does not depend on 
the magnitude of the Larmor radius. 

rhe motion of particles in a magnetic field produced 
by a helical coil in the presence of a longitudinal tield 
has also been considered. In a trap of this type the 
lines of force form magnetic surfaces which enclose 
the ring axis of the toroid r= R. Beyond a certain 
magnetic surface (separatrix), the lines of force leave 
the system. If the particles are located inside the 
separatrix they will remain there for arbitrary values 
of the ratio V/V, provided the values of R are 
sufficiently large and the rotational transform angles 
are sufficiently small. Thus, in principle, a field of this 
type can equally be employed to produce an ideal trap. 
However in practice it should be difficult to create an 
‘absolute’ trap of this type since groups of particles 
exist for which the displacements due to toroidality 
are very Jarge. These are particles for which mean 
velocities of revolution about the ring axis are close 
to zero. 

Expressions are presented in the paper which are 
also valid in the presence of a potential electric field; 
however, specific trajectories have been determined 
only in the absence of an electric field. 
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Abstract—A head-on collision of two 15 GeV protons produces an energy in the centre of mass equivalent to 
about 500 GeV with the target at rest. To achieve significant production of secondaries, intense beams of 
particles are required, and this is obtained by ‘stacking’ successive pulses of particles at high energy. 
Limitations imposed by the accelerating system are examined and upper limits are given to the densities 


that can be obtained under different assumptions. 


1. INTRODUCTION 


At the C.E.R.N. accelerator conference in 1956, 
KeErsT (KERST ef al., 1956) and other members of the 
M.U.R.A.* group outlined the possibilities of using 
fixed field alternating gradient (F.F.A.G.) magnet 
rings for colliding beam accelerators. In this accele- 
rating system, two beams of high energy particles are 
directed against each other giving energies in the 
centre of mass system very much higher than can be 
produced by a single beam hitting a stationary target. 
High beam densities are needed for sufficient inter- 
actions to take place and, in order to achieve these 


densities, successive pulses of particles must be 
stacked at high energy in the d.c. field. Two of these 
stacked beams would circulate in opposite directions 
and interact in a target section (or sections), any one 
particle passing many times through the target section. 


Losses from the beams due to interactions and 
collisions with the residual gas molecules would be 
made up continually by further pulses of particles. 
The theory of the ‘stacking’ process was given by 
SYMON and SESSLER (1956) at the C.E.R.N. conference 
and experiments have since confirmed this theory 
(TERWILLIGER et al., 1957a). 

Since the C.E.R.N. conference, extensive studies 
have been made of the dynamics in both radial sector 
and spiral-ridge F.F.A.G. fields. In finding possible 
designs, many instabilities caused by both intrinsic and 
error resonances have to be avoided. In addition, with 
spiral ridge F.F.A.G., the insertion of straight sections 
introduces non-scaling features which have proved 
troublesome, although possible solutions exist. For 
colliding beams, the OHKAWA (1958) radial sector 
machine is probably of greatest interest since two 
beams can circulate in opposite directions in the same 
magnet. 


* Midwestern Universities Research Association. 


We shall assume in this paper that one or other of 
these designs has been found entirely feasible, and 
shall discuss the possible beams that might be 
produced for a colliding beam accelerator and 
the r.f. systems that would be needed to provide 
them. In the present treatment, many simplifications 
have been made, but it will be shown that, even for the 
idealized system, there are definite limitations and 
requirements to be met. Finally a system will be 
given which satisfies these requirements and for which 
further more detailed calculations could be made. 


2. THE REQUIREMENTS FOR A 
SYNCHROCRASH BEAM 

We shall be concerned with the ‘crashing’ of two 
15 GeV proton beams; this is equivalent to a single 
beam of 500 GeV hitting a stationary target. To 
achieve a reasonable yield of interactions each of 
these beams should contain of the order of 10% 
particles (KERST et a/., 1956) with a radial spread (due 
to energy spread) of only a few centimetres. Now the 
maximum circulating current that can be obtained at 
full energy is equal to 

(a) the number, n,,, of particles injected per pulse, 
multiplied by 

(b) the number, 7,, of pulses per second introduced 
into the machine multiplied by 

(c) the circulating time, 7, (sec) before the particles 
at full energy are lost through interactions, gas 
scattering or otherwise. 

The purpose of this paper is to describe the limita- 
tions which must be imposed on the system, to ensure 
that the particles are not lost during acceleration and 
that the final energy spread is within prescribed limits. 
We shall show that an upper limit to the circulating 
current is likely to be of the order 

x 10? x 10° 
where the numbers refer to (a), (b) and (c) above. 


Vo 

1 
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(a) The first of these factors is equivalent to an 
injection current of 30 mA for one turn at 40 MeV, 
and also corresponds roughly to the space charge limit 
in a spiral ridge machine. If multi-turn injection is 
possible (as may well be the case in an OHKAWA 
machine) the first factor may be put up to 10"°, by, for 
example, injecting 10 turns from a 30 mA injector (60 
turns from 5mA injector). With the larger stable 
(betatron) area available in an OHKAWA machine, this 
current of 10'* particles should be within the space 
charge limit (see Section 5.2). 

(b) The product of the first two factors gives the 
mean current which has to be accelerated to 15 GeV. 
For a mean current of 10" particles per second there 
will be 240 kW in each beam, that is roughly 0-5 MW 
beam loading. An order of magnitude increase in this 
is not realistic. 

(c) From a consideration of the interactions of the 
beam with the residual gas molecules it is found that a 
circulating time of 100 sec corresponds to a gas 
pressure of 10-° mm. This time might possibly be 
increased to 1000 sec at a pressure of 10°-° mm. 
Unfortunately, we should not then be able to increase 
the circulating current to 


This would mean stacking 10° pulses at high energy and 
we shall show that it is impossible to do this without 
giving the final beam an excessive energy spread, 
unless the repetition rate at injection is reduced from 
100 pulses per second. 

If a circulating time of 1000 sec is achieved an 
alternative to the above case would be 

10% x 10 x 10°. 

Here again the total number of stacked pulses is 
10 x 10% = 10. This method has the advantage that 
the smaller mean current may be accelerated with a 
much simpler r.f. system. 

If it is possible to inject 10° particles per bucket 
then two possible schemes would be 


10% x 10 x 10° 


or 10% x 10 

Clearly, it is desirable to inject as many particles per 
bucket as is possible. 

It is important to note that the maximum of 10'° 
(10!’ if multi-turn injection is possible) is based on very 
idealistic assumptions, and the tolerances on achieving 
this are very severe. 
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3. BEAM STACKING 


In their C.E.R.N. Symposium paper, SyMON and 
SESSLER (1956) outlined several possible systems of 
acceleration for F.F.A.G. machines. Since then, the 
discovery of the phenomenon of r.f. ‘knockout’ 
(TERWILLIGER, 1957b) (see Section 4) has greatly 
increased the difficulties associated with some of these 
schemes. The simplest and most feasible scheme seems 
to be that of beam stacking, and this is the only 
scheme with which we shall be concerned in this 
report. Here again r.f. ‘knockout’ considerations 
are very important and impose certain definite limita- 
tions on possible systems (see again Section 4). 

In the beam stacking scheme, the acceleration of 
particles is accomplished in a number of stages, each 
with an independent r.f. system. In the first stage, 
pulses of particles are accelerated from the injection 
energy to the first stacking energy, the second stage 
accelerates the particles from the first stacking level to 
the second and so on to the full energy where the 
particles are stacked to form the synchrocrash beam. 

Let us consider a typical stage taking a particle from 
an energy E, to E,. This stage will consist of a number 
of cavities spaced round the machine, all working at 
the same angular frequency @,r, although possibly at 
different phases. The frequency, “rr, will sweep out 
some harmonic / of the angular frequency range 
associated with the rotation of the particles w(E,) 
w(E,). Successive pulses of particles will be accelerated 
from E, to Ej, where they will be left to circulate 
while further pulses are brought up. The cavities will 
physically occupy only that part of the aperture 
appropriate to their energy range (see Table 1) 
although there will of course be overlapping at the 
stacking levels. 

The equations of motion are 


IE 
dt 27 
(1) 
dd 
hol BE) 
dt 


where = | dt 


These equations can be put in canonical form by 
introducing SyMon’s variable 


dE 


W(E) 
JE, OE) 


The quantities W and ¢ are then canonical variables, 
and we may now discuss the system in terms of 
canonical phase area and apply Liouville’s theorem. 
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This theorem states that density in phase space 
measured with the particles is conserved. We shall, 
of course, in general be concerned with densities 
averaged over sizeable regions of phase space, and 
care must be taken to see that very little ‘empty’ phase 
space is mixed into these regions. 

This ‘mixing’ may occur in the following ways:— 

(1) At the beginning of an accelerating cycle, the 
r.f. voltage is zero and the particles are spread out 
over 27 in phase ¢, and over a certain energy range 
AE,. These particles must be ‘condensed’ into an 
accelerating bucket and, in order to avoid mixing of 
phase space, the voltage V must be raised adiabatically 
(see Section 5.5) to V,,,x, the accelerating voltage. 
This adiabatic switch-on will take a certain time S 
which must be allowed for in calculating the duty 
cycle, and this imposes severe restrictions on the duty 
cycle at injection. We shall assume that, provided this 
time is allowed for, no mixing takes place. 

(2) R.F. jitter, (sudden changes in @y,- during 
acceleration) will also mix in empty phase space. We 
shall, however, ignore this effect. 

(3) When subsequent pulses (buckets) are brought 
up to E,, they will affect the pulses already stacked at 
E,. The particles already at E, will be “phase 
displaced’’ (SYMON and SessLerR, 1956) downwards in 
energy to make phase room for the new particles. 
Inevitably, some phase mixing will occur but we shall 
assume that it may be ignored, provided we ensure that 
the incoming bucket is full of particles (i.e. that the 
bucket itself does not bring in any empty phase space). 

To determine the parameters associated with a 
bucket, we use the method of Bou and Fo.py (1946). 
Defining a synchronous energy E£, by the relation 
hw(E,) == wr and a synchronous phase angle d, by 


dE. eV 


@, sin 
dt 


we may write E= E,-+ AE and linearize in AE. 
We obtain the usual BonM and Fotpy phase equation. 
d esd E, 
dt \iKo?® 


5) = Gin — sin g,) (2) 
i 7 


2 


Edw 
where K = — —. 
wdE 


The bucket passing between E, and E£, is characterized 
by the values of V and y= sin ¢,. It will contain a 
canonical phase area given by 


8 (2eV.E,\'” 


J 


a (y) (3) 


Bucket area 


( 2eV Es 


0-25 0-50 
Y= sind 


Ss 


Fic. 1.—The area and widths of buckets for different y = sin ¢,. 


where «(y) is shown in Fig. | and will take a time T to 
accelerate each pulse of particles 


2a dE 
7 | G ig (4) 


Je, (E) 
(where S is the adiabatic switching time). 

In what follows, we shall describe systems in terms 
of pulses per second. This will always refer to the 
repetition rate at input. After the first stage, a 
number of pulses may be accumulated by stacking so 
that the repetition rate is in general less for these 
stages. Nevertheless, the mean current accelerated 
(provided nothing is lost) is given by the number of 
particles per pulse, times the number of pulses per 
second at input. The first stage is therefore a very 
critical one, since, in order to get a high mean current, 
we require a high repetition rate and, consequently, 
a short acceleration time in this stage. This in turn 
restricts the time for adiabatic switch on. On the 
other hand, even if the injected particles were mono- 
energetic, an energy spread is inevitably induced by 
switch-on. It is important therefore to relate induced 
phase area to switch-on times. Before doing this, we 
shall begin with a brief discussion of r.f. knockout 
since this imposes important restrictions on the rf. 
system and harmonic number. 


4. R.F. KNOCKOUT 


The particles in a stacked beam will circulate with 
some angular frequency w,;. As further pulses are 
accelerated, the r.f. frequency will sweep through 
values out of resonance with mst, and the energy of 
the stack will be modulated slightly. This modulation 
is not normally important. However, under certain 
conditions, there can be resonance between this 
modulation and the betatron oscillations of the beam. 
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This r.f. knockout phenomenon causes growth of the 
amplitude of the betatron oscillations. 
The first-order resonances may be represented by 
the equation 
2 / 
dt* 


the principal terms of the R.H.S. being proportional 
to exp i(s0 + nNO — ct). The L.H.S. represents the 
smoothed out betatron oscillation and Q is either the 
radial or vertical betatron frequency. The R.H.S. 
represents the energy modulation, N is the number of 
cavities and s (harmonic number) takes account of 
any linear phase shift between the cavities. The nN@ 
term must be replaced by n@ if the cavities are not 
placed symmetrically around the machine, or if there 
are errors in the voltage 
We may write 
rt 


t = — 0 
Ost 


(6) 


Ost 


where w, is the angular frequency of particles in the 
bucket being accelerated. Hence knockout frequen- 
cies occur when 


>» 
Q= s| nN 
\ st 
that is (7) 
N N Mst 
\ 
The resonance diagrams are shown for s= —, N, 
—> in Figs. 2, 3,4. Ass increases the range of x — — 
Mst 


between resonance lines decreases, and thus we would 
choose to work with S = N/2, that is, to work the 
cavities in antiphase. To avoid knockout resonances, 
the best mode of operation is the fundamental with 
N, the number of cavities, large. In this case, the 
resonance diagram opens out to give a much larger 
trouble free range for 
From Fig. 2, we see that if Q/N is approximately 
equal to n + 1/2 where n is an integer, the allowable 
range of —2 is from 0 to 2, that is the two sets of 
Ost 
cavities on either side of the stacked beam may take the 
particle from a very small frequency to nearly twice the 
stacked beam frequency without causing knockout. 
This gives very reasonable radial separation between 
stacking levels (see Table 1). We shall take h, the 
harmonic number equal to 10 in all further calculations 
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Fic. 2.—Resonance Fic. 3.—Resonance 
diagrams for r.f. diagrams for r.f. 
knockout. knockout. 


Fic. 4.- 


-Resonance diagrams for r.f. knockout. 


and ignore any further knockout resonances caused by 
non-linearities or errors. 
5. THE FIRST STAGE 

We shall now discuss in some detail the important 
first stage of the acceleration. To begin with, the 
number of particles that we can reasonably expect to 
be injected per pulse will be calculated. Then the 
relation between the phase area per pulse and the 
duty cycle at injection will be considered. Finally, 
the limitations imposed on the whole system by the 
first stage will be discussed. 


5.1 Injection 


lhe number of particles injected per turn 


where / is the mean current from the injector and R is 

the radius of the machine. 
Thus for a 75 m radius machine, particles per turn 
2m 75 


10-8 (mA) 
1-6 x 1079 x 3x 108 


[O10 
mA turn (or twice this for a 150 m radius) 


With single turn injection at 40 MeV (f = 0-283) 


from a linac, 3-5 


10! particles per mA mean current 
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would be injected. Thus a 30mA injector would 
give 10'* particles per pulse. 


5.2 Space charge 

We may make some rough estimates of the effects 
of space charge forces on the particle dynamics by 
calculating the electric and magnetic fields inside the 
beam, assumed to have uniform charge density and 
to be moving in a straight line, and putting these into 
the betatron equations of motion. The main effect of 
these fields is to modify the betatron frequency. The 
smoothed-out equation of motion becomes 


(8) 


total number of particles in the pulse 
radius of the machine 
- ‘classical’ radius of the proton 
cross-sectional area of the beam 

refers to either the radial or the vertical 
betatron frequency. 


where 


Thus 


— = (2+ Q’)(Q' — Q) 


where Q’ is the modified betatron frequency. 


1 NRrpr (1 — 
bs 20 AA 


We shall certainly require that 
and therefore 
47AA.Q 
Rrpr (1 — 
2:8 x 10-* 


1837 


At 40 MeV (6 = 0:283), rpr and putting 


10? cm, we obtain 
N<10 x 10% AA.Q (11) 


where AA is in cm®. This should be reduced by half 
for a 150m machine. Taking AA as greater than 
3 cm* and Q greater than 3-5, we have that AA . Q > 
10. The particles, however, will be bunched in phase 
when they are accelerated and may thus occupy as 
little as one third of the circumference. As / increases, 
these space charge effects become smaller through the 
negligible. 


R= 75 


and as / approaches unity become 


For the moment, we shall take 10! particles as the 
pulse size, and, as we do not intend to stack many 
pulses together at low energy, space charge effects will 
be omitted from further calculations. 


5.3 Phase space area per pulse 


For the present, we suppose that the injected 
particles are mono-energetic. They then have no area 
in phase space but occupy a line of length 27 in phase. 
If the r.f. is switched on suddenly, phase oscillations 
will be induced immediately. Although the phase 
‘area’ is still a line in accordance with Liouville’s 
theorem, this line will soon spread itself over the 
effective area of the bucket because of the non- 
linearity in the phase oscillation frequency. To 
prevent this loss of density, the r.f. voltage must be 
switched on slowly. The phase oscillations will then 
damp and the resultant energy spread can be kept 
small. 

The maximum area which can be tolerated is deter- 
mined by the total number of pulses which have to be 
accommodated at full energy within a given energy 
range. At high energy, the relation between energy 
spread and radial spread for a 15 GeV machine with a 
4m radial aperture is approximately 

AR (cm) ~ 7AE (GeV) 
Defining the total phase area as 
AE 
—  27(AE in MeV, o in rad/usec), we 


have Ap,= 245 for AR=1cm or Ap = 2450 for 
AR = 10cm. If N pulses are to be accommodated at 
full energy, the maximum area which one of the pulses 
must occupy at injection is 
N 


lcm, the area per pulse is 


Ap: 


For N = 10° and AR 
0-245. 


5.4 Sudden switch-on 

In this section we examine a system in which no 
advantage is taken of adiabatic switch-on. This is 
done merely to emphasize the necessity of adiabatic 
switching. 

We shall also assume sudden switch-off at the first 
stacking level, in which case the particles will spread 
out over 27 in phase and have an energy spread AEp, 
the energy width of the bucket at the first stacking 
level. The phase area occupied by the particles 
(initially mono-energetic) will be 


27AE, 


R 
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where is angular frequency at the first stacking level. 
Now the energy spread AE, is given by the ex- 
pression 


The quantities y = sin ¢, and e(y) are plotted in Fig. 
1. Taking eV = 30 MeV and the first stacking level 
at 100 MeV, which would allow 100 pulses per second, 
we may calculate this area. We have for the energy 
spread, 


2 x 0-03 1038) }¥? 
(10 4:38 x 3-142) 
1-345e(y) MeV 


giving for the area occupied, 


Area = 4-75e(y). 


Thus, if we wish to stack 10° buckets/cm at full energy, 
we must have 
e(y) ~ 1/20. 

From Fig. 1, we see that this would give a value 
y = 0-98 and with this value, only 10 per cent of the 
particles would be trapped (see again Fig. 1). Since 
similar loss factors are likely to be incurred in 
subsequent stages, the total loss will be several factors 
of 10. 


5.5 Adiabatic switch-on 
We shall now examine adiabatic switch-on, again 
assuming that the initial particles are mono-energetic. 


A full treatment would require numerical solutions of 


the non-linear phase equation (2). For the present 
purpose we shall linearize this equation to give 


eV 
=— | — (12) 
dt \ dt | 


where ® is the phase of the particle relative to the 
synchronous phase ¢, and / is the harmonic number. 

At injection, the only parameter which is appreci- 
ably dependent on time is V = V(t) (strictly V cos ¢4,. 
If the switch-on procedure were to be computed 
numerically, independent variation of V and y would 
be considered). Putting 


hKw 2eV 
we obtain 
+ = 0. (14) 


At time ¢ = 0, let us suppose that Q is switched on 
at some value Q,. In this case, the particles move 
round ellipses in phase space with a frequency Qp. 
The initial line distribution will rotate as a straight 
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line if the dynamics is truly linear, sweeping out 
an area in phase space. Because of the non-linearity of 
the phase equation, the line will eventually spread 
over the whole area, mixing with empty phase space. 
It is this effective area, as Q is varied, that we have to 
estimate. 

Suppose now that Q is made to increase with time 
from its initial value Q,. Provided the increase is 
adiabatic the phase oscillations will decrease in 
amplitude, but the energy oscillation [0] will increase 
such that the phase area remains constant. The 
solution will then be represented by the W.K.B. 
approximation 


exp i dt 


~ expi | QQ dt 
The condition for the change to be adiabatic and 
conform to the W.K.B. approximation is that the 
fractional change of frequency per period is small 


! 
~ 


If we require this condition to be satisfied uniformly, 
we obtain 


where « l. 


(T — t? 


For this particular variation of 22 with time, we are 
fortunate in having an exact analytical solution (see 
Appendix 1) with which to test the accuracy of the 
adiabatic approximation. We find that for « = 285, 
the area only increases by 10 per cent from its value 
Ay at Q = Q,, as Q is raised to its final value. A 
graph of ©2(7) is shown in Fig. 5. To preserve a small 
phase area, we shall only be interested in large changes 
in £2 and we see that the curve rises very steeply 
towards its asymptote. We therefore equate the time 
to reach the final value of © with the time 7. 

Putting in values of the constants appropriate to 
40 MeV, we plot in Fig. 6, V4 (which gives Q,) against 
T and also the associated phase area Ay. This area 
A, must be greater than the initial area occupied by 
the injected pulse, 


where AEjnj is the energy spread from the injector. 
The AEjnj given by equating these two areas is also 


E 1/2 
ey . &, 
lh Kr | 
Vole 
959/60 Q dt 
1 dQ 
dt 
or on integration 
y 
kee 
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Fic. 5.—Adiabatic voltage rise. 


shown in brackets in Fig. 6. The area of the accelera- 
ting bucket in the first stage must, of course, be greater 
than Ao. 

Several further questions must be answered to 
obtain a complete picture of adiabatic switching. 
Firstly, do other modes of voltage rise allow shorter 
switching times for the same final area? Examination 
of the cases of linear and other simple modes (see 
Appendix 1) suggests that this is not so. Secondly, 
the effect of non-linearities and the finite energy spread 
at injection on the fraction of particles trapped must 
be calculated. This should be done using a digital 
computer. 

Ao 
0-974 (183 keV) 


lkeV TI 


T0-814(153kev) 


+— 0°69 (130 keV) 


{0°436 (82 keV) 


0°308(58 kev) 


0°258(48:5) 


— 0-218 (41 keV) 


+—— 


0-138(26 keV) 


0-097 (18keV) 
9 10 


Fic. 6.—Time taken for adiabatic switch-on. 


5.6 Limitations imposed by the first stage 


In Section 2, it was shown that the total circulating 
current is obtained from the product of three factors 


An upper limit to 7, is 10! (see Sections 5.1 and 5.2), 
an upper limit of n, x n, is 10 (see Section 2) and 
an upper limit to 7, is 1000 sec. Thus the total current 
will not exceed 10'* particles. We shall now use the 
analysis of the preceding sections on the first stage 
to impose further restrictions. These restrictions are 
shown in Fig. 7. 
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Fic. 7.—Limitations in the first stage. 


In Fig. 7, n, x T,, the number of pulses making up 
the circulating beam is plotted against the time allowed 
for switch-on in the first stage. We showed in Section 
5.5 that a given time of switch-on gave rise to a certain 
phase area A, for the pulse. Assuming that this area 
occupied by the pulse remains constant during the 
whole acceleration process, we may calculate (see 
Section 5.3) the number of pulses that may be accommo- 
dated within a given radial width at full energy. This 
gives one set of curves for Fig. 7. Again for a given 
switch-on time and assuming a time for acceleration 
we may calculate the pulse repetition rate (”,). We 
assume for curves (1) an infinite acceleration voltage 
(i.e. no time allowed for acceleration), and for curves 
(2) eV. sin d, = 100 keV and for curves (3) 30 keV in 
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a first stage from 40 MeV to 100 MeV. The 100 MeV 
is the lowest stacking energy allowed, if we make the 
restriction that each stage should occupy at least one 
half-metre aperture width (see Table 1). Multiplying 
these values of n, by the circulating times T, = 100 
and 1000 sec, we produce the further two sets of 
curves shown in Fig. 7. 

Let us examine now a system with a 4 msec switching 
time in the first stage. The pulses can be packed to a 
density 10* per cm radial spread at full energy (see Fig. 
7). With a circulating time 7, = 100 sec, a beam of 
6  10® pulses could be obtained with eV sin 4, = 30 
keV in the first stage. With eV sin ¢d, = 100 keV or 
T, = 200 sec this could be increased to 10* pulses. 
If T, is as long as a 1000 sec, it would be possible to 
obtain a circulating beam of nearly 10° pulses; the 
radial spread however would be much too large, 
nearly 100 cm. The 10% sec circulation could be used 
to obtain 3 x 10* pulses with R = 10 cm by increasing 


the switching time to 10 msec, but only a factor 3 is 
gained and the tolerances on energy spread at injection 
are now very severe. If a circulating time of 1000 sec 
is available, it should be used to decrease the number 
of particles accelerated per second. Thus the circula- 
ting beam of 10'® would be made up (see Section 2) as 


10" x 10 x 10°. 


The limitations imposed by the first stage may be 
summarized as follows. 

(1) 10° pulses cannot be obtained within a 10 cm 
spread. 

(2) 10* pulses can only be obtained within a | cm 
radius spread if 7, 1000 sec and the energy spread 
at injection is <5 keV. 

(3) 104 pulses within 10 cm radial spread is possible 
say with n, = 10? pulses per sec and 7, == 100 sec or 
n, == 10 pulses per sec and T, = 1000 sec. 

We shall examine now the later stages of acceleration 


15 


to 15 BeV, taking a switching time of 4 msec in the 
first stage and Ay = 0-25 as the associated phase area 
per pulse. 
6. THE LATER STAGES 
With injection at 40 MeV and the first stacking level 
at 100 MeV, the acceleration time is given by 


100 Me\ dE 


-VY/40MeV 


2a 


T 


ev 


8-45 
— msec with el 


30 keV. 
The stable phase area of the bucket A,, is given by 


ol hk | 


10, eV = 30 keV, we obtain 


2°75 a(y) 


With A 


Ap: . Ay = 0-25 


With y = 0-8, « = 0-1 this condition is satisfied. The 


8-45 
08 
rate in the first stage is then 54 pulses per sec. 

Next we consider acceleration in the range from 
about 2 GeV to the final energy 15 GeV. In this part 
of the acceleration, the particle rotation frequency 
changes less than 5 per cent. Accordingly, the amount 
of frequency modulation required is small and it 
should be possible to put the cavity voltage Viyax up 
to 300 keV or more. 

The stable phase area of the bucket at 2 BeV 
10, K = 0-098) A, is 
Ap = 91-07 


time for one cycle 8 msec. The repetition 


(h 


The time, 7, for acceleration from 2 GeV to 15 GeV is 
"15 GeV dE 


«2GeV 


ev. 


20-68 


msec. 


TABLE |.—SPIRAL RIDGE MACHINE PARAMETERS 


Angular frequency 
Be 
(rad/sec) 


Kinetic energy T 
(MeV) 
*(GeV) 


1-182 > 
1-777 

3-080 » 
>» 
3-837 x 10° 
3-958 x 10° 
3-948 x 10° 


10° 
10° 
10° 
10° 


40 
100 
500 

1* 
2* 
5* 


Radial position in 
a 4m aperture 
(m) 


de 
Jsomey 
(keV msec) 


11-317 
43811 
0°7177 
0-2887 
0-0987 
0-0120 

—0-00984 


4-0 
3-53 


Bmax = 14 kilogauss. 


Rmax (for 15 GeV) 75:8 m. 
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Edw 
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ow dE 
40°5 
2-65 197-2 
2:21 345-4 
1-73 613-4 “a 
1-0 1378-0 
0 3904-0 
k = 7434. 
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TABLE 2 


Vinax = 30 keV 


Stable phase area 
Acceleration time, J (sec) 


Pulses/sec 


100 keV 1 MeV 


When the time occupied by adiabatic switching is 
negligible, the maximum transfer of phase area 
between two energies is obtained by taking y = 0-4 
(SYMON and SESSLER, 1956). With this value of y, 
we give in Table 2 the rate at which pulses (A, = 0:25) 
can be accelerated from 2 GeV—15 GeV with different 
cavity voltages. 

There should thus be plenty of time in hand for this 
stage of the acceleration provided Vmax > 100 keV. 

Next, the stages necessary to accelerate the required 
number of pulses per second from 100 MeV to 2 GeV 
must be determined. In these stages, we again take 
y = 0-4 and eV = 30 keV. The stable phase area at 
100 MeV, is 


0-03 
4-38 


8 |? 1038 > 
Ap 
1:78 L 10 > 


Five pulses may thus be stacked at 100 MeV and 
accelerated together in the next stage. The time 
available for one r.f. sweep in the next stage is thus 


1/2 
| x 0-43 = 1-52 


54 sec 


= 92-6 msec. 


Allowing 10 msec for switching, we have an accelera- 


ting time 
2a 
eV .y Ji0oMev @ 


| j dE 


82:6 


— = 157-7. 
/100MeV @ 

From Table |, this gives the next stacking level at 
500 MeV. One pulse only (i.e. 5 initial pulses) would 
be stacked at this level. The next stage would be 
from 500 MeV-—1 GeV at which two pulses (i.e. 10 
initial pulses) would be stacked. A further stage from 
1 Gey-2 GeV would complete the system. 

The complete system would thus be:— 


Stage 1 40 MeV — 100 MeV 54 pulses per sec 
Ag=025 eV= WkeV 


100 MeV — 500 MeV 
eV 


Stage 2 
taking 5 pulses at a time 
Stage 3. 500 MeV — 1GeV 
taking 5 pulses at a time 
Stage 4 1 GeV — 2 Gev 
taking 10 pulses at a time 
Stage 5 2 Gev — 15 GeV 


11 pulses per sec 
- 30 keV 
11 pulses per sec 
eV = 30 keV 
5$ pulses per sec 
eV = 30 keV 
eV > 100 keV. 


If the voltage eVinax in stages 1—4 could be raised to 
100 keV, the same system would accelerate the same 
pulses at a repetition rate of 90 pulses per sec. This 
system is somewhat complicated having five stages 
and losses might be rather high. If the circulating 
time is 1000 sec and a pulse repetition rate of only 10 
per sec is needed, the number of stages may be reduced 
to three. The system would be:— 

40 MeV — 800 MeV 
0:25 eV= 30keV 

800 MeV — 2 GeV 
2 GeV — 15 GeV. 


Stage | 10 pulses per sec 
Ag: 
Stage 2 
Stage 3 


We have seen how the phase area of the pulse gives 
the final beam an energy spread and thus a radial 
spread. In order to keep this phase area as small as 
possible, adiabatic switching must be used in the first 
stage. This in turn reduces the pulse repetition rate, 
and thus the mean current accelerated. 


7. CONCLUSION 


Throughout this paper, the final current has been 
thought of as the product of three factors, the number 
of particles injected per pulse, the number of pulses 
accelerated per second and the circulating time at the 
top energy. The first factor is limited by space charge 
effects and the current available from an injector. The 
discussion therefore has been concerned chiefly with 
the product of the last two factors, the number of 
pulses making up the final beam. This is constrained 
by the need to avoid an excessive final energy spread. 
It has been shown that to keep this energy spread small 
a strict process of adiabatic switching must be used 
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during the first stage. The time taken for this adiabatic 
switching in turn limits the number of pulses per 
second that can be accelerated by the first stage. 
Taking into account all these factors, the total number 
of particles comprising the final beam could be in the 
region of 10'*. This would be made up to 10” 
particles per pulse and 10* pulses, and would be 
contained in a radial spread of 10cm. This total of 
10'® would be sufficient for a colliding beam accelerator 
but it must be emphasized that very severe practical 
requirements have to be met. To obtain a fully 
realistic picture, account will have to be taken of the 
losses of particles, which will inevitably be sustained. 
These may well be more severe than those encountered 
in present accelerators in view of the complication of 
the radio-frequency system. Further detailed investi- 
gations of the various problems which have been 
discussed here, switch-on and phase-displacement etc., 
should be made using digital computation. These, 
together with the many practical requirements, will 
have to be taken into account in any final verdict on 
such an accelerator. 
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APPENDIX | 
Adiabatic switching 
The equation for adiabatic voltage rise discussed 
in Section 5.5 is 


T \2 
@ 4 (= 0. (17) 


This equation has the general solution 
c(——) cos | 1/4. 
T (18) 
log { + oO]. 
~ 


,, (0) 


For the initial conditions (0) 0, this 


becomes 
COS T 


T 
cos | 1/4. log (=—) 9% 
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where, 
| 
tan 0» 
2V2Q,?T? 1/4 
Putting 
A= — 1/4 log { + 4 
t 
we have 
(T V Q,2T? — 1/4 
cos T L (T—t 
(19) 
cos 
2(T — t) 


The instantaneous phase area A is then 


+ O22) 


A 
Q) 
PV — 1/4 
——— jcos* A +-| sin A 
0p (2,7 
-cos A 
J 
7D 
4Q,27? 
Vv — 1/4 
sin 2A 
2 
Finally 
4 ——_ 1 ——cos A (20) 
cos? 4, | 20,7 
where A’ = 24+ x with x given by tanx 2 
VQ,2T? — 1/4 and hence x = 7/2 — 0. 
Thus 
A’ = 2VO2T? — 1/4 log| -) 4, 
Now sec* 0, = | = so we finally 
40,277 — 1 
obtair 
40.27? | 
140,272 — 


lhe only dependence of A upon the time ¢ is through 
the term in cos A’. Thus the area A oscillates about a 


mean value 


4 aD, 20) 


If we require that this oscillation should not change A 
by more than 10 per cent, then 2Q, T= 10, 


Q,T = 5. 
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jg very nearl 


In this case, the factor 


equal to one and we may take 
A = 


To transform this area into canonical phase area, 
we use 


8s 


AE E, 
a 
h Kw 


and obtain 


E, 
Ag: hKo, 


hKw? cos 4, 


eV». 

In Fig. 6, Vj and Ay, are plotted against 7, for 2, 
T = 5 that is « = 25 (see Section 5.5). 

In the case of a linear voltage rise the change of 
area A with time can again be readily calculated. At 
first the area grows rapidly, but after the particle has 
made approximately one half of a phase oscillation 
the area stays very nearly constant. A certain V, 
can be defined such that the phase area does not change 


by more than 6 per cent after V has reached V,. This 
V , is dependent on the gradient dV/dt. We have 


23 


== 


where c is the appropriate constant. Writing 
(24) 


equation (23) reduces to the standard Airy equation 


2) 
id + x® — 0 
dx? 
After a certain interval x (which depends only on 0) 


the solution satisfies the adiabatic criterion. Thus 


giving 

dv \ 28 
dt 

If dV/dt now is allowed to vary, equation (26) gives on 
integration the adiabatic form «/(T — 1)", previously 
introduced. We now see that this form has the 
property of being just adiabatic all the time. It 
therefore appears that the «/(7 — 1) mode yields the 
most rapid rise consistent with the adiabatic require- 
ment. 


V = (26) 
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Abstract—The object of this paper is to show various criteria and essential limitations for any fusion reactor 
in a unified way. For this purpose, any fusion system is described in terms of two fundamental variables, a 


new para meter +r 


Nr, called the reduced time, and the temperature 7. Differential equations for time 


variations of the compositions of fuels, as well as the bremsstrahlung loss caused by electron-electron 


scattering, are newly introduced into the energy balancing considerations. As a result, we can find maximum 
and minimum values of 7 and 7, which are expressed as two contours enclosing energy balancing regions in 
narrow and wide senses in J—r space, called the 7—Nr diagram. These contours include the criteria of Post 
and Lawson. With the aid of the 7—Nr diagram we discuss the ideal temperature to operate reactors, upper 
limits to efficiencies for available energy gains, two roles played by ashes, the critical time to renew the fuel, 
the fact that, without effective utilization of neutrons and their energy, pure deuterium fuel cannot 
be used as a direct energy source, time variations of energy generation and losses, and some other criteria 
of a technical character. The 7—Nr diagram can be regarded as a strategic chart for fusion projects. 


1. INTRODUCTION 

IN recent articles, some of the conditions necessary 
for realizing a power producing thermonuclear reactor 
have been studied. Lower limits to the plasma 
temperature necessary to maintain a power-balancing 
reaction have been discussed by Post (1956). He 
defined them as the temperature at which the nuclear 
power density from fusion reactions is equal to the 
radiative power density loss of bremsstrahlung 
caused by ion-electron scattering. These lower limits 
are about 3-5 x 10°°K for a pure deuterium plasma 
and 5 = 10°°K for a plasma consisting of equal parts 
of tritium and deuterium. More recently, in the 
article by LAWSON (1957) it is shown that not only 
must the temperature be above a certain minimum 
value, but also the reaction must be maintained long 
enough for a definite fraction of fuel to be burnt, in 
order to regain more energy than that injected and 
consumed in the process of the initial heating. 

In this article, we adopt a new method in order to 
obtain all criteria fundamental for any self-sustaining 
fusion reactor in a unified way. For this purpose, a 
pair of fundamental variables sufficient to describe 
the essential characteristics of any energy-balancing 
fusion system is introduced: a new parameter called 
‘reduced time’, s = Nr, and the plasma temperature, 
T. Here N is the number density of ions and f¢ is 
time. As a result, we can find several fundamental 
criteria, including those of Post and LAwson, and 
distinguish between concepts of energy balancing in 
two different senses. These can be described in such 


* Based on a thesis for the degree of Doctor of Science 
presented to Kyoto University. 


a way that they form closed contours surrounding 
energy balancing regions on 7—r space. 

In Section 2 equations for a self-sustaining nuclear 
fusion system are derived. Section 3 is devoted to 
the discussions on the fundamental 
thermonuclear systems. The application of the 
T-Nt diagram to thermonuclear reactors is discussed 
in Sections 4 and 5. In Section 6 the utility of pure 
deuterium fuel and in Section 7 double 
secondary nuclei are discussed. In Section 8, as a 
concluding remark, the 7—Nr diagram for reactors is 
compared with those for thermonuclear bombs and 
energy generating stars. 

2. BASIC EQUATIONS FOR SELF-SUSTAINING 
NUCLEAR FUSION SYSTEMS 

In obtaining the most general conditions necessary 
for any self-sustaining nuclear fusion system, we 
must not impose any conditions other than the 
equations of energy balancing upon the system, 
otherwise the generality of the conclusions will be 
lost. But we must notice that, within such a general 
definition as above, not only all types of nuclear 
fusion reactors, but also energy generating stars and 
thermonuclear bombs are included. 


(i) Definitions of energy balancing in narrow and wide 
Senses 

We use two kinds of definition of energy balancing. 
The one is named ‘energy balancing in a narrow 
sense’, or power balancing, which means the balancing 
of the power produced with losses at each instant. 
The other is ‘energy balancing in a wide sense’, which 
means the balancing of integrated energy gains with 


variables of 


roles of 
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integrated losses for the whole operating cycle. The 
former is a physical definition, useful in deciding 
whether the temperature and composition are suitable 
for sustaining the reaction against radiation losses, 
while the latter is rather an economic definition. 

As a general type of system, we consider a combined 
system consisting of confined plasma with fusion 
reactions, apparatus surrounding the plasma, and an 
energy pool. In the plasma, energy is created with a 
power density « = P, + P,,, where P, and P,, are the 
portions carried by charged products and by neutrons. 
Since these reaction products have higher energies 
than those of the plasma some of them cannot be 
trapped by magnetic field and collisions, and so 
transfer the energy released out of the plasma. At the 
same time previously stored energy is also transferred 
out of the plasma by various radiations, thermal 
diffusion of stored ions and electrons, and inductive 
generation of electric current through expansion in 
magnetic fields. 

Some fusion systems, especially energy generating 
stars and thermonuclear bombs, store the released 
energy for a considerable time within plasma itself 
owing to their high densities. For these systems 
efficiencies for the transfer of energy are defined 
within the plasma only. But for fusion reactors on 
earth, a considerable fraction of the particles cannot 
be contained within the plasma. Thus, for such 
reactors, efficiencies 7 should be defined for whole 
processes of energy transfer through the apparatus 


surrounding the plasma and the energy pool. Through © 


these processes, the loss density per unit time is 

written as 
(1 n)P.+ (1 
MMP yi 


n)P, + — 
Pid + Ul — 

(1 1] (1 1] 

where P’s are power densities for various kinds of 
transfer mechanisms and W, is the energy density 
carried out of the plasma into the pool in the form of 
electric current. The subscript c refers to charged 
reaction products, 7 to neutrons, bie to bremsstrahlung 
caused by ion-electron scattering, bee to bremsstrah- 
lung caused by electron-electron scattering, s to 
synchrotron radiation, d to thermal diffusion of 
electrons and ions stored within the plasmas, and e to 
the transfer process by generation by induction of 
electric current. 


We must consider also (1 


dW, 
—— the loss in the 
dt 


process of injecting energy into the plasma from the 


pool. Here W, and 7, refer to the injected energy per 
unit volume and its efficiency, respectively. Besides 
the heat injection, W, includes the energy supplied 
from applied electric magnetic or gravitational fields. 
dW, dW, 

and —— have only non-negative values. 
dt dt 

Deducting the sum of above loss densities from the 
power density created in the reacting plasma, the 
equation of energy balancing in the narrow sense 
becomes 

e—(l 


— (i —(i - 


(l — + Pree) — (1 


Substituting e = P, + P,, and P,,, 
nF. + (1 n,)P, 


Fain’ 


n 


(1 ¢ — 


Similarly, for energy balancing in wide sense, 
fig?. + — — (1 — a, 
(i — n JP, — (i — dt — (i — 
(1 n)W,>0. (2) 


P., P,, P,;, and P, in (1) and (2) depend not only on 
the particle energy but also on the composition of the 
gas. The composition of the gas and the abundances 
of each nuclei, are functions of time, given by a 
set of differential equations. We must notice, however, 
that in nuclear fusion systems there are two or more 
groups of the same kind of nuclei. These groups 
differ from each other in their kinetic energy and also 
in their reaction cross-sections. The energetic group 
consists of daughter particles which have not collided 
sufficiently often that they have lost their initial 
energy from the reaction. These groups must satisfy 
different equations as 


dN; 


> (ov),;N;N; — > (ov),;N,N; Ga) 


- — — 
dt 
dW, 
dt 
— 
dt 
dw, ow Vol 
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= — 
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TABLE 1.—POWER DENSITIES OF VARIOUS RADIATIONS 


Radiations 


Bremsstrahlung (ion-electron scattering) Price = 5°4 


Bremsstrahlung (electron scattering) Pree = 16 


Photons by recombinations (in hydrogen) P, = 0°5 
Synchrotron radiation P, = 3-2 


Power densities (W/cm*) 


10-** 


i 


10°" THOMPSON (1957b) 


10-*N.N;T,', Eg <T 


T is electron temperature in keV, H in gauss and Z is the atomic number of an ion. A Maxwellian distribution of ions and 


Here, N,, N; and N, are number densities of ions with 
averaged energy, N;, N; and N, are those of ions 
with deviated energy, and i, j or k indicates each kind 
of nuclei i.e., deuteron, triton, etc. (ov) is a mean of 
ov averaged over a given velocity distribution in the 
centre of mass system, where o is a reaction cross- 
section and v is a velocity in the C.M.S. Hence 
=(QO— and P,,;; = 
are power densities carried by charged particles and 
neutrons, respectively, through the reaction rate 
between j and / nuclei. Q and Q,, are Q values per 
reaction and its shared energy of a neutron, res- 
pectively. ¢ is the relaxation time of ions with 
deviated energy. 


(1i) Approximations common to any energy balancing 
fusion system 

(a) Cross-sections for reactions are much lower than 
those for scattering. In a highly ionized stable plasma 
no strong electric field can exist which might accelerate 
particles against the effect of collisions. A Maxwellian 
distribution will therefore be assumed with equal 
electron and ion temperatures. Tables | and 2 are 
devoted to various radiation densities and reaction 
rates of interest. Here and after 7 is written in keV 
and N = &.N, is the total number of ions. In thermal 
equilibrium the equation of plasma temperature can 
be defined as 


yA at 
Ne bie bee 
dt 


(l — —(1 — 9,)P, | 
where »7'°s are defined only within the plasma, and 
are lower than »;)’s. When dW,/dt = 0 and dT/dt > 0 
in (1), the temperature is defined as self-sustaining. 

(b) Effects of energetic non-averaged daughter 
nuclei are neglected. 
The relaxation time of particles is proportional to 


electrons is assumed. 


T*?, but even at 10°°K the relaxation times-at most 


are a thousand times as short as mean reaction lives. 
For this reason, although the number of high energy 
nuclei increases for a time of the same order as the 
relaxation times, the ratio of the number of energeti- 
cally deviated nuclei to those with the averaged 
energy cannot exceed the ratio of the relaxation time 
to the mean reaction time for producing the energetic 
daughter nuclei. So we can neglect effects of the 
energetic deviation on reaction rates, and the two 
groups may be summed together in one equation as 
(7). 

(c) The synchrotron radiation is neglected. 

This cannot be included without loss of generality. 
Further it will be below the plasma frequency and 
mostly cannot escape. 

(d) Similarly, diffusion loss of electrons and ions 
of plasmas is neglected since it depends on the details 
of the actual apparatus. Therefore we adopt 
(1 — = 0. 

Adopting above approximations, we can rewrite 
(1)-(4) as 


ne (O — Nn >. 


(1 — »,)5-4 x 10712(N, Z2N, + = N2 
66 
dW dW. 
(1 4] (1 — (| -0 
dt dt 


(1 ),)5°4 


(1 — n,)P,, dt — (1 — n)W,—-U—)W, >0 


N,N, — (ov) N,N, (7) 
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T 
- <x > ZZAN, + — 
66 
(6) 
dN, 
dt j,k i ; rs 
= 


and 
3d(N+N)T} 


+, — (1 - Hy 10° 


T 
(N, + — (1 — 


dw, dW, 
dt dt 


"t (8) 
This set of formulae is the most general one for self- 
sustaining fusion systems which are approximately 
‘thermonuclear’. 


3. FUNDAMENTAL VARIABLES FOR A 
THERMONUCLEAR SYSTEM CONSIDERED 
AS AN EVOLUTIONARY SYSTEM 

In the absence of externally imposed sources or 
sinks of energy or of particles, the state variables and 
composition of any thermonuclear system will 
change with time. The system will evolve in a manner 
analogous to stellar evolution, being in a quasi- 
stationary state when considered macroscopically, but 
undergoing microscopic transformation of an irrevers- 
ible nature. 

Besides the macroscopic variables N and T we 
should introduce microscopic variables to describe 
the evolution of the system. Fortunately, we do not 
need to consider individual particle energies because 
of the assumptions of thermal equilibrium, and can 
take simply 7, N and t. Now since the probability of 
all two body processes (reacting collisions, scattering, 
radiation of bremsstrahlung) is directly proportional 
to the density, NV, any process connected with such 
interactions depends on the compound variable 
Tt = Nt, but not r only. 


N; 
Adopting 7 = Nt, n; = —, n, = —, w, = — and 


e 


W, 
¥, = re equation (5), (6), (7) and (8) are rewritten as 


‘orn 
0,4) ol jg iN; 


Ne > (Q OV jn; 
ij 
(1 — »,)5°4 x 2 Zn, 


— (1 — »,)P,/N2 — ————— — Hw, 
dloga 


lw 
+(1— nd. | + (1 - 
dr dr 
dw,) 
+ 20 (9) 
dr 
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"n > Qnii ol 


ij 


T 
4° 3171/2 
(1 — n,)5°-4 X (n, 22, n; 4 


Hog 


dlog rt 
(1— »,)w, (10) 


dn, 
—={ (ov);,nn, — (ov),nn;} 
dr j 
(1 oe, d log a (11) 
d log at 
3 dil + n,)T! 
5 dr {Ne Z (QO Ov gin; 
2 
Nn. > Ov yh (1 )5°4 
ij 
(n, S Z7n, +> 
66 
dloga 
(1 — n,')P,|N2} (1 
d log t 
dloga dw, dw, 
dr dr dr 


Here a = N/N, = bV,/V where V is the volume of 
the system; the subscript zero denotes initial con- 
ditions, and + is a factor indicating the change of the 
number of particles due to diffusion. The quantity a 
describes the change in density of the system due to 
expansion and diffusion. The reduced time 7 = Nr is 
therefore a concept of time applicable to statistical 
systems (whether or not reactions occur), as distinct 
from time measured by rotation of a clock. The fact 
that the reduced time depends on N = aN, reveals 
that the evolution of the system is due to mutual 
interactions of the particles. 

For actual reactors, w,, w,, @ are parameters of a 
technical nature, and their 7 values depend on the 
particular type of reactor under consideration. If 
they are given, then equation (8-10) can be used to 
calculate the range of T and 7 for a self-sustaining 
system. In particular we can draw a_ boundary 
contour in the 7-7 plane, within which the system 
will be energy balancing, as in Figs. 5-7. Furthermore, 
since T and 7 are fundamental variables, other 
criteria of a technical nature can be plotted on this 
plane. This 7—Nr diagram forms a ‘strategic chart’ 
which we must study when making plans for cutting 
a path to the energy balancing region. 

4. T-Nt DIAGRAM FOR FUSION REACTORS 

ON EARTH 

For terrestrial fusion reactors we make the following 
simplification and assumptions about the values 
of the 7’s. 
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TABLE 2.—CHARACTERISTICS OF FUSION REACTIONS 


Energy carried 


Energy generation rate 


e — P, (Wcm-*) Power density carried 


Reactions -value ; 
— by a neutron . (excluding the power by neutrons, P,, 
carried by neutrons) 
D+D +p) 4-04 MeV a.A 3-48 x 10-aAN,? 
"He +2 3-27 MeV 2°44 MeV (l1—«)A 0-649 x — a)AN,? 1:95 x 10-*(1 — a)AN,° 
D+T 17:58 MeV 14:06 MeV B 5:64 10°" BN,N, 22:56 x 
D + *He— *He + p 18:34 MeV Cc 29:38 x 10-°CN,Nay, 
T He + 2x 11:32 MeV ~7:6 MeV E 3°12 x 10-“EN,’ ~6:2 x 10-"EN;,* 
T + *He > ‘He + D 14-31 MeV 0-4D « DN, Nay. 
—‘He+ptn 12:08 MeV ~4-0 MeV 0-6D j~13°8 x 10-8 DN, Noy. 


Energy Generation Rates: « and (1—x) are branching ratios in DD reactions, while 0-4 and 0-6 
are the branching ratios in T*He reactions. 


Reaction rate for DD and TT reactions is not (av)Np*, but 


(a) At temperatures higher than a few million 
degrees the plasma is completely ionized, and P,, may 
be set equal to zero. This is not so in stars, for 
although the high temperature bremsstrahlung pro- 
duced within the stars is trapped because of their vast 
size, lower frequency radiation caused by recombina- 
tion near the cooler stellar surface can escape. 

(b) Since the bremsstrahlung can be trapped only 
within material walls surrounding the confined 
plasmas, the energy of the bremsstrahlung is at once 
converted into thermal energy. Therefore the efficiency 
with which this energy can be transferred should have 
a low value such as 0 < », < } whose maximum is 
the efficiency of the usual steam cycle. 

(c) Though neutrons cannot be stopped in the 
plasma; they would probably be used for fuel cycling 
of tritium through ®Li(n,t)*He reactions, or to produce 
heat in other reactions. Here we adopt 7),, = 0, because 
we wish to discriminate between the role of the energy 
carried by neutrons from that carried by other 
particles, considering the technical ambiguity of the 
situation. The author will consider the case when 
7, > 0 in a future paper. 

(d) The efficiency 7, of energy carried by charged 
products can be high, since most of the charged 
particles are confined by magnetic fields. We take the 
upper and lower limiting values | and 1/3, for »,. 

(e) The efficiency », of energy supplied in the 
process of the initial heating is that expected for the 
usual boilers and engines, 7, < 1/3. We assume 
(1 — 7.) = 0 since energy is transferred in the form of 
electric currents. 

According to the above approximations, (a)-(e) 


ov)——- Values of (ov);; are given by THOMPSON (1957a). 


and Table 2, (9), (10), (11) and (12) are rewritten as: 


Ne > (Q Ov Nn > ov 
ij 


(1 — x 10°!'7141 Z2n,; Ld n2) 
66 
Ha nw, + (1 — 9,)w,] : 
d log a | 
d log 
(I -0 (13) 
"dt 


| | >(Q ov T > 0,4; Ov 


ij 


‘ 1/9 T ) 
(1 — 10 =12)| 


dloga 
| =). (1 n)w,— (1 nw, = 0 
(14) 
In 
dr 2 
dloga dloga 
| d log 
dn T T Np 
— Dngnsy, — E aA > 
lloga dloga 
Ny = (15-2) 
d log t dr 
dnsy,, 
(- Cn — Dnynsy, + (1 — aA 
dr 2 
dloga dloga 
-- Nay, (15-3) 
dlog 


» 
\ 
59/6C 
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4 
a 
of 
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= ( Ba + + Dnynsy, + 


(1 - oga (15-4) 


dlogt) dr 


2 
Np 


1 
= (2.4 + Cnpnsy, + 0-6 


d log dloga 


n, 


(15-5) 


d log t dr 


+ n,)7} 


dr ij 


> Qais(Ov) nn, — (1 — )S°4 
ij 
d log ) 
dlogt 


dw, 16 
(16) 
(15) and (16) make a set of combined equations to 
give T and N,’s as functions of 7, T = T(r, Ty, "po, 
and N; = Nz, To, Npo, -), Where To, 
Nypo: Nro --- are the initial values of 7, Np, Ny. . . at 
7 = 0, respectively. Putting these solutions into (13) 
we get the energy balancing region in the narrow and 
wide senses, respectively, which depend on the initial 
values, Ty, Noo, Nye, etc. Ty is the atmospheric 
temperature, and thus the energy balancing regions 
depend only upon the mixing ratio of the initial fuel, 
parameters of a technical nature, and the ’s. We 
will use the following method to find the contours 
which bound the energy balancing regions of practical 
interest. The time at which the temperature is 
controlled to change in practical cases is the time when 
the reaction should be commenced or stopped. 
Therefore, in the time interval we need to consider 
dT/dr =0 at 7 > 0. Next we set dw,/dt = dw,/dr 
0 at + >O because this gives the most generous 
condition necessary to satisfy the energy balancing in 
the narrow sense, as easily seen in (13). In order to 
get the most generous condition necessary to satisfy 
the energy balancing in the wide sense, for w, and w, 
we adopt the lowest values consistent with the 
condition d7T/dr = dw,/dr = dw,/dr = 0 at r > 0: we 
take w, = (1 + n,)3T = const. and (1 — »,)w,=0 
in (14). We also assume dloga=0O at 7>0. 
For reactors on earth, the compression by magnetic 
fields, (the pinch effect), is often used to separate 
plasmas from the material walls, but the time scale 
for compression is far smaller than the mean reaction 
lives of nuclei. Therefore, the assumption d log a = 0 
at 7 > 0 is not only a good approximation, but also 
serves to illustrate the main feature of time variations. 


Also in other thermonuclear systems, except thermo- 
nuclear bombs and supernovae, d log a = 0 is a good 
approximation. 

First, in this Section, and Sections 5 and 6, we shall 
consider the case of all charged products confined 
within plasmas, and next, in Section 7, the case of 
no products confined. We adopt two typical 
efficiencies as (i) 7, = 1, 7, =0, and y, = 
and (ii) = % = = 3. = 9. is set equal to 
zero for the reasons explained in Section 4(c). We 
consider two initial mixture ratios of the fuels 
Npo = and = Nyro = 

At various temperatures, T=7,, 7T,..., the 
equations (15) should be solved to give nj p_ 7, 


Ni ror, ete. For the case when 


secondarily produced tritons and *He’s are confined, 
we ought to integrate (15) numerically for np» 

Npy aS given in Figs. 1(b) and 2; although when 
Np ~ No this has been calculated analytically with 
an approximation n,~n,. This difference arises 
from the fact that (ov),), and (ov) psy, are much 
larger than (ov), especially at high temperatures. 

Next we put the solutions of (15) into (13). Domains 
satisfying (11) are shown in Figs. 2 and 3, in which 
N2 
Tmin and Tmax, Where they exist, are the critical 
reduced times when 7,P, becomes equal to the sum 
of radiation losses. If these values of tmin and Tmax 
for each temperature are plotted in 7-7 space they 
define a contour shown as region (II) in Figs. 5 and 6 
which borders the energy balancing region in the 
narrow sense with the maximum temperature, Tmax. 
and the minimum temperature Twin. 

Likewise we can define a contour on the 7-7 plane 
which encloses a region of energy balancing in the 
wide sense. Maximum and minimum values of 7 and 
7 are denoted by Tmax, Tmin, 7max and Tmin. 

These limits of temperature Tin and Tmax are also 
illustrated by the curve of the total available energy 


- (Q— Q,),;(ov),;nn; is plotted against 7. 


] max 


<g 
“7min 


against temperature in Fig 8 (II). 


(the left-hand side of equation (9))dz 


5. SIGNIFICANCE OF THE ABOVE 
LIMITATIONS AND OTHER CRITERIA 


(a) Tmin and Tmax 

The horizontal tangential line to the contour 
defining energy balancing in the narrow sense at 
= 0, correspond to Post’s criterion of minimum 
temperature. Different from Post’s criterion, how- 
ever, our 7Jmin is a function of reduced time 7, and 
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Fic. 1 (a). 


includes effect of bremsstrahlung caused by electron- 
electron scattering. As seen in Figs. 4, 5(a) and 6(a) 
values of Tmin are scarcely higher than Post’s value in 
cases of 7, = 1 and », = »,, = 0 both for np, = 1:0 
and Np» 3, since P,,, is rather small at the 
lower temperature. Tmin Should be somewhat higher 
than Tmin, in order to regain the energy consumed in 


initial heating process, (1 — »,)w, = (1 — »,)3T. 


(b) Tmax and Tmax 


Maximum limits to T and 7 occur because above 
about 10°°K the radiation increases more rapidly 
with temperature than the power from reactions; this 
is illustrated in Figs. 4,5 and 8. When 7p 
the maximum value of 7iax occurs at tr = 0: 
Npo ~ 1 on the other hand it occurs at 7 ~ 10'®, the 


N79 


1 
2° 
when 


reason for this is that the energy generation rate 
increases due to the presence of secondary tritons and 
3He. Generally Tmax is considerably lower than 
Tmax in order to compensate for the energy consumed 


in the process of initial heating, (1 — »,)w, 

(1 — »,)3T in (14), contrasting with the corresponding 
dw, 

term, (1 - 0 at > 0 in (13). 
dt 


(C) 7min and LAWSON’S criterion 
7min is the minimum duration necessary to produce 
enough reactions at a given temperature to regain the 


Fic. 1.—(a) Variation with reduced 
time of energy generation (excluding 
energy carried by neutrons) and radi- 
ation losses for a system consisting 
initially of pure deuterium, mp, l. 
Power densities are expressed in W 
cm~*/N®.(b) Variationofcomposition, 
Np, = 1. In both cases T= 8 x 10°°K 
and all charged reaction products are 
confined. Note that np and nv'yge in- 
crease up to a time of the order of 
their reaction time, and then decrease, 
and also that electron-electron brems- 
strahlung is as important as ion- 
electron bremsstrahlung. 


Fic. 1 (b). 


energy consumed in the initial heating process. The 
tangential line to the contour parallel to T-axis 
corresponds to LAWSON’s criterion. Our 7min differs 
from that of LAwsoNn however in that it is expressed 
as a function of temperature and includes the effects 
of but not of i.e. =0. For Np =n, =}, 
the minimum value of tmin is 4:2 sec at 
T= 1:8 x 10°°K with 7, Hy, =, = 4 and » 0 
as seen in Fig. 5, (II). On the other hand when py) = | 
Tin CANNOt exist in both cases of 1, 1/2 and », 

1/3, as seen in Fig. 6(b), although LAWSON’s mini- 
mum duration is 10!® sec cm-* when 7, = 1/3. The 
reason for this difference is mainly attributed to 
bremsstrahlung caused by electron-electron scatterings. 


(d) The meaning of tmin and Tmax 

Tmax, the upper limit to 7 which satisfies the energy 
balancing (11) in the narrow sense, exists because of 
the decrease of unburned fuels and the increase of 
multiply-charged nuclei in the ashes. 

The lower limit tmin corresponds to the critical 
reduced time after which the energy balancing in the 
narrow sense is achieved, due to the increase of tritium 
and *He through DD reactions. 


(e) Application of tmax to the stationary flow of fuels 


Tmax May be regarded as the critical time after 
which the old fuel must be replaced. Thus in reactors 
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Fic. 2.—Energy generation rates and losses against 7, Mpg 

= 1. Cases I(a), (b), (C), = 1, = Ht = Nn = 0. Case 

II, = = Nt = 1/3, = 0. Full curves denote charged 

reaction products confined, broken curves denote charged 

reaction products escaped. Curves a show 9,(E — P,,)/N?, 

curves b show (1 —1%,)(Poie + Poee)/ N*. In Case I no energy 
balancing is possible. 


= — ~ 
T=116xI02 | 


| Il 


1030 


Watt cm~ 3/N2 


Fic. 3. 


; Energy generation rates a and bremsstrahlung loss 


densities b against in cases of np, = = 0°50. (I); = 1 
and, = = Nn = Oat T= 3 10°°K. (ID; = = 1/3 
and 7, = 0 at T=3 x 10°°K. Broken curves with dashed 


symbols denote that the charged reaction products are not 
confined. 
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Fic. 4.—Energy generation rates and bremsstrahlung loss 
densities against at r= 0, 7», = 1, =0. Pi, 


denotes ion-electron bremsstrahlung calculated with correction 
to the usual Born approximation. (See note added in proof (t+) 
on page 30.) 

with steady flow of the fuels, the velocity should be 
such that any part of the fuel stays in the reactor only 
for a critical time interval, 7,. If the old and new fuels 
are not mixed in the reactor, 7, corresponds directly 
tO Tmax. If mixing occurs however, 7, is somewhat 
different from tmax. This case has been studied 
recently by JENSEN et al. (1958). Relations between 
Tmax and 7, must be formulated as a function of the 
mixing ratio of old and new fuels. 
(f) Total available energy Q, 

With our assumptions the total available energy per 
one nucleus, Q,, as defined in Section 4, 


*tmax | 
le 


"Tmax HP (1 | d log 
a\l — dr 
N? | d log 


Asshownin Fig. 8,(I1), Q, is a function of temperature. 
If we denote a half of Q-value for one nuclear 
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reaction by Q/2, Q, is less than about 20 per cent of 
Q/2 in the case of mpy = 1 and several per cent in 
the case of npg = N79 = 0-5. The remaining part of 
Q is carried off by neutrons which escaped, or remains 
inaccessible in the unburned part of the fuel. 


(g) Ideal temperature T, and T, 

As seen in Fig. 8, (1), energy generation rate minus 
radiation loss density at tr = 0 has a maximum at a 
certain temperature. We name this temperature 
“ideal temperature in the narrow sense”’, 7,. T, is 
8 10°K for = = 0-5, and 5-4 x 108°K 
for l. 

As shown in Fig. 8, (II) total available energy per 
nucleus Q, has a steep maximum at a certain 
temperature. We name it ‘the ideal temperature in 
the wide sense’, T;. For nyo = 05, T, 
2-3 x 10°°K, regardless of the value of the y's. For 
= 1,9,=1, = 4: = = 9, T, is 8 108°K 
and 5 x 10°°K in cases with confined and no confined 
ashes, respectively. 

Since 7,P, — (1 — »,)P, <0 at T> Tmax, and, 


dQ, 


since 


-0 at T < T, we speculate that a fusion 
¢ 


reactor at T > Tin is easy to run at a temperature 
between Tmax and 7;. But an exact discussion of this 
tendency must rest on the basis of equation (16). 


(h) Tmax 
This arises for reasons similar to those which 
determine Tmax. Since 7max Tmax It should certainly 


not be reached in an economic reactor. 


(i) The energy balancing region in both senses 

The region which satisfies both energy balancing 
in the narrow and wide senses is hatched by horizontal 
strips and denoted by the region III in Figs. 5 and 6. 


(j) T—Nt diagram with technical criteria 

Since T and 7 are sufficient to describe thermo- 
nuclear systems we can also put technical criteria on 
the 7—Nt diagram. For example, limitations and 
criteria for various heating methods are being studied 
on 7—Nt diagrams by T. Ucuipa of Nihon University. 
In the middle of region | (Figs. 5 and 6) there is a 
milestone marking the threshold of thermal reactions, 
which is indicated by observable number of neutrons 
of thermonuclear origin. We denote this upper 
part of this region as I’. Neutrons yields so far 
reported give no evidence of a thermonuclear origin. 
Consequently, all fusion researches are now on the 
way from I to I’, as seen in Figs. 5 and 6. From the 
viewpoint of engineering, the pair of fundamental 
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variables T and 7 correspond to heating and con- 
finement of plasmas. Therefore, simple pinch 
experiments climb the diagonal path to reach the 
region III on 7—Nr diagram. However, the confine- 
ment in simple pinches is too unstable, and there are 


(a) 


4 


joulesxlO 


10°C cm 
7, seccm 
Fic. 5.—T7T-Nr diagram for np, = nz, = 0-50 with the assump- 


tions as explained in Section 4 and all charged reaction products 
confined. (I), 7, = 1 and » = = %, = 90 (ID, = % = 
1/3 and »),, 0. 

Solid curves are the contours bordering the energy balancing 
regions in the wide sense, and broken lines are those bordering 
the energy balancing regions in the narrow sense, (domain II). 
The regions hatched with horizontal strips are those satisfying 
energy balancing in the narrow and wide senses, (domain III). 
The scales on the right ordinate indicate Q, at corresponding 
constant temperature on the left ordinate. The relation between 
temperature and time duration to yield 10° neutrons per 10° cm® 
is plotted for given N. Points Z, S, C, P, O and A represent the 
reported experiments of Zeta, Sceptre, Columbus, Perhapsatron, 
Osaka University and Artsimovich ef al. 


more favourablé paths on 7-—Nr diagram, for 
instance, heating after confinement and an induced 
pinch with external field. 


6. DEUTERIUM NOT SUFFICIENT AS AN 
ENERGY SOURCE WITHOUT USE 
OF NEUTRONS 

The balancing region in wide sense for pure 
deuterium fuels is so small that it quite disappears on 
T-Nt diagram even if we adopt rather a large value 
1/2 for 7,. If we adopt 7, = 1/3, as the efficiency for 
usual engines, energy balancing regions both in 
narrow and wide senses entirely fade out. Since we 
have taken only the most fundamental losses into 
account, the power balancing for actual reactors 
must be more rigorous. This leads to the important 
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FiG. 6.—T-—Nt diagram in the case of confining all charged 
reaction products for np, 1-0. Fig. 6(a) is for 7, = 1:0 and 
No = = and Fig. 6(b) for 7, = 1/2 He = 1/3 
and ?),, 0. 


It must be noted that in the case of 7), 1/2 there is no region 
of energy balancing in the wide sense on the 7-7 plane. Other 


explanations are the same as for Fig. 5. 


conclusion that pure deuterium fuel seems to be of 
no practical use as an energy source unless neutrons 
and their energy are effectively utilized. They can 
indeed produce so much heat in reactions in which 
that the main contribution to energy 
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FiG. 7.—The energy balancing in both senses, (domain III), for 7, 

1 and 7, = 7/t =), = 0. Full curves refer to charged reaction pro- 

ducts confined, and broken curves to charged reaction products 

escaped. a refers to mp, = Land btonp, = po = 0°5. Itisaremark- 

able fact that region a is left to a’, and on the contrary b is right 
to b’. 
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b refers to 7), Mh mM 1/3, %)» 0. Broken lines and dashed symbols refer to charged reaction products not 
confined. It is remarkable (I1) that the broken line A’ is lower than the solid line A, contrasting with the fact that 


B’ is higher than B. 


generation comes from neutrons rather than charged 
particles. Neutrons may also be used to produce 
tritium through ®Li(n,t) reactions. Furthermore, some 
of T and *He products of the DD reaction remain 
behind in the remnants after a time Tmax has elapsed. 
Pure deuterium fusion reactors may therefore play the 
role of breeders, and the tritons can be fed back into 
fusion reactors. 


7. THE ROLE OF CHARGED REACTION 
PRODUCTS AND TIME VARIATIONS 
OF FUELS 
Since the fuels decrease with time the sudden 
increase of energy generation in Fig. | must be 
attributed to effects of burning some of the secondary 
nuclei. 

The secondary nuclei play two opposite roles in 
the energy balancing; they increase both the energy 
generation rate and the radiation losses. In order to 
illustrate these two roles we compare systems in 
which all secondary particles escape out of the 
reacting plasmas, with systems in which they are 
confined (except neutrons) as discussed before. 

The terms including d log a in (13) and (14) cannot 
be neglected since the number of ions decreases due 
to the escape of secondarily produced nuclei. This 
is so as long as we define 7 = N(t)t and np) = N/ft) 
N(t). However we can eliminate terms including 
dloga by replacing + and ny, = N,ft)/N(t) with 
7’ = Not and np’ = N,(t)/N,(t). This imaginary case 


gives results the same as that of no confined secondary 

nuclei, except that 7,’ is defined as a fraction norma- 

lized to N = constant instead of to N V(t). 
Consequently, if n, = 0 at r = 0, dw,/dr = dw,/dt 


0, = 0 and dlog a = 0 as assumed 
in Section 4, 
ny ov 
D DD 
HAO Opp Cl 5 Np 


(1 — ,)5-4 x 10-'722(1 + —)n,2>0 (17) 
66 
BU) np OV) py 
66 | 
(l1—»)3T>0 (18) 


We can get the ‘most generous necessary condition 
with the above assumptions by solving these equations 
analytically. These results are shown in Fig. 7. In 
this case, the positive term in (17), or the integrand 
of the positive term in (18) and also the radiation loss 
terms are proportional to ”,*. Therefore the ratio of 
reaction power to radiation loss is not a function of 
time, and hence there are no tmax and #max When the 
secondary nuclei are not confined, as seen in Figs. 
2(1) and 7. When the secondary nuclei are confined 
contributions to the energy generation from D*®He 
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reactions are a few times larger than those from DD 
reactions, as in Fig. 1, (b), especially at high tem- 
perature. 

Consequently when the additional 
energy obtained from burning the secondary nuclei 
exceeds the additional loss from radiation, and it is 
better to confine them as illustrated on Fig. 8, (II). 

On the other hand, when nappy = "po, even if all 
ashes are confined, the reactions TT, D*He, T*He, 
etc. contribute only to smaller order than DT, and it 
is better to let these ashes escape. This is illustrated on 
Figs. 7 and 8. 


8. CONCLUSIONS 


The description of nuclear fusion reactors by two 
variables T and 7 is useful for showing essential 
limitations and arranging various technical criteria 
in a unified way. The 7-7 plane, or 7—Nr diagram 
makes a strategic map on which energy balancing 
regions may be marked out. It is also concluded 
that puredeuterium fuel may be of no practical use as an 
energy source, except as a breeder, unless we try to 
utilize neutrons to produce heat through reactions in 
blankets or associated reactors, or to produce tritium 
through the (n,f) reactions. An important practical 
problem therefore is to determine the most economical 
mixing ratio of deuterium and tritium, the most 
economical use of neutrons and the most effective 
production of tritium. 

Secondarily produced nuclei have two opposite roles 
which affect the energy balancing, they can increase 
the energy generation rates and also the radiation 
losses, Whether the confinement of secondary 
particles is better or worse for getting the available 
energy depends on the initial ratio of deuterium to 
tritiuM it is better when npg > and 
worse when < 

Approximations we have adopted do not spoil 
the generality of our conclusions about fusion 
reactors on earth. These approximations are divided 
roughly into two classes; one consists of approxima- 
tions appropriate to any thermonuclear systems 
described in Section 2, and the other consists of those 
distinguishing reactors on earth from the other 
nuclear fusion systems, energy generating stars and 
thermonuclear bombs. In general, the 7's for stars and 
thermonuclear bombs are very near to one. These large 
efficiencies make energy balancing regions large and 
easy to reach on 7—Nr diagram. 

In thermonuclear bombs a high material density, 
causing an explosive high power density, is used. For 
this reason it is possible to stop most particles and 
radiations in the system through the initial stage of 


explosion which correspond, however, to a reduced 
time long enough to produce balancing in the wide 
sense. 

Because of their high density and vast size, efficiencies 
for stars are extremely good. On the other hand, 
owing to their long lives and high densities, the life of a 
star is extremely long. Consequently, slower reactions 
than DD and DT, which cannot have energy balancing 
regions on J7—Nr diagram for reactors on earth, have 
large energy balancing regions on the 7—Nr diagram 
for stellar interiors. Indeed, proton-proton chains, 
CH-cycles, x-burning reactions and reactions of other 
heavier nuclei are most important for stellar energy 
sources. 

On the contrary, such high densities cannot be used 
for reactors on earth, since 7’s have low values, and 
furthermore, stabilization of plasma by the magnetic 
confinement for a very long time is required in 
order to satisfy the energy balancing condition 
Tmin and Tmax: 

Finally, we recognize that with fusion reactors on 
the earth we can take out the energy only from 
deuterons, tritons, “He and at most lithium, con- 
trasting with the fact that in the universe even the 
energy of the most incombustible nuclei is taken out. 

Consequently, we should consider fusion reactors 
in the heavens, (the sun), as well as those on earth as 


sources of power in the future, particularly for cosmic 
stations. 
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Abstract—The relationships between different types of electron stream may conveniently be studied in terms 
of three dimensionless characteristic parameters. These are f, the ratio of positive to negative charge in 


the stream, v, the product of the number of electrons per unit length in the stream and the classical electron 


radius (e?/mc*), and e defined as (1 — 


- 1, where fc is the drift velocity. With the aid of these 


parameters a number of typical streams in which / is zero (electron beams in vacuum tubes and accelerators) 
or unity (neutralized electron beams, Budker’s self-constricted beam, pinched gas discharge plasmas) are 


1. INTRODUCTION 


STREAMS of electrons or of other charged particles are 
of interest in many branches of physics. Several 
types of stream, each with different properties, may 
be distinguished; thus the electron beam in a cathode 
ray tube behaves differently from a gas discharge or 
a current in a copper wire. In this paper some 
fundamental properties of electron streams are 
discussed with the aid of dimensionless parameters, 
and the relation between different types of stream is 
illustrated by means of a chart. In the classification 
to be attempted, electron streams will be divided into 
two main classes; un-neutralized streams which 
consist of electrons only, and neutralized streams in 
which the electrostatic space charge forces are 
substantially neutralized by positive ions. The term 
‘beam’ will be used for a stream in which component 
of electron velocity along the stream exceeds the 
transverse velocity. The properties of partially 


neutralized streams will be evident from interpolation 
between the two extremes. 


2. UN-NEUTRALIZED STREAMS 


The elementary properties of un-neutralized electron 
beams are well understood. A good account of these 
has been given by Pierce (1949). The flow pattern in 
such beams is determined by the ‘perveance’, (defined 
as 1/V** amp/(volt)® where V is the potential of the 
beam with respect to the cathode from which it 
originates), and is independent of the size of the system 
provided that any external focusing fields which there 
may be are suitably scaled. These scaling laws are 
illustrated by the ‘universal beam spread curve’, 
which shows the behaviour in the absence of externally 
applied fields of a beam of uniform cross section 
in which the electron trajectories are initially parallel; 


studied, and relationships between them are illustrated on the log ¢ 


log v plane. 


the ordinates and abcissae of this curve (PIERCE, 1949) 
are proportional to r/r,, and (//V**)z/r, respectively, 
where r, is the initial beam radius. 

In the present paper alternative parameters, which 
are dimensionless, are used to describe the beam. 
Thus f denotes the ratio of the mean component of 
electron velocity along the beam (drift velocity) to 
the velocity of light, and » is the product of N, the 
number of electrons per unit length of the beam, and 
ra the classical electron radius. In terms of these 
quantities, / = Nef, and for a low density non- 
relativistic electron beam in which the electrons move 
in substantially parallel orbits, eV = 3 Two 
other useful parameters are y,, which is the mean value 
of the total energy of the electrons expressed in terms 
of the rest energy, and y,, which is defined as 
(1 — p*)-"*; y, may be identified with the ratio of 
total energy to rest energy of an electron moving with 
the drift velocity fc. The ratio of total kinetic energy 
to rest energy for such an electron will be denoted by 
e. In terms of / and y: 


Va e+ 1 


B = (e? + 2e)'7/(1 


(1) 
—> (2e)'2 as 


>lase—>c 


The advantage of using these parameters will be 
evident later, when neutralized beams are considered. 

The characteristics of different types of beam may 
well be exhibited on the loge — logy plane (see 
Fig. 1). Lines of constant current are given by setting 
vP constant; thus if / is in amps, / = 17,000 vf, and 
this may be plotted directly with the aid of equation (1). 

The fundamental limit to electron beams due to 
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Fic. 1.—Beam chart for un-neutralized electron beams. 
The loge =0 line divides the chart into non- 
relativistic and relativistic regions. Electron beams 
corresponding to points to the left of the space charge 
limit line cannot exist, and the //V*? 10-® line 
forms a practical limit. Points corresponding to a 
number of actual electron beams are marked, and brief 

identification is given below. 
A—High power pulsed klystron (Stanford, 1954) 
B—C.W. X-band klystron (Ferranti, 1956) 
E—Low power reflex klystron (CV35) 
D—Typical cathode ray tube 
E—8 MeV medical linear electron accelerator (Metropolitan- 

Vickers, 1953) 

F—Circulating current, Glasgow synchrotron 
G—Circulating current, Cornell synchrotron. 


space charge may conveniently be shown as a line on 
this ‘beam chart’. A suitable expression for this will 
now be derived. The spreading of a cylindrical beam 
of uniform cross section under its own space charge 
is given in these units by, (LAwson, 1958), 


rd*r{dz* = (2) 


Now it has been shown by HARRISON (1958) that for 
small values of z the solution of this equation is a 
hyperbola passing through r z= 0, with 
asymptotes at an angle to the z-axis given by 


= Fy, 


tan = (3) 


For a beam to exist, therefore, tan? must be much 
less than unity, or 
(4) 


For a non-relativistic beam, y 
and equation (3) may be written 


<68 amp/(volt)*”. (5) 
This is well known to designers of klystrons and 
travelling wave tubes, who find that //V* < 2. 10~* is 
a good practical rule. It is interesting to note that the 
condition for the theoretical maximum current 


obtainable with Brillouin flow, given by PIERCE 
(1949) as 

1/V*? — 25-4 10-6 amp/(volt)?” 
becomes 


(6) 


= Ze, (y,~ 1) (7) 


when expressed in the units used here. All electrons 
except those on the axis move in spiral orbits, and the 
outermost electrons have a circumferential velocity 
equal to 2/c. 

The inequality (4) is also well illustrated by the 
expression for the maximum charge which can be 
held in a betatron field. If n, the field index, (defined 
as —rdB/Bdr), is equal to 0-5, then the number of 
electrons per unit length which can be held in a 
toroidal tube with small and large radii r and R 
respectively is given by 

vy = 


where r< R. (8) 


On the basis of equations (3), (7) and (8), a rough 
‘space charge limit’ curve may be defined as 


y= 


fd 


be(e + 1)(e + 2). (9) 


y, has been written here for y, which occurs in 
equations (4) and (8). The relation between them is 
not well defined; they are equal in the betatron, but 
in the case of the spreading beam y, decreases as the 
beam spreads. In the non-relativistic region, this 
distinction does not matter since y, = y, = 1. The 
space charge limit curve is shown on Fig. 1; all 
points corresponding to electron beams lie to the 
right of it. Any electron beam may be represented as 
a point on the chart, though such a point does not 
entirely characterize the beam. Points corresponding 
to beams in some typical devices are shown. 


3. NEUTRALIZED SYSTEMS WITH 
NO COLLISIONS 


Neutralization of the space charge of an electron 
stream suppresses the repulsive force between the 
electrons, and only the attractive magnetic force 
remains. In an important class of streams it is this 
magnetic force which holds the stream together; 
such ‘self-constricted’ streams tend in practice to be 
extremely unstable, but they are nevertheless of 
considerable academic interest. 

Self-constricted streams were first studied by 
BENNETT (1934). In his paper collisions are neglected 
and electrons and ions move in opposite directions 
with a relative velocity much greater than the trans- 
verse velocity. The transverse velocity distribution is 
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taken as Maxwellian, so that a two-dimensional 
temperature can be defined. Each component of the 
stream is acted upon by a common radial electrostatic 
field, which acts in opposite directions on the two 
components, and a magnetic field which produces a 
force inwards in both cases. For the special case in 
which the ion drift velocity is zero, the following 
important relation holds 


I? — 2NK(T, + T,). (10) 


T refers here to a ‘transverse’ temperature, which for 
electrons may be written }y,m(f,)*c*. If T, is zero, 
and / is set equal to Nef, equation (10) becomes 


(B,?)/p? = v/y,. (11) 


This expression is analogous to the ‘perveance’ 
relation for charged streams (LAWSON, 1958). It has 
been assumed so far that /,< /, and equation (11) 
shows that this implies that »<y,. Physically this 
criterion states that the Larmor radius of the electron 
in the self field is much greater than the beam radius. 
Nevertheless it may be shown that equations (10) and 
(11) are true even if » > y,, (Post, 1956), in which 
case T represents a true three dimensional tem- 
perature. The transition which occurrs at vy = y, is 
very important. For »< y, streaming motion 
predominates and the system is an electron beam, for 
vy > y, transverse velocities greatly exceed the drift 
velocity, and the system may be termed a plasma 
stream. 

It is of interest to draw a beam chart similar to 
Fig. | for neutralized streams. Instead of the ‘space 
charge limit’ curve, the ‘neutral transition’ curve 
given by vy = y, may be plotted. Before doing this, 
however, the relation between y, and y, must be 


Fic. 2.—Beam chart for neutralized electron beams. 


The chart is divided into two by the neutral transition 
line, to the left of this line random velocities exceed 
the drift velocity, and to the right of it streaming 
motion is possible, though not inevitable unless the 
beam is self-constricted. The temperatures marked in 
the second quadrant apply only to self-constricted 
beams in the absence of a longitudinal magnetic field. 
Points corresponding to a number of typical plasma 
streams are given below. 
A—Exploding copper wire (16 gauge) 
B—High power spark (Allen and Craggs, 1954) 


C—Zeta, Sceptre and Perhapsatron S3 (1958) @f 
D—Low power spark (Craggs and Meek, 1947) ee 
L i i 
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determined. This is in general a complicated function 
of » and also of the beam structure. Since confusion 
between these quantities has sometimes occurred, the 
relation between them is discussed in detail in 
the appendix, where the following approximate 
expression, valid when v < y,, is derived: 

= + yw + (12) 


Expressing y, in terms of e, and eliminating y, 
between (12) and the expression for the neutral 


transition curve, vy = y,, the latter may be written 
y=(e + 1)/(1 — 2e — e*)¥, (13) 


To the left of this line are plasmas, to the right are 
neutralized electron beams (Fig. 2). 

In the non-relativistic region, lines of constant 
electron temperature can be put on the chart. From 
equations (1) and (10), with 6 <1, 


ev = kT/mc*. (14a) 


So far, collisions have been neglected; in the next 
section two important types of stream, in which both 
collisions and a longitudinal electric field are important, 
will be discussed. 


4. SELF-CONSTRICTED STREAMS 
WITH COLLISIONS 

In order to maintain the current in streams in which 
collisions are important, an electric field must be 
applied along the length of the stream. Furthermore, 
for a steady state solution to be possible, some 
form of energy dissipation is necessary, so that 
particles may lose the energy acquired from the 
electric field. In a self-constricted stream there are 
no wall losses, so that if a steady state is possible 


rio 


105 5407 5-10° 


E—Luminous neon advertising tube 

F—Low pressure mercury are (Thonemann and 
Cowhig, 1951) 

G—Low pressure mercury arc (Killian, 1930) 

H—Neutralized electron beam (Field, Spangenberg 

and Helm, 1947). 
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energy must be lost by radiation. Two types of 
radiation are possible in a completely ionized system; 
these are bremsstrahlung, from the acceleration of 
electrons by the electric fields associated with the 
ions, and synchrotron radiation due to the curvature 
of the electron orbits in the self-magnetic fields. It 
turns out that bremsstrahlung is important when 
vy > 1, e<1, and synchrotron radiation when vy < 1, 
e> 1. The first case has been considered by PEASE 
(1957) and by BRAGINSKy (1958) and the second by 
BUDKER (1956a,b). 

The method of finding the steady state is the same 
in both cases; energy and momentum balance along 
the stream are considered. Electrons are assumed to 
lose momentum, but no energy, in Coulomb collisions 
with the ions, and to lose energy (and momentum in 
one case) by radiation. The rate of change of 
momentum per electron is Ee and the rate of gain of 
energy from the electric field is Eefc. Elimination of 
the electric field between the energy and momentum 
equations, and the use of equations (11) and (12) 
yield essentially the following results, which, it should 
be noted, are independent of beam radius: 


vB = (B<1,v>1) (14d) 


vy, = C,whereC + C*=L, (y,;> 1) (14e) 


where L is the coulomb scattering logarithm (SPITZER, 
1956) and « is the fine structure constant. Numerically 
these may be written in terms of current as 


I= 1-4 x 10° amp (15a) 
I=3 x 104/(e + 1) amp (15b) 


respectively. The values of L used are those taken by 
BRAGINSKY and BUDKER respectively. 

These are shown in the chart as the ‘‘Pease- 
Braginsky line’ and the “Budker line’’. In plotting 
the “‘Budker line’’ the distinction between y, and y, has 
been ignored, this is unfortunate but necessary if 
simplicity is to be preserved. 

It must be emphasized that there are many assump- 
tions involved calculating these ‘steady states’, which 
certainly break down as y and « approach unity from 
both sides of the origin. There is probably no steady 
state near the origin, but if there is, it will almost 
certainly consist of at least two co-existing streams, 
one with low energy and # <1, and the other with 
higher energy and f ~ 1. 

These streams both suffer from ‘kink’ instability, 
and their practical realization seems remote at the 
present time. 
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5. PRACTICAL STREAMS 


Actual electron streams are generally more com- 
plicated than those discussed in Section 4. For 
example, both the boundaries of the system and the 
presence of neutral atoms can have a strong influence 
on the properties of the stream. Furthermore, radial 
electrostatic fields can exist in high density streams 
(v> 1) when the condition of true neutrality is only 
slightly upset. Nevertheless it is of interest to plot 
points corresponding to some typical streams on the 
chart. The temperature calculated for self-constricted 
streams is not applicable if wall effects are important 
though it is often of the correct order of magnitude 
for high current discharges. 


6. CONCLUSION 


Relationships between electron beams and plasma 
streams may be brought out clearly by using the 
dimensionless parameters », proportional to the 
number of electrons/unit length, and ¢, which is the 
ratio of the kinetic energy to the total energy of an 
electron moving with the drift velocity. If different 
types of stream are plotted in the log « — log y plane 
it is found that the type of stream is very roughly 
characterized by its angular position from the origin 
(e =v = 1). In particular, the line log e + log = 0 
forms a demarcation line between experimentally 
accessible points (to the left) and points which seem 
to be inaccessible. Almost on the demarcation line 
are the BUDKER (1956b) proposed accelerator (e = 2, 
v = 0-6) and a fusion reactor based on the pinch effect, 
(logig € ~ logig ~ 4). 


APPENDIX 


On the relation between yz and y, 


It is possible to define three significant velocities associated 
with the longitudinal motion of the electrons. When vy <1, 
6B <1 these are all equal, but failure to distinguish between 
them in the relativistic region can lead to confusion. These are 
(normalized with respect to c): 

fa = drift velocity of electrons, defined as the average 

component of velocity along the stream as seen by 
an observer at rest 

f, = speed of an electron 

f, = velocity of that frame of reference with respect to which 

the mean electron velocity is zero. This differs from 
fq only in the relativistic region, where the linear law of 
addition of velocities no longer holds. 
Associated with these are values of y defined as y = (1 — f?)-"?. 
There is the additional relation also 


Ye = total energy of electron/rest energy. 


The forms of the definition of y shows that in the relativistic 
region the values of f may all be very near unity, but that the 
values of y may be different, thus changing f from 0-98 to 
0-99 changes y by a factor of 1/2. 
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In order that the results of this and previous papers can be 
kept simple, identification of different /’s has had to be made. 
Thus, in Lawson (1958) no distinction between f, and f, has 
been made; this is a reasonable approximation when v < y. 
When / approaches unity, however, y, is not necessarily equal 
to 7a, thus y has been defined in the above paper as 7z, whereas 
it should be y,. Similarly in parts of BUDKER (1956b) 7, has been 
misinterpreted as y,; the relation between them depends on 
the beam structure, and in his case appears to be 


Ye = + 77”). (Al) 

It is necessary for the present paper to find a relation between 
ya and y,. As with the relation between y, and y, this depends 
on the detailed structure of the beam. The following argu- 
ment yields an order of magnitude relation. The average 
inclination of an electron trajectory to the axis is of order /,/f4 
which from equation (11) may be written (» /y,)*/*. Consequently 


Be = (Be + = BA + (A2) 
Replacing / by y this becomes 


, 


Wwe 


+ (A3) 


which is the relation required. 


LIST OF SYMBOLS 


B = magnetic field (e.m.u.) 

c = velocity of light 

e = electronic charge (e.s.u.) 
E = electric field (e.s.u.) 
I 
k 
L 


= current (e.m.u., unless stated to be in amperes) 
= Boltzmann’s constant 

= Coulomb logarithm 

= electron rest mass 

= number of electrons per unit length of stream 
= radial co-ordinate 

= temperature (°K) 


V = electrostatic potential (e.s.u., unless stated to be 
in volts) 
axial co-ordinate 
fine structure constant (1/137) 
mean drift velocity of electrons/c 
velocity/e of frame of reference in which the 
mean electron velocity is zero, equal to # in 
non-relativistic region 
transverse velocity/c 
ratio of total energy of electron to rest energy 
=(1— 1/2 
(1 = 2 
= Ya — 1 = ratio of kinetic energy to rest energy 
of an electron moving with a velocity equal to 
the drift velocity 
y = Ne*/mc? 
Subscripts e and i refer to electrons and ions, 
though where there is unlikely to be confusion the 
subscript e is omitted. 
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INTEREST in self-constricting, circulating, high current 
beams of relativistic electrons has recently been 
intensified following a proposal by BUDKER (1956) to 
use the very strong magnetic fields within such a beam 
for focusing additional ions while they are being 
accelerated to high energies. One way to consider 
setting up such a beam is to apply betatron acceleration 
to the electrons in a plasma, using an electric field 
which is sufficiently strong to decouple the electrons 
from the plasma and cause them to be accelerated 
continuously in the direction of the field. 

This process has been discussed by several authors 
(WILSON, 1925; GIOVANELLI, 1949; Dreicer, 1957; 
LINHART, 1957; Dreicer, 1958; Gipson, 1957), and 
relatively low energy X-rays associated with runaway 
electrons have been observed by many experimenters. 
BERNSTEIN ef a/. (1958), for instance, has obtained 
runaway electrons of energies up to 2 MeV in a 
stellarator. A design for a “Megatron” aimed at 
producing a high intensity 100 MeV electron beam 
has been given by FINKELSTEIN (1958). It was in order 
to study this runaway process, and to determine what 
high energy electron beam intensity could be obtained 
by betatron acceleration of electrons in a plasma, that 
the work described here was begun. 

Two plasma betatrons have been constructed and 
operated, the chief difference between them being the 
higher accelerating electric field afforded by the 
second machine. Only relatively low energy runaway 
electrons were obtained with the first machine, which 
was used to study in some detail, the production of 
runaway electrons as well as their loss relatively 
early in the acceleration period. This work has been 
described in detail in a C.E.R.N. report (REYNOLDS 
and SKARSGARD, 1958). Only the betatron with the 
higher accelerating electric field will be described here. 


* The work described was done in the Accelerator Research 
Group of C.E.R.N. during the period 1957-8. J. G. Linuart of 
C.E.R.N. and E. R. EmiGH on leave of absence from Los Alamos 
Research Laboratory, New Mexico participated in some of the work 
acknowledged at the end of the paper. 

t On leave of absence from A.E.R.E., Harwell, England. 

+ Now at Department of Physics, University of Saskatchewan, 
Saskatoon, Canada. 
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A PLASMA BETATRON* 


P. REYNOLDst and H. M. SKARSGARD{ 
C.E.R.N., Geneva 
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Abstract—An apparatus is described in which betatron acceleration is applied to electrons in a plasma. A 
runaway electron current of | A at an energy of 2 MeV was obtained. 
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azimuthal magnetic 
field 
Pre -ionization RF. 
(b)Plan. (With top conical former removed ) 
Fic. 1.—Sectional and plan views of plasma betatron. 


Figs. l(a) and 1(b) show the construction of the 
plasma betatron. A plasma is formed by striking an 
r.f. discharge in gas at low pressure contained in the 
toroidal ring chamber (torus) of 52 cm diameter and 
5 cm bore. The r.f. is pulsed for a period of between 
50 and 500 sec. Simultaneously with switching off 
the r.f. power, betatron acceleration is begun by 
connecting a 2:75 «F bank of condensers charged to 
high voltage across the air-cored betatron winding 
(Fig. 2). 

The betatron accelerating field is provided by two 
air-cored half-windings, one placed above, and the 
other below the plane of the orbit, and supported by 
conical wooden formers as shown in Fig. 1. Each 
half-winding consists of four turns in series—con- 
nected by radial segments, made co-axial with the 
return current lead, in order to minimize azimuthal 
inhomogeneities in the betatron magnetic guiding 
field. The two half-windings are connected in parallel 
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H.T.(up to 30kV) 


5552 
Ignitron~ 


Fic. 2.—Betatron circuit. 


in order to provide a higher accelerating field. For 
the same reason a small number of turns was used for 
each half-winding. The resulting focusing field about 
the equilibrium orbit of radius of 26-6 cm consequently 
is impaired. In the radial direction, the field gradient 
n varies from 0-3 at the equilibrium orbit to 1-2 at the 
walls. Within small regions near the top and bottom 
extremities of the torus cross-section there is a vertical 
defocusing force. When the condensers in the betatron 
circuit are initially charged to 25 KV the maximum 
accelerating field at the orbit is 18 volt/em; at the 
end of the first quarter cycle of voltage, the betatron 
guiding field at the orbit reaches 315 gauss, corre- 
sponding to an electron energy of 2°0 MeV. Fig. 3(a) 
shows the waveform of the voltage during the accelera- 
tion period in which there is a transient rise of duration 
| ysec, caused by the time required for the ignitron 
switch to close. As used for the present work, the 
current in the betatron windings is allowed to ring, 
giving a slowly damped 32 kc/s oscillation lasting for 
about | msec. 

Plasma is formed in the torus at gas pressures 
down to 5 x 10° mm Hg by means of two rf. 
oscillators. Pre-ionization is produced by applying a 
voltage of approximately 1-5 kV at 5 Mc/s from one 
oscillator, across two electrodes at diametrically 
opposite points of the torus. The electrodes (Fig. 1b) 
are connected to a thin layer of graphite which covers 
the inner surface of the pyrex glass torus, and which 
also serves as an electrostatic screen. The resistance 
of this graphite turn is 8 k22. Following the pre- 
ionization, up to 2-3 kW of r.f. power can be trans- 
former-coupled into the plasma turn from a high 
voltage oscillator connected to the three-turn primary 
winding on the outer wall of the torus. A peak voltage 
of up to 2 kV at 4 Mc/s thus can be induced around the 
plasma turn. The anode voltage for the driving stage 
of the high voltage oscillator is supplied from a 
reservoir condenser which gives a decaying voltage 
with time, and the amplitude of the r.f. voltage 
coupled to the plasma turn consequently also dimin- 
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ishes with time. The equilibrium between plasma loss 
and formation results in a lower plasma density as the 
r.f. amplitude diminishes. Betatron acceleration is 
started at the end of the r.f. pulse and therefore, by 
adjusting the duration of this pulse, the initial plasma 
density can be closely controlled. 

For the duration of the plasma formation and the 
betatron acceleration there is a steady azimuthal 
magnetic field of up to 1500 G, provided by 48 closely 
spaced coils about the aximuth (Fig. 1b), and parallel 
connected to the centre of the machine. These coils 
are supplied with an approximately rectangular pulse 
of current of 15 msec duration from a three-section 
lumped-element delay line. This is matched to the 
resistance of 0:5 Q of the‘ parallel combination of 
coils. Electrolytic condensers charged to 400 volts 
are used and the 48 coils form the inductance of the 
last section of the line as well as the matched resistive 
load. The time sequence of processes involved in one 
complete operation of the plasma betatron is con- 
trolled electronically by the use of conventional type 
trigger and delay circuits. Up to now no attempt has 
been made to put the betatron on an efficient duty 
cycle. Charging time for the condensers in the 
betatron circuit and the delay line pulses are several 
seconds. 

The circulating current in the torus during betatron 
acceleration is measured by means of a solenoidal 
coil wound on a flexible cylindrical former which is 
wrapped around the cross-section of the torus. The 
voltage signal from this coil proportional to di/dt is 
integrated to give the current waveform. A lower 
limit of current measurement of 5-10 A was set by a 
voltage induced in the coil by the flux of the betatron 
guide field. X-rays are detected by means of a plastic 
scintillation crystal mounted on a photo-multiplier 
and placed near the torus. A platinum ring target for 
the electrons intrudes about 3 mm from the inside 
surface of the torus. 

Runaway electrons have been obtained using the 
hydrogen, nitrogen, 
The 
minimum pressure at which an r.f. discharge could be 
struck decreased, and the X-ray intensity increased in 
this order, by about a factor of 10. Runaway electrons 
have been observed accompanied by conduction cur- 
rents of up to several hundred amps peak, as well as 
for conduction currents below the limit of measure- 
ment. The conduction current lasts for from 1 to 
2 usec, and its magnitude is controlled directly by the 
initial plasma density. Its extinction shortly after the 
start of betatron acceleration is due to the deflecting 


following gases in the torus: 
oxygen, argon, mercury vapour and xenon. 
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17-7 V/cm 
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Fic. 3.—Voltage, conduction current and X-ray intensity for 
xenon at p = 6 X 10-°>mm Hg, and Bg = 1400 G. 


action of the growing betatron guide field on the 
relatively slow-moving electrons making up the 
conduction current, which drives the discharge to the 
inner wall of the torus. 

The maximum total number of runaway electrons 
is obtained for initial plasma densities giving conduc- 
tion currents of a few hundred amperes peak. Large 
X-ray pulses are observed from | to 7 usec after the 
beginning of betatron acceleration, corresponding to 
runaway electrons of energy 50 keV to 2 MeV. 
Most of the runaway electrons are lost to the target at 
1 to 2 msec when the conduction current is falling 
rapidly. (This could be due to the combined effects of 
back e.m.f. and the self-magnetic field of the conduc- 
tion current, which are in the right direction and of 
the correct order of magnitude to produce the losses 
observed (REYNOLDS and SKARSGARD, 1958). The 
energy corresponding to this time is about 100 keV. 
The intensity of X-rays indicates that the circulating 
current represented by these 100 keV electrons is up 
to 20 A. Accelerating voltage, current and X-ray 
records for a typical discharge in xenon are shown in 
Figs. 3(a), 3(b) and 3(c). 

For lower initial plasma densities, giving conduction 
currents less than the 5-10 A limit of measurement, 
X-rays can be observed at times near the end of the 
acceleration period. Lead absorption measurements 
on these X-rays indicate that their energy corresponds 
to runaway electrons with nearly the full energy of the 
machine, which for an initial condenser voltage of 
25 kV is approximately 2 MeV. The circulating current 
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Fic. 4.—Conduction current and X-ray intensity for argon at 
p=1X 10-*mm Hg, Bs = 1400 G and Emax = 17:7 V/cm. 


represented by these electrons is estimated from the 
X-ray intensity to be about 1 A. Figs. 4(a) and 4(b) 
show current and X-ray records for such a discharge 
in argon. The disturbing effects of the conduction 
current on the particle trajectories is smaller than in 
the previous case and it is to be noted that now 
X-rays are not produced early in the acceleration 
process. 

The production of high energy X-rays depends 
strongly on the accelerating voltage. If the initial 
condenser voltage is decreased to 10 kV only X-rays 
corresponding to about 100 keV electrons are ob- 
served. The intensity of these low energy X-rays is 
about an order of magnitude lower than similar 
energy X-rays obtainable at 25 kV. Theories of the 
runaway process are in qualitative agreement with 
this observation (DreIceR, 1957; LINHART, 1957; 
DREICER, 1958). 

No X-rays have been observed with zero azimuthal 
magnetic field, even though it was still possible to 
regulate the initial plasma density to give conduction 
currents of up to several hundred amperes peak. For 
B, equal to 300 G small intensities of X-rays corre- 
sponding to low energy electrons were observed. In 
general, the intensity of high energy X-rays increases 
with the azimuthal magnetic field up to the maximum 
fields used of about 1500G. Presumably, B, is 
important initially in holding the electrons, of non- 
zero starting energy, until they are caught in an 
equilibrium orbit. Losses of runaway electrons to the 
torus walls, through disturbing electromagnetic 
effects accompanying the conduction currents, for 
example, also are slowed down by the presence of B,. 

The variation of X-ray intensity with pressure in the 
vicinity of | x 10-4 mm Hg is not strong. It becomes 
important however, for pressures about an order of 
magnitude higher; the X-rays intensity falls with 
increase of pressure. 

‘The production of high energy X-rays depends 
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rather sensitively on the quality of the betatron field. 
Azimuthal inhomogeneities of a few per cent in the 
betatron guiding field are sufficient to destroy the 
high energy electron beam completely. The machine 
is provided with a beam knockout facility. The 
betatron field is disturbed at any desired time during 
the acceleration period by short-circuiting part of the 
winding. However, beam knockout has not been 
found to increase the intensity of high energy X-rays. 
Apparently all of the runaway electrons are lost when 
the accelerating field approaches zero. This may be 
due to a resonance loss mechanism which becomes 
important as the ratio of the betatron guiding field 
B,, to the azimuthal magnetic field B, approaches a 
slowly-changing value. 

The results observed with this plasma betatron 
suggest that, if higher accelerating voltages were 
provided, much higher circulating currents of full 
energy runaway electrons could be expected. Also for 
high accelerating fields the necessity for a strong 
azimuthal magnetic field—harmful due to its suppres- 
sion of beam constriction—may be less important. 
Electrons should be caught in an equilibrium orbit 
before they have time initially to drift from the focus- 
ing region. The maximum runaway electron current 
obtainable in a plasma betatron taking into account 
the disturbance of the magnetic field pattern produced 
by the electron current, has recently been calculated 
by MAISONNIER and FINKELSTEIN (1959). For this 
betatron the current is 350 A, but a design is proposed 
which might enable higher currents to be obtained. 
There seems, therefore, to be no fundamental difficulty 
in establishing within a plasma high energy electron 
currents of interesting magnitude. The attainment of 
the very intense currents demanded by the BUDKER 
(1956) proposal may require the overcoming of 
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instabilities of various types peculiar to self-focusing 
relativistic electron streams (BUDKER, 1956; BUNE- 
MAN, 1958; SCHOCH, 1958; FINKELSTEIN and STUR- 
ROCK, 1959). 
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Abstract—A self-sustained thermonuclear fusion reaction requires a high degree of particle confinement. 
A ring-shaped solid conductor placed in the interior of the reaction volume produces a strong poloidal 
magnetic field which traps particles completely, at least at low gas densities. The leads which supply current 
to the conductor can be arranged in a way such as to prevent particle losses out of the confinement volume. 
Modifications and improvements of the magnetic field configuration by the addition of auxiliary coils are 


discussed. 


Injection of ions into the confinement volume is discussed briefly as well as a number of other possible 
heating mechanisms. A short consideration of the stability problem is also given at the end of the present 


paper. 


1. INTRODUCTION 


IN a self-sustained thermonuclear fusion reactor 
conditions have to be established where the produced 
energy is sufficiently large to cover all losses as well 
as a certain amount of useful extracted energy. 
Radiation losses by bremsstrahlung can be covered if 
the temperature is kept high enough. At the same 
time the contact between the reacting gas and sur- 
rounding walls should be reduced as far as possible. 
This will be the case if instabilities of the gas are 
suppressed and the particle losses minimized. The 
‘present paper will deal mainly with particle losses out 
of a magnetic ‘bottle’, without taking the stability 
problem into special consideration. 

A lower limit of the confinement time is readily 
estimated from a comparison between the reaction 
energy and the energy which is lost when the particles 
escape from the reaction volume. Especially, for the 
total DD-reaction with cross-section o, reaction rate 
parameter (ov) m*/sec,iondensity and released 
energy W joules per reaction the produced power per 
unit volume is (Post, 1956; THompson, 1957) 

P = watts/m’. (1) 
A lower limit, ¢,,;, sec, of the confinement time at the 
temperature 7°K is now obtained by assuming that 
only ions are lost, that the entire mass of gas is burnt 
into “He (W corresponding to about 21-6 MeV) and 
that all the produced energy can be used to cover the 
energy which escapes with the particles to the 
surroundings: 

1/2n?(ovpp)W = 3/2nkT tmin, (2) 
and 

tmin = 1:20 10-"T/n(ovpp). (3) 


$ 
10° (volts) 

Fic. 1.—A lower limit, tmin, of the confinement time which is 
required for a balance between the energy produced by the DD- 
reaction and the energy lost with particles escaping from the 
reaction volume. J is the temperature and » the particle density. 


From an empirical formula of the reaction rate given 
by THOMPSON (1957) the corresponding times are 


calculated as shown by Fig. 1. The minimum at 
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about 5 x 108°K is caused by the fact that the reaction 
rate increases only slowly at very high temperatures, 
whereas the energy required to heat the ions is 
proportional to T. 

It is seen from Fig. 1 that the requirements on the 
confining properties of a self-sustained thermonuclear 
reactor are very high. As an example, even a pressure 
as high as 1000 atm (~1-01 10° newtons/m?) gives 
a confinement time which has to exceed at least 
3 x 10-* sec when the temperature is of the order of 
5 x 10°°K. For ‘magnetic bottles’ with field lines 
leading from the confinement volume out to the 
surrounding space, such as mirror machines, GARREN 
et al. (1958) point out that scattering losses at the 
mirror ends present a severe problem for the energy 
balance. Considering only ion-ion collisions in a 
uniform, neutral plasma GARREN ef al. find that 
temperatures of the order of 3 x 10°°K have to be 
established for self-sustained operation of a mirror 
machine with deuterium. 

Even if losses along the field lines are inhibited by 
using configurations where the lines are closed upon 
themselves inside the confinement region, particles 
may be lost through drift motions across the magnetic 
field. Losses of this type can be eliminated, either by 
choosing a magnetic field where the drift motions 
cancel for particles running through the confine- 
ment region repeatedly (Spitzer, 1958), or by having 
drift motions which follow closed paths inside 
the same region (LEHNERT, 1958a; CHRISTOFILOS, 
1958). 

Finally, it should be pointed out that the problem 
of establishing a self-sustained reaction may run into 
severe difficulties if the diffusion of particles across the 
magnetic field is accelerated by collective processes, 
such as ‘drain diffusion’ (BOHM et a/., 1949; LEHNERT, 
1958b; How and LeHnert, 1959). If this type of 
increased diffusion rate is moderate for the conditions 
of a thermonuclear reactor, however, self-sustained 
reactions may still be realizable, provided that the 
confining properties of the magnetic ‘bottle’ are 
improved as far as possible. 

This paper will deal mainly with the confinement 
of charged particles in the magnetic field of a solid 
ring-shaped conductor, as suggested earlier by the 
author (1958a). In terms of ALFVEN’s perturbation 
theory for the motion of a charged particle (ALFVEN, 
1950) it is easily seen that the drift motions form 
closed paths around the symmetry axis of the loop. 
The same result can also be deduced from STORMER’s 
equations (STORMER, 1955; see also BIERMANN and 
SCHLUTER, 1957; List and SCHLUTER, 1957; FISSER 
and KIPPENHAHN, 1959). 
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2. MOTION OF A CHARGED PARTICLE IN 
STATIC ELECTRIC AND MAGNETIC FIELDS 
The non-relativistic Lagrangian of a _ charged 
particle of mass m, charge g and velocity v in a 
magnetic field B, having the vector potential A and a 
field from an electrostatic potential ¢ is (GOLDSTEIN, 
1957) 
L = — qh + qv. A. (4) 


With the components of the generalized co-ordinates, 
g;, and generalized momenta, p; = 0L/0g,, the 
Hamiltonian becomes 


H = 1/2m(p — gA)? + q¢. (5) 
The total time derivative of a quantity Q is 
dQ 00 
—=— + 
dt Or LO. 
‘(00 OH OH 
LQ, H] (3, Op; Op; 


where the right hand term is Poisson’s bracket. 

Any quantity Q which does not depend explicitly 
on time and whose Poisson bracket with the Hamil- 
tonian vanishes, is a constant of the motion. 

For axisymmetric, stationary configurations the 
magnetic field becomes 

| 0A, OA, 0A. 10 | 

in cylindrical co-ordinates (r, y, z), and the electric 
field 


(8) 
| 
equation (6) gives p, = 0 and 
Ps = + = Mrqvs, + GroAg,, (9) 


where index (9) denotes values at the starting point of 
the particle. The result (9) can also be derived from 
the equation expressing conservation of momentum, 
as shown, e.g., by CossLert (1950), LUst and SCHLUTER 
(1957), and in the theory of the magnetron (BRONWELL 
and BeAM, 1947). The energy theorem is obtained 
from equation (6) by putting O = H; 


1 /2m(v? — = — 9). (10) 


Combination of equations (9) and (10) with v* 


+ v,? + v,? gives 
t gives 
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If this condition cannot be satisfied a particle starting 
at a point (19, Po, Zo) Will not reach the point (r, y, z). 
As pointed out by List and ScHLuTer (1957) and 
which is also seen from equations (7) and (11) a 
complete particle confinement can be established only 
by a poloidal magnetic field (B,, B,) and not by a 
toroidal field (B,). 

Starting from the equations of motion of a purely 
poloidal field CossLett (1950) studies the movement 
in the rz-planes through the axis of symmetry. This 
may be considered to take place in a potential ‘trough’ 
given by the potential 


m 


The same conclusion can also be drawn directly from 
equation (11). Consider the special case of a strong 
magnetic field where the radius of gyration of a 
charged particle is much less than the characteristic 
dimensions of the magnetic field configuration and 
where the electrostatic force gE does not exceed the 
Lorentz force gv < B considerably. A particle will 
move close to the ‘bottom line’ of the trough which 
consists of the projection rd, = constant of the 
corresponding magnetic field line in the rz-planes. 
Consequently, a magnetic field the poloidal part of 
which forms closed field lines is able to trap particles 
which have an energy less than a certain limit. 


3. CONFINEMENT BY MEANS OF 
A CURRENT LOOP 


According to the previous section charged particles 
cannot be trapped in a purely toroidal magnetic 
field, which is stationary. In terms of the macroscopic 
equations of an ionized gas SpiTzeR (1952) and 
BIERMANN and SCHLUTER (1957) have drawn the 
same conclusions for the balance between the pressure 
and the electromagnetic force in a plasma. However, 
in a field which has a poloidal part particles can be 
trapped under certain conditions. In the ‘Stellarator’ 
machines this is done by introducing a small perturba- 
tion on an essentially toroidal field, e.g., by means of 
helical windings (KRUSKAL ef. al., 1958; SPITZER, 
1958). The magnetic coils of the ‘Stellarator’ are all 
situated outside the reaction volume and this limits 
the strength of the poloidal field considerably. An 
improvement of the confining ability, at least at low 
gas densities, can be obtained by placing a circular 
coil ‘inside’ the reaction volume as shown in Fig. 2. 
This produces a strong, poloidal magnetic field. A 
toroidal component may as well be added to generate 
a screw field. Current is supplied to the coil through 
a number of leads which are placed in the plane of the 
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Fic. 2.—Outline of the magnetic field pattern generated by a 
circular coil a with radius R and a spherical coil d which 
cancels the field from the circular coil outside the sphere p = 
Ry. Current is supplied to the circular coil through a number of 
double leads b. The shaded area represents the confinement 
volume; the leads are screened from particle bombardment by 
their self-fields generated by the currents 4,. A _ toroidal 
component may be added to produce a screw field by means of 
the conductor c traversed by the current /,. 


coil as suggested in Fig. 2. Alternatively, the leads may 
be extended radially inwards and a magnetic mirror 
action will then prevent most of the particles from 
reaching the lead region. All the conductors in 


Fig. 2 have to be screened electrostatically to eliminate 
the influence of electric fields generated by the poten- 
tial drop in the windings. 


3.1 The current leads 


The supply of electric current to the circular coil 
and its mechanical mounting provides one of the 
essential difficulties with the arrangement shown in 
Fig. 2. It has earlier been suggested (LEHNERT, 1958a) 
that the supply current through the leads may generate 
a magnetic field which acts as a screen against particle 
bombardment. This agrees with conclusions drawn by 
KADOMTSEV and BRAGINSKY (1958) about the motion 
of a plasma in the neighbourhood of a wire traversed 
by an electric current. The magnetic field produced 
by the leads generates additional drift motions, but 
these cancel for particles running around the current 
loop repeatedly. BONNEVIER (1958) has pointed out 
that leads which are arranged in pairs with opposite 
currents diminish the range of the field arising from 
the supply currents. 

The motion of a charged particle in the magnetic 
field of a straight line current has recently been con- 
sidered by HERTWECK (1959). In the present paper a 
study will be made of the particle motion in the 
field b of a double lead, placed in a homogeneous 
field By as shown in Fig. 3. This forms an idealization 
of the actual configuration to a plane one with 


= 
ke 
4 
Vol 
1 
1959/ 


(x) 


Fic. 3.—Cross-section of a pair of ‘force-free’ leads with radii 
r, placed at a distance 4 r, between their central lines. The ratio 
F = b,/B, = 4 between the self-field 6, at the surface of a lead 
and the external magnetic field By. The field lines given by 
C;*+ and C;- graze the surfaces of the leads. Cy, gives the 
boundary between the field which circulates around the leads 
and the field which runs to infinity. Broken lines give boun- 
daries inside of which the field has a strength falling below «?B,. 


infinitely long leads. A co-ordinate system with the 
z-axis along the leads and the x-axis through their 
central lines is introduced. Further, introduce the 
radius r, of a lead, the distance 2 d, between the 
centres of the leads, the current /, through each lead, 
the strength of the corresponding field b; = ol,/27r, 
at the surface of a lead, and the normalized quantities 
= x/r,, = y/ry, f = d,/r, and F = b,/Bo. 

With the directions of the electric currents and the 
main field By given by Fig. 3 the total field becomes 


B= B, + b=|0, By, 0| + FB, + 


(13) 


which can be obtained from the vector potential 


+f)? + 
(E—f)? + 


A= | 0, 0, Bor, {—¢ + 1/2F log | 


+ constant|. (14) 
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Very strong magnetic fields are required for the 
confinement of deuterons at temperatures around 
10°°K. Therefore, the conductors producing the field 
will be subject to large forces. However, the net force 
on each lead may be cancelled by a proper choice of 
the mutual distance 2 d, and of the ratio F between 
the field strengths. Then, the mutual force which tends 
to expand the double lead is balanced by the force 
arising from the main field By which tends to compress 
the double lead. The force per unit length acting on 
the left hand lead of Fig. 3 is in the x-direction and 
has the value 


K, | fi B, dx dy 


where i, = /,/7r,? and the integration is performed 
over the cross-section of the lead. After introduction 
of dimensionless variables equation (15) is easily 
shown to become 


| Jax ay, (15) 


= 1 


z 


F * 3/2 | “2 
F | log Fos 
7 J0 | 4f* 4fcos d 


<cos dd, 


and after one partial integration followed by the 
substitution ¢ = tg(¢/2) and a partial fraction ex- 
pansion the result becomes 


K 1, — F/2f). (16) 


The condition for a ‘force-free’ lead is 
F = 2. (17) 


The force-free position is stable as far as motions in 
the x-direction are concerned; a value of f less than 
F/2 will give a net expanding force and a value greater 
than F/2 acts in the opposite direction. 

Condition (17) is now assumed to be valid through- 
out the paper and the equation of the field lines, 
A, = constant, becomes 


Ce*" , (18) 


where C is a parameter. The field lines which graze 
the right hand and left hand leads are determined by 


l 
C+=(2f exp C, (19) 


respectively. C= Cy= 1 corresponds to the field 
line which follows the »-axis as well as the border 
between the field which encircles the leads and the 
field which runs to infinity. According to equation 
(13) the magnetic field vanishes along the lines 


3 
| : 
& 
8 
3 
4 
Ce 
59/68 a 
4 
9 
E+f (§—fP +7? 
| 
ak 


44 B. LEHNERT 


§=0,7= +V3/f. Values of B/B, in the vicinity of 
the zero lines are given by the dotted curves in Fig. 3, 
which demonstrates the case f= 2. 

A discussion of the forbidden zones can be carried 
out along the same lines as in Section 2. From p, = 0 


= mv, + gA, = + (20) 


and in combination with equation (10) 


v2 + v 


2 
E 1 A, (21) 
0 m 0 


Addition of a field b,, independent of z, does not 
alter these results. Inhibition of the particle bom- 
bardment of the leads will now be discussed for the 
most unfavourable situation. This occurs when a 
particle can move along the field from infinity up to 
a ‘starting point’ at the border Cy, when q(¢_ — 4) 
is positive and when the sign and magnitude of v,, is 
such as to make the square bracket term in expression 
(21) as small as possible. From equations (14) and (18) 


A, — A, = 1/2byr, log (C,/C). (22) 


> 
“0 


A particle starting from Cy will not reach the leads if 


F (gb,r,/m) [log (F — 1) + 1/F — 


+ — (bo — $) = (23) 
m 

where the two signs in the left hand member corre- 
spond to C;*+ and C,;-, respectively. Condition (23) is 
fulfilled, even in the most unfavourable situation if the 
second term in the left hand member has a modulus 
exceeding Uy ++ U9, Where uy is defined as a positive 
quantity. Introduce the radius of curvature a, 
mvo/|q| 5, in the field b, of a lead. The ‘cut-off’ value 
of a,/r;, where a particle grazes a lead, is given 
by 


1/2(1 +- uo/v») (“) = 1/2flog (F — 1) + 1/F — 1/2] 


l’¢ 


(24) 


and plotted as a function of F in Fig. 4. The result 
can be used to calculate the largest allowable radius 
r, for a given external field Bo, potential difference 
@ — do, particle energy, and ratio F. 


The zero lines at (0, --V/3f) might at a first con- 
sideration be assumed to cause a leakage in the 
direction along the leads. However, there are reasons 
for this leakage to be extremely small. Suppose that 
a particle starts with velocity v, at a point P, situated 


(I/2) I+ Ve 


20 25 


Fic. 4.—Determination of the cut-off value (a;/r,), as a function 
of the ratio F for a pair of force-free leads. 


at some distance from the leads and from the zero 
line, where the magnetic field is approximately the 
undisturbed field By. Only particles which are allowed 
to reach the zero line have to be discussed here. To 
simplify the treatment the electric field is now assumed 
to vanish. Suppose also that the magnetic field is 
chosen strong enough for Alfvén’s perturbation theory 
to be valid up to a point P’ where the particle passes 
a certain surface S’ enclosing the zero line (cf the 
dashed lines in Fig. 3). At the zero line, however, the 
perturbation theory becomes inapplicable. The surface 
S’ defines a boundary inside of which the magnetic 
field strength falls below «Bj, where 0< «<1. 
According to the perturbation theory the particle 
which gyrates around the field lines with the velocity 
w has a constant equivalent magnetic moment, 
mw*/2B. In a strong field w is much larger than the 
drift motion across the field and the velocity com- 
ponent v,’ at P’ has a modulus 


|v," | < = aw, < ay. (25) 


Now, reconsider equation (21) for the particle which 
passes P’ and reaches the zero line, where the velocity 
in the xy-plane is given by 
+4 4%, (26) 
m 
since A, = constant log C) = 0. The second term 
in the bracket of equation (26) has a modulus 


q 
—A 


(27) 


< 1/20, (+) |log C’| max 


where ay, = mv,/|q| 6, and |log C’| max is the largest 
value of |log C| existing on S’. The conditions in the 
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vicinity of the zero point (0, —V3 f) are now studied 
by introducing the variables 6 = » — V 3f and 7? = 
5° + 0. From equation (18) the field lines are easily 
seen to be equilateral hyperbolas 


and the surfaces B = constant are given by the circles 


~ 3/4B,222/f2. (29) 


(28) 


The largest value of |log C’| for a given surface S’ 
with radial distance 4’ r, from the zero point is deter- 


mined by the field line which touches S’. From 
equation (28) this gives 
| log C’| max © (30) 


Finally, equation (29) gives a characteristic distance 
B/|VB| ~ A'r,. The perturbation theory will then be 
applicable on and outside of S’ if 


In such a case 
<M (32) 
m 8 


Thus, for given values of v,, k’ and f a magnetic 
field which is chosen strong enough will make the 
bracket in equation (26) less than v,. Then, the 
velocity in the xy-plane will not vanish at the zero 
point and the particle will not pass out of the con- 
figuration along the zero line. The situation of Fig. 3 
with f = 2 may serve as an illustration. Suppose that 
the surface S’ is chosen where « = 0-25. Then, 

~ 0°58 and if k’ = 0-1, which gives a good approxi- 
mation for the perturbation theory, we have bd [m| < 
0-3lv, and from equation (26) follows »v, i 
0-35v,? 

The only way in which a particle can escape along 
the zero lines would be through a collision in thei 
immediate neighbourhood. In addition, the particle 
should be scattered into a very narrow solid angle to 
find its way out along a zero line. Finally, it should 
be pointed out that the mean free path is likely to be 
very long compared to the dimensions of the leads in 


an ionized gas at temperatures and densities of 


thermonuclear interest. Also, the volume of the 
region nearest to the zero lines, where a leakage due to 
scattering could take place, is very small compared 
with the entire reaction volume. Consequently, it 
may be justified to assume that the zero lines do not 
introduce any dangerous particle leakage, at least at 
moderate densities and strong magnetic fields. 

In the plane configuration of Fig. 3 discussed so far 
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the influence of the curvature of the main field has 
been neglected. However, if the distance between the 
leads at any cross-section is chosen properly to give a 
force-free situation such as that shown in Fig. 3 the 
conclusions drawn from the plane case will not be far 
from the situation of Fig. 2. This is made plausible by 
the fact that the surfaces B = constant very nearly 
coincide with the field lines in the immediate neighbour- 
hood of the lead surface (cf the dotted line for «? = 4 
in Fig. 3). In terms of the perturbation theory the 
particle motion can be divided into one component 
along the field and a drift velocity, mw*B  (VB)/2qB*, 
contained in the surfaces B = constant. This implies 
that the particle moves very nearly parallel with the 
lead surface if it may reach its immediate neighbour- 
hood. In addition, the field in this region is about F 
times stronger than the undisturbed field B, and this 
will prevent a large fraction of particles from reaching 
the region close to the leads. Consequently, the leads 
should have a very strong tendency to reflect particles if 
the magnetic field is made strong enough. 

From the point of view of the perturbation theory 


it has earlier been shown that the drift motions 
introduced by the main, poloidal field in Fig. 2 


circulate around the axis of symmetry and cause no 
particle leakage to the surroundings. If a toroidal 
component is added to the main field the rigorous 
theory shows that the particle confinement is still 
complete, as long as a poloidal component is present. 
The plane through the centres of the double leads has 
to be somewhat inclined to the plane of the circular 
coil to preserve the force-free situation in such a 
screw field. Additional drift motions will be intro- 
duced by the leads, essentially in the direction of their 
axis, and will depend upon the sign of the supply 
current. However, the drift motion encircling the 
symmetry axis of the main coil and the screw field 
will force the particles to circulate around the axis of 
symmetry. Statistically they will spend as much time 
in the region of a lead which causes a drift in one 
direction as in the region of a lead causing an opposite 
drift motion. A similar cancellation will govern 
particles which pass the channels around the zero 


lines. Thus, the leads are likely to cause no severe 
particle leakage out of the confinement region 


indicated in Fig. 2. — to the curvature of the 
configuration in Fig. 2 a weak field b, << B, arises 
along the zero lines. This does not alter the conclusions 
obtained so far. 


3.2 The main field 
Part of the currents producing a field which is 
closed inside the intended confinement volume can 
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be situated in the surrounding space. In Fig. 2 a 
spherical coil with radius Ry has been placed around 
the circular coil with radius R. This is advantageous 
in several respects. The current distribution along the 
sphere can be chosen such as to cancel the field of the 
circular coil in the external region p> Ry. The 
field used to trap particles will then be ‘compressed’ 
into the space p< R, and the volume which is 
available for the confinement is increased. It also 
reduces the gradient of the main field along the leads. 
A considerable part of the currents used for the 
field generation is removed to regions where large 
conductor cross-sections can be used and the ohmic 
losses kept low. Finally, if the coils are situated inside 
a vessel made of metal changes in the main field will 
not induce currents in the vessel walls. Otherwise, 
these currents would introduce disturbing fields out of 
phase with the main field which violate the force-free 
condition for the leads. The total current / circulating 
in the loop and the total currents J, and /; in the 
spherical coil d and in the conductor c of Fig. 2 
should be kept in phase when they vary in time, 
which can be obtained by connecting all the coils in 
series. If some sub-sections of the spherical coil have 
to be connected in parallel their currents will still be 
in phase when the current distribution is chosen such 
as to balance the external field for p > Rp. 

As an alternative to the confinement region of 
Fig. 2 the region nearest to the circular coil could be 
used, the coil being enclosed in a large vessel shaped 
as a torus. 

The current distribution on the spherical surface 
p = R, which cancels the external field is deduced in 
the following way. A spherical system of co-ordinates 
(p, 9, #) is introduced. A distribution of currents 
with density i(r’) = i(p’, 0’). b is assumed on and 
inside the sphere with radius Ry, (see also MAXWELL, 
1873). The vector potential at a field point r becomes 


A(t) = (49/47) | | 


For the denominator the expansions 


p’ sin 0’ dp’ dO’ dd’. 
(33) 


1 (p’\! 
jr—r'|=- > (2) P(cos = p'’<p (34) 
pi=o0 
and 
a1 dey 
jr—r’'|=— > P (cos 0) p>p (35) 
p'i=0 \p 


are used. Further, the addition formula for the 
Legendre polynomials is 
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P(cos ©) 


1 
= P(cos 9’) P,(cos 0) +2 (/ + m)! 


x P,™(cos 0’) P,""(cos 9) cos — ¢’). 


(1 — m)! 


(36) 


Substituting expressions (34), (35) and (36) into 
equation (33) and carrying out the integration A 
is seen to have a component in the ¢-direction only. 

Especially for a spherical coil with surface current 
density i(t), where t= cos the vector potential 
becomes 


i 


p' p> Ro 
(37) 
i, = Rit? p>R, (38) 
and 


i 
A,(p, 9) = 1/2 uw, > 'P \(1); 


p< Ry 
(39) 
1 
i, = p<Rpy. (40) 


The functions P;'(t) form a complete orthogonal set 
and i(t) can be expanded according to 


i(t)P,(t) dt. 
(41) 


(t) = > a,P(t); a, = 


For a current loop of radius R and total current J 
the corresponding expressions for the vector potential 
are equation (37) for p > R and equation (39) for 
p < R, where 

i, = IPO); 
i, = IP}(0); 


p>R (42) 


(43) 


and P,\(0) can be deduced from relations given by 
JAHNKE and Empe (1938). The current distribution 
i(t) on a sphere which cancels the field of the current 
loop in the external region p > Ry is now obtained 
from —i, given by equation (41) which is substituted 
into equation (38). The resulting expression is 
combined with equation (41) to give 

i(t) = i(cos 6) = R= (—1) Palin 


9 


p< R, 


R 2n+2 
P3,,,,(cos 0). (44)* 


This current distribution produces an additional 


* The author is indebted to Dr. B. NAGex for the deduction of 
equation (44). 


magnetic field in the internal region p < Ry which is 
given by the vector potential 
(2n)! 


22"+2 n!(n + 1)! 


8) = bol (—1)"" 


R \ 22 / 2n+1 
P3,,.\(cos 8), (45) 
as deduced from equations (40), (41) and (39). The 
first term in equations (45) generates a homogeneous 
magnetic field along the axis of symmetry in a direction 
opposite to the dipole moment of the current loop. 


4. HEATING MECHANISMS 


Practically any of the heating mechanisms suggested 
earlier for obtaining thermonuclear reactions in a 
plasma can be used in combination with the magnetic 
‘bottle’ described in this paper. Only a few possi- 
bilities will be mentioned briefly here. 

One possibility consists of the injection of fast ions 
from an ion source. D* ions could be accumulated 
by dissociation of injected D,* molecular ions by 
means of collisions (cf. BELL ef a/., 1958; Luce, 1958; 
ARTSIMOVICH, 1958). Alternatively, the ions may 
be injected in a screw field as shown in Fig. 5. The 
pitch of the field lines and the magnitude of the drift 
velocity encircling the axis can be determined such as 
to prevent the particles from hitting the back side of 
the ion source. A change in the magnetic field will 
induce an electric field E and a corresponding trans- 
verse velocity u, = E x B/B*. According to SpITZzeR 
(1956a) the particle will move on a surface where the 
magnetic flux is conserved. When a complete passage 
around the axis of symmetry has been performed the 
magnetic field strength is assumed to have decreased 
slowly to allow the particle to pass ‘inside’ the source. 


ION SOURCE 


Fic, 5—Injection of ions from an ion source into a screw 
field produced by a ring current / and a current J, generating 
a toroidal field component, In the figure the field strength is 
assumed to decrease slowly to allow the ions to pass inside 
the source after one passage around the axis of symmetry. In 
the actual case a particle will gyrate around the path shown 
by the figure. 
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A slow increase in the field strength might as well have 
been applied in which case the particle will pass 
‘outside’ the source. 

A difficulty with the injection of an ion beam is 
introduced by the electrostatic forces produced by its 
charge, which limit the particle density. This can be 
overcome by injecting electrons simultaneously. 
However, in such a case it should be observed that 
unevenly distributed space charges may occur in the 
early stages of the injection period which may produce 
additional drift motions and particle losses. Con- 
sequently, the reaction volume may have to be filled 
in advance with an evenly distributed electron cloud 
to permit the injection of ions. 

Another possibility is provided by the mechanism 
applied in the ‘Homopolar’ and ‘Ixion’ experiments 
(BAKER, 1956; Boyer, 1957). An electrostatic voltage 
may be applied between the circular coil in Fig. 2 and 
the central conductor ¢ which is connected with an 
axisymmetric electrode following the inner surface of 
the spherical coil. At least parts of the plasma would 
then be set into rotation permitting a strong electric 
field to penetrate its boundary layers. The crossed 
electric and magnetic fields produce trochoidal particle 
paths around the axis of symmetry where the gyrating 
particles collide at high relative velocities, provided 
that the electric field is strong enough. 

Finally, any mechanism can be used which is based 
upon the heating of a plasma by an oscillating 
electromagnetic field, eventually superimposed on 
the basic confining field (cf. SprrzeER and WITTEN, 
1953; BERGER ef al., 1958). BERGER and co-workers 
point out that these mechanisms will add energy to 
the plasma, provided that the confinement is perfect. 


5. CONCLUDING REMARKS ON 
THE STABILITY PROBLEM 

Confinement of charged particles in the present 
field configuration is expected to be very effective at 
low gas densities. At higher densities, however, the 
stability problem also has to be taken into account. 

Among the possible hydrodynamic instabilities are 
those of ‘kink’ and ‘sausage’ type known from pinch 
experiments. A straight counterpart to the present 
configuration is a hollow pinch enclosing a conductor 
which is traversed by an electric current. In an 
experiment with such a ‘tubular pinch’ BAKER and 
ANDERSON (1956) found that it was stable for much 
longer periods than a simple pinch filament. This 
also agrees with conclusions drawn by ANDERSON ef 
al. (1958). Qualitatively this may be understood from 
the fact that part of the magnetic field is generated by 
currents ‘anchored’ in the solid conductor. How 
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much the curved geometry of a current loop may 
modify these results cannot be judged at this stage. 

Under certain circumstances “exchange instabilities’ 
may arise where, so to speak, the plasma and the 
magnetic field interchange positions. According to 
SPITZER (1956b) these instabilities can be inhibited by 
using a twisted magnetic field with “‘shear”’, i.e., 
where magnetic field lines in different layers run with 
different pitch angles. The present configuration is 
suitable for the generation of such fields, even with a 
higher degree of ‘shear’ than that which can be 
obtained in the ‘Stellarator’. 

When the confinement region shown in Fig. 2 is 
uniformly filled with a quasi-neutral plasma there are 
no drift motions which may cause charge separation 
and additional drifts which bring particles out to the 
walls. In addition, the screw field and the drift 
velocities produced by the inhomogeneity of the mag- 
netic field give a rotational transform, similar to that 
in the ‘Stellarator’, which counteracts the generation 
of local space charges. 

Among the instabilities of non-hydrodynamic 
character the production of ‘‘run-away electrons” 
(DREICER, 1958) may cause considerable energy and 
particle losses during the heating process, provided 
that the accelerating electric field has a component 


in the direction of the magnetic field. However, for 
the heating mechanisms suggested in section 4 an 
electric field component in this direction can be 
avoided. 
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Abstract—Equilibrium configurations of a toroidal plasma have been obtained, characterized by parameters 
for the gas pressure and the toroidal component of the magnetic field and by the aspect ratio of the torus. 


These configurations are symmetrical about the axis of the torus and fall naturally into two classes, corres- 
ponding to cases where the toroidal component of the magnetic field either is in the same direction over a 


1. INTRODUCTION 


IT is usually assumed as a first approximation that 
the behaviour of a toroidal plasma can be discussed 
by considering a cylindrical plasma of finite length 
and imposing suitable periodic boundary conditions 
on the ends of the cylinder. However, Spitzer (1958) 
has shown that a plasma cannot be contained in static 
equilibrium in a torus by a magnetic field which has 
only a toroidal component, while such an equilibrium 
is possible in a cylinder with only an axial magnetic 
field. 

We give an account of methods by which we have 
obtained static equilibrium configurations of a toroidal 
plasma. Several physical assumptions are made in 
obtaining these results. We assume that the plasma 
can be considered to be an ideal inviscid fluid with 
infinite electrical conductivity, so that the theory of 
magnetohydrodynamics can be applied in its simplest 
form. We assume that the plasma fills the whole tube 
and consider only those equilibria which are symmetric 
about the axis of the torus. The wall of the tube is 
also assumed to be an ideal conductor, so that the 
only boundary condition to be applied is that the 
normal component of the magnetic field at the wall of 
the tube should vanish. 

With this model for the plasma, we have obtained 
a wide variety of equilibrium configurations, character- 
ized by a set of three parameters, the gas pressure 
parameter a, the magnetic field parameter b, and the 
reciprocal of the aspect ratio «. 

In Section 2, we show that the pressure and magnetic 
field can be expressed in terms of a stream function y 
which is essentially the toroidal component of the 
vector potential. In Section 3, we consider a restricted 
class of equilibria for which the problem is tractable 
and which is still fairly general and non-trivial. Two 
methods of solution are given. The first method 
involves an integral equation which expresses the 
boundary condition on the magnetic field, while the 


4 


cross-section of the torus or changes direction in the centre of the cross-section. 


second adopts an expansion procedure about the 
corresponding cylindrical configuration. The results 
are discussed in Section 4 and a typical configuration 
is given in Figs. 2, 3 and 4. 


2. THE STREAM FUNCTION 

We consider only static equilibrium configurations 
in which there is no toroidal variation. It is then 
convenient to use cylindrical co-ordinates (p, p, ¢) as 
in Fig. 1. Thus, we have p = p(p, ¢) and B = B(p, &), 
where p and B are the pressure and magnetic field, 
respectively. 

We shall neglect dissipative effects, assuming that 
the plasma is an ideal, inviscid fluid with infinite 
electrical conductivity. Neglecting displacement 
currents, we obtain the following set of magneto- 
hydrodynamic equations to be satisfied by the equili- 
brium configuration, in which the plasma is taken to 
be at rest. 


-jx B= gradp (2.1) 

An 

curl B= — j (2.2) 

divB—0 (2.3) 

E—0 (2.4) 

y=0 (2.5) 


Here, j is the current density, E the electric field and 
v the fluid velocity. 
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Fic. 1.—Cross-section of torus showing the co-ordinate 
systems (p, p, ©) and (r, 6). 
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Combining equations (2.1) and (2.2), we obtain 
(2.6) 


Equations (2.3) and (2.6) have to be satisfied by the 
pressure and magnetic field. GRAD and RUBIN (1958) 
have shown that we can introduce a stream function 
y such that 


curl B x B = 47 grad p. 


_ BR oy 
a (2.7) 
BR? dy 
p Op 


B, is a constant magnetic field and R is the major 
radius of the torus, as in Fig. 1. A similar method 
has been followed by List and ScHLUTER (1957). 

The stream function is in fact simply related to the 
toroidal component of the vector potential A. Thus, 


A, = — y 
p 
It can be shown, using equation (2.6), that p and pB,, 


are functions of y alone. We then introduce arbitrary 
functions f(y) and g(y) such that 


(2.8) 


(2.9) 


(2.10) 


Then, by considering either the p-component or the 
f-component of equation (2.6), we find that y must 
satisfy the equation 


1 oy 
where x = p/R and y= (¢/R are non-dimensional 
variables and a prime denotes differentiation with 
respect to y. 

We assume that the plasma fills the whole tube, 
though for containment we require the pressure to be 
higher at the centre of the torus cross-section than 
at the wall. Assuming that the wall is an ideal 
conductor, we have to impose only one boundary 
condition, that the normal component B, of the 
magnetic field at the wall of the torus should vanish. 
It is easily seen, on introducing polar co-ordinates 
r, 0, as in Fig. 1, that the vanishing of B,, is equivalent 
to the vanishing of dy/00. 

The two co-ordinate systems are simply related. 
Thus, 


+ ff’ +. = 6 (2.1 1) 


p=R-+-rcos 8, (2.12) 
C=rsin§. 
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In non-dimensional form, we have 


x=1-+ e&cos 8, 
(2.13) 
y= e&sin 0. 
€ =r,/R and = r/ro, where ry is the cross-sectional 
radius. The torus is defined by ¢, which is the recip- 
rocal of the aspect ratio. 


3. THE LINEAR ASSUMPTION 
Equation (2.11) is in general a non-linear partial 
differential equation for y. It is possible to choose 
simple forms for f(y) and g(y) which linearize the 
equation for y, and which still lead to non-trivial 


equilibrium configurations. We assume 
I= by, 
(3.1) 
= 


In (3.1) we can add a constant to g. a and b are 
arbitrary parameters. Equation (2.11) then becomes 


+e (3.2) 


4. 24 b2)y — 0. 
(ax yy 


We can now express the pressure and magnetic field 
in terms of y(x, y) and its partial derivatives with 
respect to x and y. 


(3.3) 


(a) Integral equation method 
Equation (3.2) is separable and one solution is 


y = x cos ly L(kx; a/k4), (3.4) 
where L(kx; a/k*) satisfies the equation 
ett dl 
+ x + (ax* + k?x2—1)L=0 (3.5) 


and k? -+- /? = b?. 


A more general solution can be constructed by 
superposing a continuum of solutions of the form (3.4). 
Thus 


W(x, y) = x cos (by sin 7/2)L(bx cos 7/2; 4). 
0 
(3.6) 


rm 1959/ 
: P= 
7T 
2 
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In (3.6) we have introduced x through the relations 
k = bcos 7/2, 


b sin 


and 6 = a/(b cos 

Thus, we restrict ourselves to real values k and /. 
Another restriction which we shall make is to consider 
only the regular solution of equation (3.5), even though 
the singular point of the equation, x = 0, lies outside 
the domain of the torus. We have not been able to 
prove that these restrictions will permit the boundary 
condition on y to be satisfied. We have also considered 
only cos /y in (3.4) in order that B,, through y, should 
be symmetric in the plane of the torus, ¢ = 0. 

So far, A(z), in expression (3.6), is an arbitrary 
function of x. We apply the boundary condition 
y = constant on the wall of the torus. Arbitrarily 
choosing the constant to be unity (we may have any 
other number except zero, which is a special case 
requiring y to have a zero on the boundary) we see 
that A(z) must satisfy the integral equation 


(3.7) 


l =| dyA(z)(1 + € cos 8) cos (be sin sin 4/2) 
0 
L{(1 + #)b cos 7/2; dj. (3.8) 
This follows from the fact that, on the boundary, 
&€=landsox=1+ ecos#,y=esin§@. 

If, in forming (3.8), we choose the constant to be 
zero, we have an eigenvalue problem, for the resulting 
equation has a non-trivial solution A(y) = 0 only for 
particular values of the parameters a, b and «. 

It can be shown that the regular solution of equation 
(3.5) can be expanded as a power series in a. We give 
here the first four terms of the expansion. Let 


x a n 
L(kx; a/k*) — (=) L, (kx). (3.9) 


n=0 
Then, defining t = kx, we find: 
L(t) = 
L — J, 
6 
L(t) = 35 99 (3.10) 


9 
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L.(r) - 
ft) 90720 

— — ———] J,(t). 

(sas 
In (3.10), J,(t) is a Bessel function of the first kind. 
(b) Expansion about cylindrical configuration 


It is possible to obtain approximate toroidal 
configurations by developing an expansion in powers 
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of e about the corresponding cylindrical configuration’ 
Equation (3.2) can be expressed in the form 


- +- (ax® b*)y = 0, (3.11) 
x Ox 
where 
C2 


We now transform equation (3.11) to the polar 
co-ordinates r,#. Using the non-dimensional form 
1 dp 
£4 and expressing — = as grad Inx. grad y, we 
x 


Ox 


immediately obtain the equation 


Ow 
V2y - In (1 + cos 0) 
oy 
+ efa(1 + e& cos 6)? = 0, (3.12) 
here V2 is 0 1 
where Is now Ear 
Now, let 
y = + ey, 9) + e*p(é, 0) +... (3.13) 
and « = ae’, = be, = « + 


We then obtain a set of equations for yp, Y;, Yo. ---; 


(V2 + = 0, 


dy, 
(V2 + «)y, = cos 0 (= , 
dé 


dy) (3.14) 


(V2 + x?)y, = —é& cos? 0 + aE 


Ss 


Oy, sin dy, 
06 


cos 


2, 6 and x have been introduced explicitly since these 
quantities must be kepi constant as € varies, in order 
to reproduce corresponding configurations for different 
values of the aspect ratio, and in particular for the 
cylindrical case, e = 0. 

It can be shown that 


Yo 
y, = cos — — + 
y, = (BE4+- 4 (C& + (3.15) 


L cos 20[(LE4 
L (ME + PE)J,(KE) + 


| 
JO le 
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where 


Q = —((L + N)\,(«) 
+ (M + P) 
A and Q are fixed by the boundary condition 
y = constant at = 1, which is obtained by setting 
the coefficients of cos # and cos 24 equal to zero at 
&é=1. 

The expansion procedure needs modification when 
J\(«) or J,(«) are zero. If we include higher order 
terms in the expansion, it is seen that the expansion 
contains infinite terms when J,(«) is zero, n > 0. 
We can of course renormalize the solution by 
multiplying y by J,(«) and then letting « tend to the 
zero of J,. With this renormalization, yp, y,,..., 
Yn, are all zero and a multi-polar cylindrical field is 
then obtained. However, we shall not be concerned 
with these cases here. 

In terms of the polar co-ordinates used in (b) above, 
the magnetic field has components (B,, B,, B,). This 
notation may be compared with the notation normally 
adopted in cylindrical geometry. In the latter case, 
we usually have B = (B,, B,, B.). Thus, B, and B, 
have the same meaning, but for B, we have B,. We 
can express B, and B, in terms of y. Thus, 


(3.17) 


where y has been expressed in terms of & and 0. 


4. DISCUSSION OF RESULTS 


Equilibrium configurations have been obtained, 
using the Ferranti Mercury computer, for a range of 
values of the parameters a, b and «. a/b? is essentially 
the ratio of the gas pressure to the magnetic pressure 
at the centre of a cross-section of the torus. It is, 
in fact, the ratio of the gas pressure to the magnetic 
pressure associated with the toroidal component of 
the magnetic field but the two components in the cross- 
sectional plane are typically small at the centre. 

The results fall into two classes, depending on 
whether the toroidal magnetic field either is in the 
same direction over a cross-section of the torus, or has 
its direction reversed near the wall of the torus. To 
proceed continuously from one class to the other, we 
have to pass through a zero of the stream function p 
on the boundary of the torus. This appears as a 
singularity of the integral equation given in Section 3(a), 
which expresses the condition that y should be unity 
on the wall of the torus. No difficulty arises in the 
corresponding case using the expansion procedure 
of Section 3(b). 

We show graphically a typical case in which 
a=17, b=8 and e¢=j}. We compare results 
obtained using the two methods outlined in Section 3. 
The results of the expansion method are shown by 
the solid curves, while those of the integral method 
are shown by crosses and by a broken curve where a 
deviation from the expansion method occurs. Fig. 2 
shows the stream function y as a function of & = r/rg 
for three values of 6, 6 = 0, 7/2 and z. Fig. 3 shows 
the magnetic field components B,, B, and B, and 
Fig. 4 shows the variation in pressure, apart from an 
arbitrary constant. It can be seen that agreement 
between the two methods is very good. It should be 
pointed out that, for the sake of comparison, the 
results using the integral method have been normalized 
so that y is unity at the centre of the cross-section 
rather than at the boundary. 

It is noteworthy that the magnetic fields obtained 
show a certain similarity to the magnetic fields 
observed in discharges in ZETA, although there is 
no obvious reason why this should be so. More 
detailed comparison should be possible when more 
experimental results are forthcoming. 

We can extend the method of Section 3(b) to obtain 
results when the arbitrary functions f(y) and g(y) are 
assumed to have the forms f= by-+c¢ and g= 
ay” +- dy. With the extra parameters c and d at our 
disposal, it should be possible to obtain a much wider 
class of equilibria. For example, when ¢ and d vanish, 
a change of sign of B,, is necessarily accompanied by a 
minimum of p. 


K 
1 a? 
5 a 1 a? 
C= ——-+--, 
| « 1 la | 
31 « la? 1 
1 a? 
(3.16) 
5 & 1 a? 
8 «3 
; l 
16 8k 
vol 
| 
¥ 
" xe& 00 
| 
p, — — % 
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FiG. 2.—Stream function y. 


| 


Fic. 3.—Magnetic field B = (B,, Bo, By). 


Fic. 4.—Pressure p. 
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It should be emphasized that we have discussed only 
a small sub-class of possible equilibrium configura- 
tions. A simpler set of configurations can be obtained, 
using the methods given above, by choosing f to be 
constant. However, B, is then proportional to 1/p, 
which is too restrictive a condition. It is unlikely that 
such a choice would lead to interesting equilibrium 
configurations of a toroidal gas discharge. 

As to the stability of the equilibria obtained, little 
can be said at present. If we apply the stability 
criterion obtained by SuYDAM (1958), we find that the 
cylindrical configuration to which the toroidal 


configuration corresponds is always unstable. It is 
not at all clear whether the instabilities will remain or 
be removed in the transition to toroidal geometry. 
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Abstract—An experimental investigation is described of the magnetic field distribution arising from straight 
parallel ridges of rectangular cross-section on the poles of a magnet. The ‘field flutter’ and ‘mean gap’ are 
defined and summarized graphically for an extensive range of ridge configurations, and for mean fields up to 
20 kG. By comparison with the fields produced by spiral ridge configurations it is shown that the results are 
directly applicable to the design of the spiral ridge pole-pieces required by certain types of particle accelerator. 

The experimental investigation is supplemented by a number of theoretical calculations which enable the 
results to be extrapolated outside the range covered by the measurements. Brief discussions are included of 
the harmonic content of the field waveforms and of the use of ridge cross-sections other than rectangular. 


1. INTRODUCTION 
RECENT trends in the design of orbital particle C P he 
accelerators have included extensive discussion of the MAMAN : 
fixed field alternating gradient (FFAG) family of \ d 
accelerators (SYMON ef a/., 1956; DUNN et a/., 1956). 
The principle will not be discussed here, but it involves i 
as its basic feature the creation of an aximuthally 
periodic magnetic field superimposed on the main guide c 
field. It has been shown that under certain conditions 
this so-called ‘flutter field’ has the effect of providing 
vertical focusing for the particles. 

The required field variation can be produced by a 
system of ridges on the magnet poles. Inanaccelerator g.14 distribution which would be produced by a 
of the cyclotron type these ridges may be spiral in given configuration of ridges. The need thus has 
shape and the pole-piece could have an appearance arisen for some experimentally-determined design 
similar to that shown - plan view in Fig. 1. _ data, and it is the purpose of this paper to discuss and 

At the high fields which would normally be used in Summarize the results of a systematic series of measure- 
such accelerators (>10kG), saturation effects in the ments of the magnetic field produced by ridged 
steel make it difficult to calculate theoretically the pt “ 


Fic. 2.—Cross-section of a system of rectangular ridges. 


pole-pieces which cover most of the configurations 
likely to be used, with mean fields up to 20 kG. 

Although most of these measurements have been 
‘ made on straight, parallel ridges of rectangular cross- 
section, as shown in Fig. 2, some measurements on 
spiral ridge pole-pieces shown that there is a simple 
correspondence with the parallel ridge results and 
that the latter are applicable directly to the design of 
spiral ridge pole-pieces. 

The experimental measurements have been supple- 
mented by a theoretical programme in which the 
method of conformal transformation has been used 
to calculate the field distribution to be expected from 
certain ridge configurations at low fields (when the 
steel surface is approximately a magnetic equi- 
Fic. 1.—Example of a spiral ridge pole-piece (plan view). potential). The results of these computations provided 
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a check on the experimental values, and were used to 
assist in extrapolating the results outside the range 
covered by the measurements. 

The parameters used are defined in Section 2. 
Section 3 describes briefly the experimental technique 
and treatment of observations and Section 4 describes 
the theoretical programme. The results are presented 
and compared with theory in Section 5, Section 6 
describes methods of extrapolating the results and in 
Section 7 their applicability to the spiral ridge pole- 
piece is discussed. A brief account of the harmonic 
content of the field waveforms is given in Section 8 
and finally, in Section 9, some remarks are included on 
the use of ridge cross-sections other than rectangular. 

The use of a combination of ridges and pole-face 
windings to produce flutter fields is being investigated 
separately and is not discussed in this paper. 


2. DEFINITION OF PARAMETERS 

The minimum gap g, slot depth d, slot width s, 
ridge width p, and wavelength A are defined in Fig. 2. 
A given two-dimensional ridge system is defined 
completely by the three independent parameters 
g/A, d/A, and p/A. 

An example of a spiral ridge system is shown in plan 
view of Fig. 1. Drawing a circle of radius R we 
define three additional parameters at this radius: 


N = number of ridges crossing the circumference 
of this circle (NV = 4 in Fig. 1) 
= angle between the ridge and theradial direction 
Ay = 27 
Using the co-ordinate system of Fig 2, the periodi- 
cally varying field B on the median plane may be 
expressed as a Fourier series: 


B = + 6, cos (27x/A) + 6, cos (47x/4) +...) 


where B, is the mean field. 

It has been shown that the focussing properties of 
such a field are to a first approximation governed by 
the ‘flutter’ 6 defined by 


(2) 


When designing a complete pole-piece for a spiral 
ridge cyclotron the mean field must vary with radius 
in a specified manner. Therefore, we need to know 
how the effective mean gap G depends on g/A, d/A, 
p/a, and By. For a given ridge system G would ideally 
be defined as the gap between two flat, parallel 
pole-pieces which would give the same mean field as 
the ridge configuration for the same energizing current 
in the magnet. Defined in this way, however, it is 


difficult to determine G experimentally and, for 
practical purposes, we use the following alternative 
definition: 


G = ({B dz across maximum gap)/By (3) 


In other words G is the M.M.F. between lines AB 
and CD of Fig. 2 divided by By. This will always give 
a value close to the ‘ideal’ definition mentioned above, 
because lines AB and CD are approximately magnetic 
equi-potentials both at high fields (when the ridges are 
very saturated) and low fields (when all the steel is 
roughly at the same magnetic potential). 


3. EXPERIMENTAL PROCEDURE AND 
TREATMENT OF OBSERVATIONS 


For the two-dimensional measurements, the required 
arrangement of rectangular bars of mild steel was 
clamped to the pole-pieces of a large stabilized 
electromagnet of variable gap and mean field. The 
magnetic field distribution was determined with the 
aid of a search coil and an integrator designed on the 
principle of mutual inductance feedback (EDGAR, 
1937). The instrument was calibrated in a field 
measured by nuclear resonance (GRAY, 1956) and 
compensated for thermo-electric drift. The accuracy 
in the 25 kG range was 0-05 kilogauss, being propor- 
tionately greater on lower ranges. 

The measurement technique will not be described 
in detail here; adequate precautions were taken to 
eliminate errors due to fringe fields, misalignment 
of the search coil, and integrator drift. 

To determine the mean gap G from equation (3), 
the line integral of the field across the gap was 
measured directly be replacing the search coil with a 
uniformly wound cylindrical coil, of the appropriate 
length (g +- 2d), and calibrated in a known uniform 
field. 

The field distribution produced by a given ridge 
system was measured, together with the mean gap G, 
for mean fields up to 20kG. This procedure was 
repeated for a total of 72 different ridge systems 
covering the approximate range :— 

0-35 < p/A < 
0-1 < g/A< 1-0 
0-1< d/A< 08 


A mechanical Fourier analyser was used to find 
the harmonic coefficients of each field waveform, and 
6 was calculated using equation |. Only the first three 
of four harmonics contributed significantly to 6. For 
each ridge geometry values of 6 and G were determined 
by graphical interpolation for mean fields up to 
20 kG at intervals of 2 kG. 
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4. THEORETICAL PROGRAMME 


At low fields, the surface of the steel approximates 
to a magnetic equi-potential and the method of 
conformal transformation (Gipps, 1958) can be used 
to calculate the field distribution produced by a two- 
dimensional ridge system. In principle the low field 
values of 6 and G can be found in this way for any 
two-dimensional array of rectangular cross-section, 
though in general this would involve a great deal of 
computation. 

In the present investigation, however, the theory was 
only required to provide a check on some of the experi- 
mental values and to assist in extrapolating the results 
outside the range of geometric parameters covered by 
the measurements. Sufficient information for these 
purposes was obtained by solving two limiting cases: 

(a) The case in which p/A = 0:5, d/A—> a, and 

g/A is variable. (Fig. 3a). 
(b) The case of a single finite slot in each pole, with 
g, s, and d variable (Fig. 3b). 


(a) RIDGES WITH INFINITE 


N IN SLOT DEPTH 
SY 


) SIN 


(b GLE 
py AN 


Fic. 3 (a, b).—Configurations analysed theoretically. 


By analysing the resulting waveforms it was possible 
to obtain plots of 6 and G/A against g// for p/A = 0-5 
and d/A = 0-25, 0°5 and infinity, the results being 
given in Section 5. 

The solutions of cases (a) and (b) are given in the 
above reference and further details of this analysis 
will not be given here. 


5. RESULTS 

Some typical examples of experimental magnetic 
field waveforms are shown qualitatively in Fig. 4, and 
the variation of their harmonic content with mean field 
and geometry will be briefly discussed in Section 7. 
We shall proceed now to consider the two primary 
quantities of interest, 6 and G. All the experimental 
values of these quantities have been tabulated else- 
where (SmiTH, 1958) as a function of mean field and 
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Fic. 4 (a-d).—Some examples of flutter waveforms 


ridge geometry, and reference should be made to 
these tables if maximum accuracy is required. For 
most purposes, however, the graphical summary of the 
results, given in this section, is sufficiently accurate. 


Fic. 5 (a—d).—Qualitative behaviour of 6 with the individual 
parameters. 
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5.1 Flutter values 


(a) Qualitative behaviour. The general way in 
which 6 varies separately with d/A, p/A, g/A and By is 
shown qualitatively in Fig. 5. For small slot depths 
6 increases linearly with d/A; when d/A reaches about 
0-04 the curve begins to flatten off until eventually a 
point is reached at which further increase in d/A has 
practically no effect on 0, thecurve becoming horizontal. 
It will be seen later that it is sometimes more useful to 
consider the variation of 6 with d/s rather than d/A. 
This curve is similar to Fig. 5(a), but shows that the 
horizontal portion commences approximately when 
@s = 1. 

The illustrated variation of 6 with p/A is to be 
expected from the fact that 6 must obviously be zero, 
both when p/A = 0 and when p/A = 1:0. 

For mean fields up to about 6 kG 6 remains constant, 
the surface of the steel closely approximating to a 
magnetic equi-potential. Saturation effects usually 
begin to be evident in the region By = 6 to 10 kG and 
at these and higher fields 6 normally decreases as 
B, increases. However, for values of p/A greater than 
about 0-65, 6 behaves as shown by the dotted curve 
in Fig. 5(d). This rise and fall is explained satisfactorily 
by the fact that the corners of the ridge saturate before 
the ridge as a whole. 

The variation of 6 with g/A exhibits a remarkable 
consistency not shown by the other parameters, for 
it is found that experimental graphs of log 6 against 
g/A are approximately the same shape for all values of 
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Fic. 7.—Values of C, for By = 6 kG. 


d/i, p/A, and By covered by the measurements. For 
g/A > 0:3, all these graphs follow closely the relation- 
ship: 


6 o exp (—7¢/A) (4) 


For g/A < 0-3 the curve becomes somewhat steeper 
and the shape less constant. Equation (4) has a 
theoretical basis for certain limiting values of the other 
parameters and for large g/A (see Section 6), but its 
validity for values of g/A down to 0-3 would appear, 
to some extent, to be fortuitous. 

(b) Graphical presentation. Introducing a new 
parameter C, independent of g/A the 0 values 
may be conveniently presented by means of a 
single graph of 6/C against g// (see Fig. 6), together 
with a series of graphs giving the values of C as a 
function of p/A, d/p and By (see full line curves in 
Figs 7 to 14). The parameter d/p occurs here instead 
of d/A for reasons of experimental convenience and 
can, of course, easily be converted to the latter by 
multiplying by p/A. The dotted curves are those 
obtained by extrapolation (see Section 6). 

The values of C have been adjusted to give the best 
fit for values of g/A near 0-5. For g/A < 0-3 the shape 
of the curve varies somewhat and this simplified 
presentation may result in a decrease in accuracy in this 
region. 

(c) Comparison with theory. A direct comparison 
between the calculated and experimental flutter values 
is given in Table 1. There was no significant difference 
between the computed wave-forms for d/A = 0-5 and 
d/i = «, and hence the flutter values for these two 
cases are the same. The experimental values of 6 are 
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TABLE 1.—COMPARISON BETWEEN THEORETICAL (INFINITE /4) AND EXPERIMENTAL (B, = 6000 GAUSS) VALUES OF 0, FOR p/A = 0-5 


Value of g// | 0-1 


6 (Theory) 


6 (Experiment) 


6 (Theory) 


d/d = 0-25 
(Experiment) 


0-167 0-25 0-333 0-507 0-704 


taken from the original tabulated values and not from 
the curves given in this section which, as indicated 
above, are slightly less accurate. 

The agreement between experiment and theory is 
well within the limits of experimental error. 


5.2 G values 


(a) Qualitative discussion. The effective mean gap 
must always have a value between the minimum gap 
g and the maximum gap (g + 2d). The amount by 
which the mean gap exceeds the minimum gap is the 
sum of two distinct contributions. The first of these, 
which we shall refer to as the ‘geometric effect’, is 
dependent on the geometric parameters of the ridge 
system. The second contribution, which we refer to 
as the ‘saturation effect’ results from the additional 
reluctance of the ridges due to the finite permeability 
of the steel. The latter contribution has the approxi- 
mate value 2d/u where yu is an effective permeability 
which depends on the average flux density in the ridge 
itself. 

Thus, we may write: 


G = g + F,(d/A, g/4) + 2d/u (5) 
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2 


Fic. 14.—Values of C, for B, = 20 kG. 


In practice F,, the geometric effect, is found to depend 
somewhat on mean field, normally decreasing as 
By increases. This is presumably due to the gradual 
straightening of the magnetic equi-potentials. 

At low fields yu is very large and the geometric term 
predominates; from about 14kG upwards the opposite 
is true and the geometric term is usually negligible 
compared with 

(b) Graphical summary. Between 14 and 20 kG it 
is found that the quantity (G — g)/2d is to a good 
approximation dependent only on p/A and By. The 
existence of this relationship, summarized in Fig. 
15, shows that F, in (5) is usually negligible at these 


Fic. 15.—Summary of mean gap values at high fields. 
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G// (Experiment) 


(Theory) 
d/i = 0-25 
(Experiment) 


Value of ¢// 0-05 0:1 


0-167 0-25 0-333 0-507 0-704 


G// (Theory) 0-083 0-149 0-230 0-323 0-411 0-588 0-788 


mean fields. Values of G derived from Fig. 15 are 
in most cases within 4 per cent of the tabulated values 
(SmitH, 1958). For the portions of the curves shown 
dotted at the high p/A end, however, the geometric term 
is still significant and the values of G calculated from 
the curves in this region consequently are rather less 
accurate. Although the measurements only covered 
p/4 values down to about 0-3, the curves have been 
extended back to the obvious point of convergence 
(p/A = 0, (G — g)/2d = 1). 

Below 14 kG the geometric and saturation effects 
become comparable in size and G is found to depend 
on the four parameters g/A, d/A, p/A and By in a very 
complex manner. This dependence exhibits no 
apparent simplifying features and a large number of 
graphs are required to present the results in this 
region. These will not be given here and reference 
should be made to the tabulated values (SmiTH, 1958) for 
G values between 6 and 14 kG. At 6 kG and below, 
however, when the geometric effect predominates, an 
estimate of G can often be obtained from the conformal 
transformation computations and these are discussed 
in the next paragraph. 

(c) Comparison with theory. A direct comparison 
between the 6 kG experimental values of G/A and the 
computed values is shown in Table 2 for p/A = 0-5 
and d/A = 0-5 and 0-25. In all cases, the experimental 
values were slightly higher than the theoretical values. 
This indicates that the effects of finite permeability are 
present even at low fields, though they are not suf- 
ficient to affect 6. ; 

The conformal transformation analysis also shows 
that as the slot depth increases, the quantity (G/A 
g/A) tends to a limiting value which is a function of 
p/A and, to a much smaller extent, of g/A. These 
limiting values, calculated assuming infinite permea- 
bility, are summarized graphically in Fig. 16 and hold 
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Fic. 16.—Theoretical limiting values of (G/A — g/A), for large slot 
depth and infinite permeability. 

with sufficient accuracy for values of d/s > 0-8. A 
comparison between the upper curve of Fig. 16 and 
the corresponding 6 kG experimental values of 
(G/A — g/A) shows that the effect of finite w is very 
evident at high p/A, presumably due to saturation 
effects at the corners of the ridges. In practice the 
curves would also be unreliable for very small values 
of p/A, since very thin ridges would begin to saturate 
at relatively low fields. 
5.3 Errors 

The sources of error, which will not be discussed in 
detail, may be broadly divided into errors of measure- 
ment, errors of harmonic analysis and errors of 
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interpolation. The treatment of observations was 
designed to minimize the accumulation of these 
errors. The accuracy of the 6 values obtained from 
the graphs in this report varies with mean field and 
geometry, but in most cases the error will not exceed 
2 per cent or 0-005, whichever is greater. The error in 
values of G obtained from Fig. 15 will in most cases 
not exceed 4 per cent. 


6. EXTRAPOLATION OF RESULTS 


Preliminary design calculations indicate that most 
ridge geometrics likely to be used lie within the range 
covered by the measurements. However, since it may 
occasionally be necessary to estimate 0 or G for ridge 
systems outside this range, the extrapolations of the 
results will be discussed in some detail. 


6.1 Flutter values 


(a) High g/A. From the generality of equation (4) 
and its theoretical basis, it may safely be assumed that 
the graph of Fig. 6 may be extended linearly to higher 
values of g/A. 

(b) Low g/A. For g/A < 0:3 the shape of the curve 
of Fig. 6 is no longer constant, but varies in a com- 
plicated way with the other parameters; a reasonable 
extrapolation in an individual case may be obtained 
by calculating the limiting 6 as g/A—>0. If saturation 
effects are small then as g/A —> 0 the waveform becomes 
rectangular with zero minimum field, the harmonics 
for which may be readily calculated. (e.g. When p/A = 
0-5, 6 approaches the values 1-41 as g/A +0.) 

(c) High p/A. When p/A = 1-6, 0 must be zero. 
The completion of the curves in this direction thus 
presents no difficulty, and are shown by dotted lines 
in Figs. 7 to 14. 

(d) Low P/Z. As the ridges become thinner, the 
increasing saturation of the steel results in the flutter 
tending to zero as p/A —>0, for all values of the other 
parameters. Since most of the curves of Figs. 7 to 14 
have already passed their maxima, their extension 
down to the point (0, 0) may be estimated with 
reasonable accuracy, though this has not been done 
here. Theoretical values of 6 are of little use in this 
region, as the saturation effects at low p/A decrease 6 
considerably, even at low fields. 

(e) High d/#. As stated earlier further increase of 
slot depth beyond the value d/s = 1 has practically no 
effect on 6. For values of p/A < 0-5, the measured 
values did not quite extend to this point, but it was 
estimated with the aid of the fact that a graph of log 
C against log (d/s) has nearly the same shape for all 
p/A and By. The limiting values of C for effectively 


infinite slot depth obtained in this way are shown as 
dotted curves in Figs. 7 to 14. 

(f) Small d/2. For values of d// below 0-1, additional 
experimental and theoretical data is available. 
Measurements have been made by BLUEMEL ef ai., 
(1955) on spiral pole pieces with p/A = 0-5, g/A 
between about 0:2 and 1-0 and with most of the 
values of d// less than 0-08. For these shallow ridges 
the effects of saturation were very small, and 6 was 
found to be independent of mean field up to about 
17 kG. All their results were found to be in good 
agreement with their theoretical formula which, in 
our notation, is: 


(g + 


= (sinh 


as g/A > 0 this correctly gives 6 = 4/2, the flutter for 
a rectangular wave of p/A = 0-5; while for g/A > 0-5 
it approximates to the following expression, which 
may also be obtained by conformal transformation, 
assuming d/A << 1: 
6 = 8(d/A) exp (—7¢/A) (7) 
The expression may be generalized to include the 
parameter p/A. In general: 


(8) 


sin 
= S (= 
(ai) n—1 \sinh + d)/A 


Usually only the first two or three terms of this 
summation will be significant and when g/A > 0°5, 
equation (8) approximates to: 


(9) 


These formulae should be reliable for values of d/A 
up to 0-04 and for mean fields up to, say, 16 kG. 
With their aid 6 values for small slot depths have been 
estimated, and are shown as dotted curves in Figs. 
7 to 14. For mean fields above 16 kG and for values 
of d/A between 0-04 and the experimental region, the 
above mentioned relationship between log c and log 
d/s was used. 

(g) Low By. All 6 values below 6 kG are essentially 
the same as those quoted for By = 6 kG. This is 
confirmed by a few measurements made on ridge 
systems at low fields, and by the agreement between the 
6 kG values and the computed vaiues of 0. 

(h) High By. Inthe region 16 to 20 kG, the relation- 
ship 


6 = 8d// exp (—7g/A) sin (zp/A) 


6 oc 1/By (10) 
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is found to hold approximately. Equation (10) may 
thus be used to estimate values of 6 somewhat higher 
than 20 kG. This extrapolation process should not 
proceed beyond, say, 24 kG, as 6 soon begins to fall 
off more rapidly than given by (10). 


6.2 Mean gap values 


We saw in Section 5 that the geometric effect is 
usually negligible above 14 kG and equation (5) 
becomes: 

pg + 2d/u (11) 


For mean fields up to 20 kG, therefore, values of 
(G — g)/2d obtained from Fig. 15 may be used to 
calculate G for values of d/A, p/A and g/A outside the 
range covered by the measurements. This method 
should not be used for small values of d/A (<<0-1, say), 
which have been shown (BLUEMEL et a/., 1955) to be 
free of saturation effects up to about 17 kG. 

For mean fields above 20 kG, G can be estimated 
from (11) by calculating from the normal induction 
curve of the material on the assumption that all the 
flux passes through the ridge. jw is then the permea- 
bility corresponding to a flux density of 2B,/p gauss. 

Below 14 kG no simple extrapolation technique is 
available, though at low fields the curves of Fig. 16 
may be used, with due regard to their limitations 
which are discussed in Section 5.2(c). 


6.3 Effect of composition of the steel 

The normal induction curve of the steel used to 
make the ridges is shown in Fig. 17. The results of 
the measurements apply accurately only to ridges 
whose material has approximately the same character- 
istic. Differences in permeability will affect G to an 
extent which may be estimated from the discussions in 
Sections 5.2 and 6.2. The effect on 0 is not easy to 
estimate but a tentative calculation suggests that a 
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Fic. 17.—Normal induction curve of the mild steel used in the 
measurements. 
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decrease of 1 kG in the ‘saturation flux density’ might 
decrease 6 from, e.g., 0:25 to 0-24 at 16 kG mean field. 


7. SPIRAL RIDGES 


We shall now show how the results for straight 
parallel ridges may be used to predict the ‘flutter’ and 
mean gap values for a three dimensional spiral ridge 
system. 

First we define the wavelength A at any radius R 
by: 

2 = 4, cos 4 (12) 
where Ay = 27R/N and 0 is the spiral angle at radius 
R, as defined in Section 2. 

Secondly we denote the width of a ridge, measured 
around the circumference of a circle of radius R, by 
Po- The definitions of d and g remain unchanged. 

At any radius of the spiral ridge system, therefore, 
we may regard the quantities (g/A) cos 9), (d/A, cos 9) 
and po/Ag as equivalent to g/A, d/A and p/A respectively, 
and using these values we may determine 6 and G 
from the parallel ridge results. The justification for 
this procedure will now be discussed: 

By examining Fig. | it may be seen that when @ is 
large (at the larger radii) the curvature of the ridges 
is small, and in a given region the ridges are nearly 
straight and parallel. The two dimensional results 
would therefore be expected to hold in this region, and 
this has been confirmed by some unpublished measure- 
ments by T. C. Randle using the pole-piece of Fig. 1. 

Towards the centre of the pole-piece, however, 4 
must decrease, until the ridges converge radially into 
the centre. To investigate the behaviour of 6 and 
G in this region, measurements using the pole-pieces 
shown in Fig. 18 and 19 were included in our experi- 
mental programme. The variation of 6 with radius for 
the pole-piece of Fig. 19 was predicted from the 
parallel ridge data using the procedure outlined above, 


Fic. 18.—Experimental radial ridge system. 
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Fic. 19,—Experimental spiral ridge system. 


and the agreement between measured and predicted 
values is shown in Fig. 20. 

Similar agreement was found for the pole-piece of 
Fig. 18, and in both cases the measured values of G 
were within a few per cent of the predicted values. 

Towards the outside edge of the pole-piece, however, 
fringing effects will cause 6 to depart from its predicted 
value. In the absence of correcting shims this effect 
should become noticeable at a distance of about 
(g/2 + d) from the edge and since the field minimum 
will be affected more than the field maximum, the 
initial effect will be an increase in 6. This, also, has 
been confirmed by T. C. Randle. 


8. HARMONIC CONTENT OF THE 
WAVEFORMS 


When analysing the particle motion in spiral ridge 
magnetic fields it may occasionally be of value to know 
the individual values of the harmonics which contribute 
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Fic. 20. Comparison between predicted and experimental 0 values 
for the spiral ridges of Fig. 19. 


to the overall flutter value. Apart from the first 
harmonic B,, which is obviously the largest, only the 
2nd and 3rd and 4th harmonics usually are significant. 
In general, the dependence of these higher harmonics 
on mean field and geometry is so irregular that an 
adequate discussion of their behaviour is impossible. 
For a given ridge system, a harmonic may even change 
sign as the mean field is increased. 

If we confine our attention to the results for p/A = 
0-5, however, we find that only the 2nd and 3rd 
higher harmonics, B, and By, are significant, and when 
expressed as a fraction of the Ist harmonic are, to a 
first approximation, independent of d/A._ Accordingly 
the ratios B,/B, and B,/B, have been plotted against 
g/A for different mean fields in Figs. 21(a) and 21(b). 
The values obtained from the theoretical (infinite 
permeability) curves are also plotted for comparison 
purposes. 

The ratio B,/B, is found to be independent of mean 
field, and to agree well with the theoretical points. 
The values of B,/B,, however, are always lower than 
the theoretical values, even at low fields. This provides 
a very elegant confirmation of the fact that saturation 
effects occur at the corners of the ridges at low fields, 
which would reduce the even harmonics in the curve, 
but not the odd harmonics. 


9. ALTERNATIVE RIDGE CROSS-SECTIONS 


Although this account has been devoted exclusively 
to ridges of rectangular cross-section, which in 
practice would be the simplest to manufacture, it is 
of interest to enquire whether there would be any 
advantage in using a different cross-section (e.g. 
trapezoidal). 

This question has not been examined in any detail, 
but a few approximate measurements have been made 
which indicate that for given values of g and d the 
flutter values are usually somewhat smaller for 
cross-sections other than rectangular. Thus they are of 
little interest except in the particular case of ridges 
shaped to produce a pure sinusoidal field on the 
median plane. Since in some applications it may be 
necessary to produce a flutter field free of higher 
harmonics, this case has been studied theoretically by 
WILKINS (1956) from whose equations one can calculate 
the upper limit to 6 for a given g/A (assuming no 
saturation effects in the steel). The resulting limiting 
curve of 6 against g/A approximately coincides with 
the curve of Fig. 6 when C has the value 0-98. Exami- 
nation of Figs. 7 to 14 shows that values of C up to 
at least 1-5 are obtainable with rectangular ridges, 
showing a gain of about 50 per cent over the flutter 
obtainable with ‘sinusoidal’ ridges. 


64 
/ / / / 
/ / /| 
/ / / / / 
LD» 
/ // / / / / 
/ / / / 
/ // / 
/ / / / 
/ / 
Vol 
1 
1959/ 
| 
0-3; 
é 
0-2: 


-0-3-- 


(a) 2nd HARMONIC 


THEORETICAL 


4 ~ 


An example of the cross-section required to produce 
a pure sinusoidal field is shown approximately in Fig. 
22. Measurements made using a set of ridges with this 
cross-section show that the smooth contour of the 
cross-section results in saturation characteristics 
different from those observed with rectangular ridges. 
Fig. 23 shows plots of 6 against By for 
(a) sinusoidal ridges, 
(b) rectangular ridges with the same value of 6 at 
low fields, and 
(c) rectangular ridges with same values of g// and 
d/A as the sinusoidal ridges. 
It may be seen that sinusoidal ridges initially saturate 
more slowly than rectangular ridges, but for a given 
g/d and d/A the latter yield a larger flutter at all field 
levels. 


10. CONCLUSIONS 


The field distribution produced by parallel ridges of 
rectangular cross-section has been measured for a 
wide range of geometric configurations and mean fields. 
The accuracy of the results has been confirmed, and 
their range extended with the aid of computed field 
distributions. 

Measurements on spiral ridges, confirmed by other 
workers, show that the parallel ridge results may be 
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Fic. 22.—Example of a ridge cross-section giving a pure sinusoidal 
field distribution. 
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Fic. 21.—Behaviour of second and third harmonics, for p/A = 0-5. 


used with confidence to design spiral ridge magnets 
even when the spiral angle is large. 
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Fic. 23.—Comparison of saturation effects for ‘sinusoidal’ and 
rectangular ridges. 
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BOOK REVIEW 


Accelerators of Ions and Electrons, C. SIMONE. Artia (Prague) 
and Constable (Gt. Britain) 191 pp. 16s. 


THERE is no date on the title page of this book, and though it 
has presumably only recently been translated, it appears to 
have been written about seven years ago; thus the start-up of 
the Cosmotron at Brookhaven in May 1952 is reported, but the 
‘strong-focusing’ principle discovered there later in the same 
year is not. Nevertheless, the book forms a very readable 
introduction both to accelerator principles and to practical 
techniques, especially as applied to small machines. 
Electrostatic accelerators, betatrons, synchrotrons and cyclo- 
trons are well covered; the section on high-frequency linear 
accelerators however is out of date even for 1952, and the 
description of the Alvarez proton accelerator is incorrect. 
There are over a hundred diagrams, including a number of 
photographs. The diagrams are clear and adequate, but the 


photographs are of poor quality. Several particular machines 
are illustrated and described without reference to their location; 
thus no indication is given that the “Proton Synchrotron for 
1-3 . 10° eV” shown on p. 120 is in Birmingham, or even that it is 
in England. 

The translation is by no means perfect, and a number of 
technical terms are wrongly used, for example the term ‘electron 
jet’ is used instead of ‘electron gun’; serious confusion is 
unlikely, however. 

The preface makes strange reading, especially to Western 
readers. Here we find for example that “Engels says “The 
electron is as inexhaustible as the atom’, and science today fully 
confirms his words and will confirm them constantly”’. 

Despite its faults, however, this book will serve as a useful 
introduction to accelerators for those interested in practical 
details and techniques as well as the theory. 

J. D. L. 
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PREFACE 


THE present collection consists of articles in which are 
presented the theoretical and experimental investi- 
gations carried out in 1951-1958 in the Institute of 
Atomic Energy of the USSR Academy of Science on 
the problem of the controlled thermonuclear reaction 
and on questions of the physics of plasma associated 
with it. Only those articles which have not been 
published previously in the press are included in this 
collection. The collection is divided into four volumes 
and the articles are presented generally in chrono- 
logical order. 

The editorial work in this collection was carried 
out by the candidate of physical mathematical 
sciences, V. I. KOGAN. The responsible editor was 
Academician M. A. LEONTOVICH. 


VOLUME 1 


TAMM I. E., Theory of the magnetic thermonuclear 
reactor, Part 1, pp. 3-19 (completed 1951)t. 


This basic article can be best characterized by 

giving the headings of the various sections: 

(1) The motion of a charged particle in crossed 
fields. 

(2) Kinetic equations. First approximation theory. 
(Neglect of collisions). 

(3) Second approximation theory, the role of 
collisions. Heat conductivity and viscosity of 
the plasma. 

(4) Preliminary calculation of a small model of a 

controlled thermonuclear reactor with heating 
at a temperature discontinuity. 


SAKHAROV A. D., Theory of the magnetic thermo- 
nuclear reactor Part 2, pp. 20-30 (completed 1951). 


The previous article by I. E. TAMM presented the 
properties of the high temperature plasma in a 
magnetic field and gave hope for realizing the con- 
trolled thermonuclear reactor. In this article other 
problems in the theory of the controlled thermo- 
nuclear reactor are presented and in particular: 

(1) Thermonuclear reactions, bremsstrahlung. 

(2) Calculation of a large model. Critical radius. 

Boundary phenomena. 


* U.S.S.R. Academy of Sciences. Abstracts prepared for the 


U.S.A.E.C. 
+ Here and subsequently the date refers to the date of completion 


of the work. 
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(3) The intensity of magretization. Optimal con- 
struction. Productivity with respect to active 
species. 

(4) Drift in a non-homogeneous magnetic field, and 
increased current. Induction stabilization. 

(5) The problem of the instability of the plasma. 

The article contains some practical details, such as 

what temperatures and alloys are to be used, and the 
proposed dimensions of the apparatus. 


TaMM I. E., Theory of the magnetic thermonuclear 

reactor Part 3, pp. 31-41. 

The sub-heading of this article is: The Drift and 
Heat Conductivity of the Plasma in a Toroid in the 
Presence of a Stabilized Current. This work was 
carried out with the help of N. N. BoGoLyusov. 

Formulae are given which permit the heat con- 
ductivity to be calculated as a function of the field of 
the stabilized current flowing in the plasma, and of the 
field of the windings on the toroid. 


ANDRIANOV A. M., BASELEVSKAYA O. A., LUK’YANOV 

S. Yu., Osovets S. M., Perrov Yu. F., PODGORNI 

I. M. and YAVLINSKI N. A., Jnvestigation of the 

heating of hydrogen plasma in small toroidal systems, 

pp. 42-65 (completed 1951). 

The physical basis of the optical and electrical 
method of measuring some of the parameters of the 
plasma are described. The experimental set-up is 
given and also the technique of carrying out the 
measurements. The more important experimental 
data are given and the results obtained discussed. 


BuDKER G. I., Problems associated with the drift of 
particles in a toroidal magnetic thermonuclear 
reaction chamber, pp. 66-76 (completed 1951). 


An investigation is made of the drift of particles in a 
non-homogeneous magnetic and electric field. An 
evaluation is made of the heat conductivity in a torus, 
on stabilization of the drift by a magretic field of a 
longitudinal current, and by some other methods. 
The considerations presented, lead to the conclusion 
that the compensation of the drift by weak longi- 
tudinal current is insufficient. An eva!uation shows 
that it is necessary for the realization of a thermo- 
nuclear reaction that the field of the stabilizing current 
be of the same order of magnitude as that of the 
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basic field. In addition to this, it is necessary to 
create additional fields associated with the walls of 
the chamber which will hold the plasma as a whole 
within the torus. 


Davivov B. I., The influence of plasma oscillations on 
the electrical and thermal conductivity of plasma, 
pp. 77-88 (completed 1951). 


The influence of plasma oscillations on the 
motion of electronsand ions and on plasma heat 
conductivity is evaluated assuming that the oscillation 
amplitude corresponds to heat equilibrium. It is 


well known that any ordered streams of currents in the 
plasma lead to a build-up of oscillations. In addition, 
their intensities may be considerably greater than that 
given by the Rayleigh-Jeans formula. 


Davipov B. I., Breakdown mechanism for an electrode- 
less discharge, pp. 89-94 (completed 1951). 


After a general discussion of the difference between 
breakdown with and without electrodes, the author 
considers the cases of breakdown without, and then 
with a constant longitudinal magnetic field. 


ANDRIANOV A. M. and Osovets S. M., Theory and 
experiments on the starting of an electrode-less 
discharge in a magnetic field, pp. 95-109 (com- 
pleted 1951). 


The topics in this article are: 

(1) Theory of breakdown in the absence of the 
magnetic field. 

(2) Theory of breakdown in a torus, or in the 
presence of a longitudinal magnetic field. 

(3) Time dependence. 

(4) Experiments for studying the breakdown in 
hydrogen. The work was done in a glass tube 
with a diameter of 4m bent in the form of a 
torus of a diameter of 50cm. The electric field 
inside the torus is produced by the discharge of 
2:5 uF through a copper coil placed in the 
middle of the torus. Inside the windings, for 
increasing the coupling between the copper 
windings and the gas, there is an iron insert with 
a 150 cm? cross-section. Tables are given of the 
results as a function of pressure and potential. 

(5) Conclusions show that the experimental results 
agree within 30 per cent of the theory. 


LEONTOVICH M. A., Forces acting on a linear current 
which is within a conducting cylindrical tube, pp. 
110-114 (completed 1951). 


In connexion with the problem of stabilizing the 
currents using a conducting tube surrounding it, 


several elementary formulae for forces acting on the 
current have been derived. 


BRAGINSKI S. I., Compression of a plasma under the 
action of its own magnetic field, pp. 115-121 
(completed 1951). 


Preliminary results are given of the study of the 
stationary problem of the compression of a plasma in 
an infinitely long pipe. The plasma is considered 
completely ionized. The temperature of electrons and 
ions is assumed to be the same. The external magnetic 
field is absent. A more detailed investigation also for 
the non-stationary processes has been carried out by 
the author subsequently and published in Journal of 
Experimental and Theoretical Physics 33, 645 (1957). 


BUDKER G. I., The betatron method of heating plasma to 
high temperatures, pp. 122-129 (completed 1951). 


A new method of heating plasma to high tempera- 
tures—the so called betatron method of heating—is 
based on the fact that on increasing the magnetic 
field the temperature of the plasma increases. The 
results are compared with the previously proposed 
method of heating using a longitudinal electric field. 
The problem is solved for the first model: an infinite 
straight tube with a magnetic field directed along the 
axis. 


KoGaNn V. I., The rate of equilization of the temperatures 
of charged particles in a plasma, pp. 130-137 
(completed 1951). 


Calculations are made in this work of: 

(1) The rate of energy exchange between two 
degrees of freedom of a gas of charged particles 
present at one temperature, and a third degree of 
freedom of the same gas present at another 
temperature (applicable to the problem of the 
betatron heating of the plasma). 

(2) The velocity of equalization of the temperature 
of charged particles of the two types for any 
ratio of their masses. 


ZuBAREV D. N. and Kutmov V. N., The theory of the 
temperature discontinuity at the boundary of a 
plasma in a magnetic field, pp. 138-161 (completed 
1951). 


The temperature discontinuity has been examined 
at the boundary of a inagnetized plasma taking into 
account processes of ionization, excitation and 
charge transfer of atoms in the layer near the walls. 

It is shown that the temperature discontinuity can 
take place under the conditions prevailing on the 
large model of a controlled thermonuclear reactor 


(the mean free path of neutral particles being small 
compared with the dimensions of the system) for 
values of heat flow to the walls, and for particle 
densities in the centre of the system of the order of 
magnitude of those in the model. 


GALITSKI V. M. and MiGpDaAt A. B., Dielectric constant 
of a high temperature magnetized plasma and the 
evaluation of the radiative heat conductivity, pp. 
161-171 (completed 1951). 


An expression is found for the dielectric constant of 
a plasma situated in a magnetic field at high tempera- 
tures, when there are relativistic effects present. On 
the basis of the imaginary part of the dielectric 
constant, an evaluation is made of the radiative 
thermal conductivity. The radiative thermal con- 
ductivity is found to be smaller than the thermal 
conductivity produced by the particles. 


Koaan V. I. and MiGpDAL A. B., The intensity distri- 
bution in the bremsstrahlung spectrum as a function 
of electron temperature, pp. 172-177 (completed 
1951 and revised later in preparation for publication). 


Approximate expressions are derived for the 
dependence of the intensity distribution in the 
bremsstrahlung spectrum on the electron temperature 
in a hydrogen plasma (in the Born and quasi-classical 
regions of temperature). The possibility of using these 
expressions for the experimental determination of 
electron temperatures is discussed. 


BRAGINSKI S. I., The flow of particles and heat across a 
strong magnetic field in a completely ionized two- 
temperature plasma, pp. 178-185 (completed 1952). 


Electron conductivity of the plasma and the energy 
flow carried by electrons across a weak magnetic 
field has been calculated by LANDsHorrF (Phys. Rev. 76, 
904, 1949). Transverse flow of particles and heat in a 
strong magnetic field for the same temperatures of 
ions and electrons has been calculated by TAMM (page 
3). The general transfer equations under these 
conditions has been obtained by FRADKIN (Journal 
of Experimental and Theoretical Physics 32, 1176, 
1957). The transfer equations for the case of different 
temperatures of ions and electrons can be obtained 
by a method BRAGINSKI (J. exp. theor. Phys. 
33, 459, 1957) analogous to the method of 
CHAPMAN and CoWLING. The transverse currents in a 
strong magnetic field for different temperatures of 
electrons and ions has been calculated independently 
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by ZuBAREV and Kiimov. Their results correspond 
with those obtained in the present work. 


BRAGINSKI S. I. and BuDKER G. I., The physical 
Phenomena in the initial stage of a discharge for 
incomplete ionization, pp. 186-206 (completed 1952). 


The present article is a preliminary report of the 
authors on the theoretical investigation of the initial 
stages of a high current discharge in hydrogen. This 
work was not completed, and in the present form 
contains only the setting up of the problem and an 
analysis of a series of individual questions. 

The topics discussed are: 

(1) The breakdown and the formation of a quasi- 

neutral plasma. 

(2) The effect of the magnetic field of the current 

and the skin effect. 

(3) Trapped radiation. 


LEONTOVICH M. A. and SHAFRANOV V. D., The 
stability of a flexible conductor in a longitudinal 
magnetic field, pp. 207-213 (completed 1952). 


The problem of the stability of non-elastic linear 
conductor of a circular cross-section carrying a 
current in a longitudinal magnetic field, is examined. 
It is well known that the field of the current produces 
instabilities with respect to the distortion of the form 
of the conductor. In the present note it is shown that if 
the external longitudinal field is sufficiently large, it 
leads to stability. The minimal value necessary for 
this field exceeds the value of the field of the current 
at the boundaries of the conductor. The problem is 
solved with the following assumptions: the con- 
ductivity is assumed to be infinite and the distortion 
of the shape of the conductor is not large. With these 
assumptions it is easy to find a field and a distribution 
of currents necessary for calculating the forces arising 
when the conductor is bent. 


BuDKER G. I., Electrical breakdown in a gas in the 
presence of a strong external magnetic field variable 
in time, pp. 214-221 (completed 1952). 


The magnetic field affects the breakdown for the 

most part in three respects: 

(1) Decreases the transverse coefficient of diffusion. 

(2) Causes a drift of electrons to the centre. 

(3) Weakens the transverse conductivity so that the 
heating of electrons by the induced electric 
field can be neglected. 

Breakdown is produced by the external longitudinal 

electric field. In a magnetic field, breakdown is 
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considerably easier than without the field, especially 
in the case when the magnetic field increases with time. 
A completely different dependence on gas density is 
found, which considerably facilitates the breakdown 
at low density. The discharge in an infinite straight 
tube and in a finite straight tube are examined. The 
problem of the discharge in a torus can be resolved 
into a problem in a straight tube with a sufficiently 
rapid growing magnetic field. 


LEONTOVICH M. A., The magnetic field of a linear 
current surrounded by an ideally conducting cylinder 
with a gap, pp. 222-228 (completed 1952). 


The presence of a gap decreases the force near it, 
which pulls the current toward the centre of the 
cylinder. 


BRAGINSKI S. I., Investigation of the axial region of a 
plasma pinch, pp. 229-233 (completed 1952). 


It is of interest to investigate what takes place near 
the axis of a pinch for a completely ionized plasma, 
where the ion and electron temperatures are equal. 
Close to the axis, where the magnetic field passes 
through zero, the trajectories of the particles have the 
form of snakes and not circles, as in the other parts of 
the pinch. Here, therefore, some peculiarities can be 
expected. The necessity for a special study of the 
region near the axis was first noted by BUDKER, who 
showed that at high temperature wz may be large even 
inside the region of the snake-like trajectories. An 
attempt to investigate the region near the axis with 
the help of microscopic equations is being made. 


KOMEL’Kov V. S. and SINITSIN V. I., A piezo-electric 
method of investigating a powerful gas discharge, 
pp. 234-242 (completed 1952). 


A method is described for the registration of the 
form and magnitude of pressure pulses at the walls of 
the discharge chamber in the process of the develop- 
ment and passage in it of a gas discharge. This 
method permits the establishment of phase relation- 
ships between the discharge current and the pressures 
on the walls of the chamber and, making certain 
assumptions, to carry out an evaluation of the energy 
of the plasma particles. Barium titanate was used as a 
crystal. 


BUDKER G. I., Thermonuclear reaction in a potential 
hole of a negative charge, pp. 243-248 (completed 
1952). 


The volume filled with electrons represents a 
potential hole for ions in which, generally speaking, 


there may be thermonuclear reactions. Unfortunately 
electromagnetic radiation of the electrons is con- 
siderably greater than the energy evolved by the 
reaction. Therefore, in general, such a system is not a 
reactor with a positive yield of energy. 


ZuBAREV D. N. and Kiimov V. N., Stationary con- 
ditions of a magnetic thermonuclear reactor, pp. 
243-248 (completed 1952). 


The volume filled with electrons represents a 
potential hole for ions in which, generally speaking, 
there may be thermonuclear reactions in the D-D 
and the D-T system. 

This is a detailed article containing 11 Figs., many 
of them giving results of a large number of calculations. 
There are also 4 Tables, giving the sizes of the calcu- 
lated nuclear discharges and their conditions of 
operation. 


TRUBNIKOV V. A., The instability of a plasma cylinder, 
pp. 289-298 (completed 1952). 


The stability conditions of a stationary cylindrical 
column of a completely ionized plasma with a 
longitudinal current uniformly distributed in cross- 
section, is examined. It is shown by a method of 
small perturbations that the axially symmetrical 
deformations having a periodic form along the axis 
of contraction, rise exponentially in orders of time 
t ~ (a* z/v)' where a is the unperturbed radius of a 
cylinder, 7 is the wave length of the perturbation, and 
v is the thermal velocity of the ions. This can lead to 
a complete disruption of the current in the circuit. 


Note—Experimental data were obtained recently which 
qualitatively support the picture of the discharge described 
above. (Private communication of B. G. BREZHNEV.) 


VOLUME 2 


BRAGINSKI S. I. and SHAFRANOV F. D., The plasma 
pinch with heat loss at the electrodes, pp. 3-19 
(completed 1953). 


An attempt is made to consider the plasma pinch 
with electrodes. The presence of electrodes leads to a 
variation in physical quantities along the axis, in 
contrast with what must take place in an infinite 
column as is considered in Vol. 1, p. 178, and 
BRAGINSKI (J. exp. theor. Phys. 33, 459, 1957). 

It is easy to show that in the case when the inertia 
and the viscosity of the plasma can be neglected, and 
when the electric field in the column is small with 
respect to the magnetic field, the pressure, the current 
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density and the magnetic field in the pinch do not 
change along the axis. 


BRAGINSKI S. I. and MiGDAL A. B., The processes in a 
plasma column with high rate of increase of current, 
pp. 20-25, (1951, and revised in 1956). 


A short examination is made of the physical 
processes essential in a powerful pulse discharge; 
ionization, skin effect, motion of the ions toward the 
axis and their entrainment of the neutral gas, the 
convergent shock wave and cumulation on the axis, 
the compression of the plasma column taking into 
account the increase of the moving mass, temperature 
of the ions, and of the atoms. 

The experimental investigations of a massive 
impulse discharge showed that with a rapid increase of 
the current in a cylindrical discharge chamber a 
plasma column is formed and compressed toward the 
axis. A qualitative theory of the compression has 
been developed by LEONTOVICH and Osovets (Report 
of the Academy of Sciences, 1953; Atomic Energy 1, 
81, 1956), on the basis of a hypothesis of the inertial 
character of this process. These results agree well 
with experiments. The present work is an attempt 
to make a qualitative investigation of the basic 
phenomena taking place in the process of formation 
of a plasma column, and to introcuce some refine- 
ments of the physical picture of its compression. 


BRAGINSKI S. I. and SHAFRANOV V. D., The plasma 
pinch in the presence of a longitudinal magnetic field, 
pp. 26-80 (completed 1953). 


An investigation is given of the plasma column in 
the presence of an internal longitudinal field. Pre- 
liminary presentation is given of the basic results 
referring to a pinch without a longitudinal field. 

The following are the headings of this long article: 
(1) Equations describing the pinch. 
(2) The relation of the pinch to the temperature. 
(3) Rapid and slow processes. 
(4) Heat balance equations. 
(5) Change of the radius of the pinch with time. 
(6) Notes concerning the heating of the plasma 
and the compression of the pinch. 
(7) A pinch with heat losses. 
(8) Similarity regimes. 
(9) Conditions for non-rupture from the walls. 
(10) System of equations in the presence of a 
longitudinal field. 
(11) Stationary case. 
(12) Rapid processes. 
(13) Similarity solutions. 
(14) A pinch produced by a longitudinal field. 
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ARTSIMOVICH L. A., The passing of large currents 
through a plasma in the presence of a longitudinal 
magnetic field, pp. 81-86 (completed 1953). 


The question is examined of the behaviour of a 
plasma pinch produced by rather large currents 
passing through a plasma, in the case when the whole 
system is in a constant field, or almost constant field. 
It is assumed that one can neglect the gas kinetic 
pressure of the plasma (rapid pulse process). The 
conductivity of the plasma is considered infinite. 


ARTSIMOVICH L. A., Magnetic current in a compressing 
cylinder, pp. 87-100 (completed 1953). 


Processes are examined in a compressed conducting 
cylinder present in a magnetic field. Formulae are 
given for several cases of the change of the cylinder 
radius as a function of time. In addition to this, an 
analysis is given of the experimental data and the 
possibility of determining the conductivity of the 
cylinder. 


ARTSIMOVICH L. A., Analysis of the equations of the 
compression of the pinch in the presence of an external 
magnetic field, pp. 101-108 (completed 1954). 


An analysis is made of the equations describing the 
compression of a gaseous column in the presence of a 
constant longitudinal magnetic field. The case is 
examined when the ‘magnetic time’ is small compared 
to the time of the current change, and approximate 
equations are determined for the radius of the pinch. 


KoGANn V. I., The yield of thermonuclear reactions, 
pp. 109-129 (completed 1953). 


The article investigates several questions dealing 
with the yield of the D—D reaction, and in particular: 
(1) The region of the applicability of the simple 
analytical expression for the yield (the Bethe- 
Atkinson formula). 

(2) The influence of the ‘cutting of the tails’ of the 
Maxwellian distribution of ion velocities. 

(3) For a given energy introduced into the system, 
the optimum number of particles for a 
polytropic law of compression of the reacting 
plasma. 

(4) For a given current the optimum linear 
number of particles in a system with a plasma 
current working with a similarity regime 
condition (taking into account a temperature 
difference between the ions and the electrons). 
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SHAFRANOV V. D., Stability of a plasma pinch in the 
presence of a longitudinal magnetic field and a 
conducting envelope, pp. 130-143 (The work was 
carried out in 1953 and revised subsequently). 


The basic results were presented in a compressed 
form previously (Atomic Energy 5, 38, 1956). Analo- 
gous questions were discussed by KRUSKAL and 
SCHWARZSCHILD (Proc. Roy. Soc. A223, 348, 1954); 
TAYLER (Proc. Phys. Soc. B70, 31, 1957); TAYLER 
(Proc. Phys. Soc. B70, 1049, 1957); ROSENBLUTH 
(Proc. 3rd Int. Conf. on Ionization Phenomena in Gases, 
Venice, 1957). 

Investigation of the stability of a plasma pinch in 
the presence of a longitudinal magnetic field, shows 
that there are two possible methods of stabilization of 
the column with the help of a longitudinal magnetic 
field; 

(1) Stability by means of internal frozen in longitu- 
dinal field greater than the external field in the 
presence of an envelope. In that case, there is a 
region of stability with respect to arbitrary 
perturbations. 

Stability in the presence of a strong external 
longitudinal field. In that case, a calculation 
made in the linear approximation, shows that 


not all forms of perturbation can be stabilized. 
It is possible, however, to stabilize the more 
dangerous of the perturbations, in which the 
axis of the pinch is displaced from its equilibrium 
position. 


VoLkov T. F., The stability of a plasma cylinder in an 
external magnetic field, pp. 144-149 (completed 
1953). 


This article investigates the question of the stability 
with respect to ‘sausage’ type perturbations of the 
plasma cylinder with a current in an external field 
directed along the axis. It is assumed that the current 
is distributed uniformly in cross-section. It is shown 
that for a sufficiently large magnetic field the perturba- 
tions of the type examined are stable. 


Borzunovy N. A. and ORLINSKI D. V., Distribution of 
the intensity of the neutron radiation along the axis 
of a straight tube for a high current pulsed discharge 
in deuterium, pp. 150-164 (completed 1954). 


Conclusions: 

(1) The intensity of the neutron radiation of a high 
current pulsed discharge in deuterium increases 
linearly with increase of the initial potential 
(from 30 to 50 kV). In addition to this, the 


neutron radiation of the discharge exceeds the 
cosmic background in the range of N = 1-5 x 
10*” to 3-5 x 10'8 atoms per cm of length. 

In determinining the distribution curve one 
does not obtain reproducible results. This is 
evidence of the statistical character of the 
phenomena taking part in the discharge. 
Results of investigation of the experiments on a 
tube of larger bore (with a distance of the 
counters to the axis of 20-5 cm) give a basis for 
the conclusion that the neutron radiation is not 
distributed uniformly along the length but is 
concentrated in definite, rather small regions 
which may be several in number. In other words, 
the neutron radiation in the discharge has a 
local character and is concentrated in a region 
of the order of the diameter of the discharge 
tube. 


Osovets S. M., Mechanism of the observed neutron 
emission, pp. 165-169 (completed 1954). 


In the process of investigating the phenomena which 
arise in powerful pulsed discharges in deuterium, it was 
found that under certain conditions there is a notice- 
able neutron emission which is accompanied usually 
by the emission of hard X-ray quanta. (ARTSIMOVICH 
and ANDRIANOV, Atomic Energy 3, 1956; LUK’YANOV 
and PopGoRNI, Atomic Energy 3, 1956). 

It is shown that for the D—D reaction, the observed 
intensities may take place only because of interactions 
of deuterons with energies many times greater than 
the temperature of the plasma and cannot be explained 
by a thermonuclear reaction. 


KoMEL’Kov V. S., Morozova T. I. and SKVORTsSOV 
Yu. V., Investigation of a powerful discharge in 
deuterium, pp. 170-184 (completed 1954). 


Oscillographs I and V are given for a discharge in 
deuterium for C= 24 to 36 uF, Imax = 650 kA, 
diameter of the chamber 630 mm, for the pressure 
range of 0-0025 to 0-1 mm Hg, and for initial potentials 
V,=42 to 100 kV. Several peculiarities were 
observed in the current. The integrated yield of 
neutrons was registered in its dependence on C, Vo, Po. 
The time of appearance, and the length of the neutron 
pulses was determined. An investigation was made 
of the X-radiation accompanying the neutron emission. 

This article contains experimental data, a diagram 
with a scale of the apparatus, the electronic charac- 
teristics of the circuit and 20 Figs. in all. 


ANDRIANOV A. N., BRAZILEVSKAYA O. A. and 
PROKHROV YU. G., Investigations of a pulsed 
discharge in gases for a current of 500 kA, pp. 185- 
211 (completed 1956). 


Results are presented on the measurement of the 
distribution of the magnetic and electric fields within 
a powerful gas discharge. These measurements are 
part of a large programme of work for investigating 
high current pulsed discharges in gases. (cf. Atomnaya 
Energiya 3, 1956). The basic goal was the investigation 
of discharges in deuterium, but in addition to this, we 
have also investigated discharges in other gases 
(hydrogen, helium, argon, xenon) 

The sub-headings of this article are: 

(1) Description of the apparatus and the installation. 
(2) General characteristics of a powerful gas 

discharge. 

(3) Distribution of the magnetic field and the 
current density in the cross-section of the 
discharge. 

(4) Longitudinal electric fields in the gas discharge. 


KiriLLov V. D., Measurement of plasma conductivity 
for currents of long duration, pp. 212-225 (completed 
1954). 


The work describes the methods and experimental 
results of investigating a powerful low frequency 
discharge in deuterium (currents up to 95 kA at a 
frequency of 270 c/s). 

Oscillograms are given of the voltage for discharges 
with a longitudinal magnetic field and without it, for 
curves of the change of the inter-electrode resistance 
as a function of time, high-speed photographs for the 
potential at the condensers equal to 6 kV, and the 
curves for the distribution of the potential along the 
axis of the discharge tube. 

The experimental results with a low frequency gas 
discharge showed that: 


(1) The discharge begins in the centre of the tube. 

(2) The plasma pinch retaining its stability expands 
toward the walls. During the time of expansion 
the total resistance of the gas discharge drops. 

(3) At the end of the ‘plateau’, which corresponds 
to the expansion, the conductivity stops 
increasing, reaching the value of 5 to 15 x 10% 
CGS units independent of the conditions. 

(4) With increase of d//dt, the length of the plateau 
decreases. 

(5) The potential of the electric field is strongly 

inhomogeneous along the axis of the chamber. 


Abstracts from the Physics of Plasmas 73 


BaBIkov V. V., The theory of bremsstrahlung for non- 
relativistic radiation, pp. 226-237 (completed 1954). 


Corrections were obtained to the important 
members of the Born and Quasi-classical approxi- 
mation for the spectral distribution of the intensity 
of the bremsstrahlung of electrons in a Coulomb field. 


Note—Questions analogous to those investigated above were 
examined in the following recent work: KUMMERER (Z. Phys. 
147, 373, 1957); GUGGENBERGER (Z. Phys. 149, 523, 1957). 


Osovets S. M., A plasma discharge in an electro- 
magnetic field, pp. 238-241 (completed 1953). 


The basis of the theory of an electrode-less gas 
discharge of a definite configuration is presented. In a 
discharge of this type, conditions may be realized up 
to a certain degree analogous to those which take 
place in the acceleration of electrons in a vacuum 
betatron. Just as in the betatron there is a possibility 
of increasing the electron energy, so in the gas discharge 
considered here the plasma may be heated. 


Osovets S. M., Perrov Yu. F. and SCHEDRIN N. L, 
Investigation of a gas discharge in a simply connected 
region, pp. 242-263 (completed 1955). 


Results are given of the investigation of a gas 
discharge in a simply connected region arising under 
the action of a variable magnetic field. It is shown 
that in this case a plasma pinch is formed which is 
compressed to the centre of the discharge vessel. The 
theoretical investigations show that the choice of a 
special form of a magnetic field may give a region in 
which such a plasma pinch is in a state of equilibrium. 
The investigations were carried out on a system with a 
magnetic field satisfying these conditions. In this 
system, hard X-radiation was observed (several 
hundred keV) indicating the fundamental possibility 
of obtaining in installations of this type a betatron 
acceleration of electrons without preliminary injection. 


NASEDKIN YU. F., Jnvestigation of a ring gas discharge 
in a transverse magnetic field, pp. 264-282 (completed 
1955). 


With the purpose of decreasing the influence of the 
active resistance of a gas pinch on the course of the 
discharge, an installation presented in this work was 
constructed. It insures the necessary form of the 
magnetic field and has a small inductance equal to 
0-15 wH and a large coefficient of coupling (K = 0°35). 
The distribution of the secondary current in the volume 
of the chamber was studied. 
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The results of the experiments give a basis for 
considering that in the course of the first half period, 
the secondary current is separated from the walls 
and situated near the calculated stable orbit. In the 


region of the maximum primary current, the secondary 
current is separated from the orbit and moves toward 
the centre as a unit. In the second and subsequent 
half-periods, the discharge fills the whole volume. 


BELYEV C. T. and BUDKER G. I., Relativistic plasma in 
variable fields, pp. 283-329 (completed 1953). 


An investigation is made of the behaviour of a 
relativistic gas of charged particles present in a strong 
constant-in-time and, generally speaking, non-homo- 
geneous magnetic and electric field with an exciting 
variable electromagnetic field, the frequency of which 
is much greater than the frequency of collisions, so 
that one can neglect the latter. 


BUDKER G. I. and Betyev S. T., Boltzmann equation 
for an electron gas for rare collisions, pp. 330-354 
(completed 1954). 


A method of simplifying kinetic equations for rare 
collisions is proposed. A corresponding equation is 
found for a relativistic gas which can be used for the 
investigation of a stationary state of a stabilized 
electron beam. 


VOLUME 3 


BuDKER G. I., Thermonuclear reactions in a system 
with magnetic mirrors. The problem of direct 
transformation of thermonuclear energy into electri- 
cal energy, pp. 3-31 (completed 1954). 


The physical principles and preliminary calculations 
are presented in this investigation concerning the 
methods proposed by the author for realizing the 
thermonuclear reaction in a straight cylinder closed 
at the ends with magnetic mirrors. A method is 
investigated for igniting the discharge in a high 
vacuum and for heating the plasma with the help of a 
magnetic piston. An examination is also made of the 
problem of direct transformation of nuclear energy 
into electrical energy. 


BUDKER G. L., Several problems of the spatial stability 
of a ring current in plasma, pp. 32-40 (completed 
1951). 


This investigation considers several problems 
associated with the stability of the ring current in 
plasma. The stability is considered only with respect 
to slow changes, during which the equilibrium values 


of temperature and density are reached. Rapid 
changes and those occurring in times determined by 
inertia are not investigated. 


S. T. and BupKER G. L., Multi-quanta 
recombination in an ionized gas, pp. 41-49 (com- 
pleted 1955). 


With the help of the classical Boltzmann equation 
the process of electron transition to the ground level 
of the atom, due to multiple collisions and emission of 
small quanta has been investigated. A method of 
simplifying the Boltzmann equation when collisions 
are infrequent is used. 


BetyeEv S. T., The Boltzmann equation for rarefied 
gases in strong fields, pp. 50-65 (completed 1955). 


A method is developed for obtaining approximate 
kinetic equations for dilute ionized gases in strong 
external fields. The small parameter in this approxi- 
mation is the ratio of the period of characteristic 
vibrations of the particles in an external field to the 
time of the mean free path. The approximate equation 
has the form of the Fokker-Planck equation with a 
smaller number of variables. 


BELYEEV S. T., The kinetics of an ionized gas in a 
strong magnetic field, pp. 66-85 (completed 1955). 


An ionized gas in a strong magnetic field is con- 
sidered as an assembly of Larmor rings. The Boltz- 
mann equation is obtained for the distribution 
function of the Larmor rings. Its solution is examined 
in the hydrodynamical approximation. The coefficient 
of the electron-ion diffusion is calculated for a uniform 
magnetic field. In an inhomogeneous field fluxes are 
found, neglecting collisions. 


BaBIKOV V. V. and KOGAN V. I., Radiative heat 
transfer from a dense high temperature plasma, 
pp. 86-98 (completed 1955). 


Because of its application to the problem of heating 
dense or condensed media, a calculation is made of the 
heat loss of a layer of plasma by bremsstrahlung for 
any opacity. 

In the present article, the question of radiative 
opacity and radiative heat losses of a dense high 
temperature plasma is investigated for those values of 
density, temperature and size when, in general, one or 
the other of two limiting cases is not applicable: 
(1) the free emergence of bremsstrahlung from the 
whole volume of the plasma, (2) black radiation from 
the plasma surface, the radiation being effectively 


trapped within it. Investigation of this question is 
important for the problem of heating dense or 
condensed media to temperatures at which thermo- 
nuclear reactions can be brought about. The reason 
is that, firstly, heat transfer by the bremsstrahlung 
mechanism is, for a wide range of parameters, the 
main contribution to the total heat transfer from the 
plasma; secondly, the transition from the transparent 
medium to the ‘black’ medium occurs over a con- 
siderable part of this range. 

Since under the conditions examined (density of the 
plasma 10'* to 103 ion/cm*, and temperature 10 eV 
to 1 keV, the plasma is practically completely ionized, 
the basic mechanism of the absorption of radiation, 
due to the opacity of the plasma, is the inverse 
bremsstrahlung (photo-effect on free electrons). 


KOGAN V. I., Recombination radiation from a hydrogen 
plasma, pp. 99-103 (completed 1956). 


A calculation is made of the total intensity of 
recombination radiation of a rarefied hydrogen 
plasma as a function of the electron temperature 
(taking into account recombination at excited levels). 
A comparison is made of this quantity with the 
intensity of bremsstrahlung. 

The basic mechanism of radiant heat loss from a 
high temperature hydrogen plasma (7 > 100 eV), as 
is well known is electron bremsstrahlung. On the 
other hand, for sufficiently low electron temperatures 
(of the order of several electron volts) the dominant 
contribution to the total radiation is given by the 
processes of recombination of electrons with ions. 
Therefore, for comparatively low temperatures (less 
than tens of electron volts) it is of interest to calculate 
the intensity of the recombination radiation and to 
compare it with the intensity of bremsstrahlung. 

It is shown that the intensity of the recombination 
radiation decreases linearly as a function of the electron 
temperature, while the radiation due to bremsstrahlung 
increases with electron temperature, giving for the 
total losses a minimum at a temperature of about 
30 eV. 


TRUBNIKOV B. A., Electromagnetic waves in a 
relativistic plasma in a magnetic field, pp. 104-113 
(completed 1956). 


The relativistic tensor for the dielectric suscepti- 
bility of a plasma in a homogeneous magnetic field is 
derived. Thermal motion of the electrons is described 
by a Maxwellian (relativistic) distribution. Collisions 
are considered rare. With the help of the dispersion 
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equation, propagation of waves of the form exp 
[i(Ar — wt)] is investigated. For frequencies w > 
(eH)/(mc) the emissive power of the medium and the 
absorption coefficients of ‘ordinary’ and ‘extra- 
ordinary” waves are calculated. 

The dielectric properties of a relativistic plasma in a 
magnetic field is first discussed in the work of GALITSKI 
and MiGpAL (Vol. 1, p. 161). Using a quantum 
mechanical approach, the authors found for the 
tensor an expression having cumbersome series. In 
the present investigation this same problem is examined 
classically and a rather simple formula is obtained for 
the tensor. 


KupRYEVTSEV V. S., The electron distribution function 
in a plasma in a magnetic field, pp. 114-120 (com- 
pleted 1956). 


A distribution function for electrons is calculated 
for a two-temperature plasma for the case when the 
electrons obtain energy by collisions from the ions at 
high temperature and emit it by their motion in a 
magnetic field. The stationary process is examined 
and the plasma is considered completely transparent. 


TRUBNIKOV B. A. and BAZHANOVA A. E., Magnetic 
radiation from a plasma layer, pp. 121-147 (com- 
pleted 1957). 


In this work calculation is made of the magnetic 
bremsstrahlung from a plane layer of plasma in a 
magnetic field parallel to the boundaries of the layer. 
The energy of the electrons is just relativistic. Calcula- 
tions are carried out for two forms of energy distri- 
bution of electrons—Maxwellian and a_ cut-off 
Maxwellian distribution. It is shown that the 
radiation is trapped to the extent necessary for a 
self-sustaining thermonuclear D-D reaction only 
when the dimensions of the layer are considerable, 
lying at the limit of achievability. 


VoLkov T. F., The decay of an arbitrary discontinuity 
in a continuous medium, pp. 148-152 (completed 
1956). 


A particular case of the decay of an arbitrary 
discontinuity in a continuous medium is discussed in 
order to estimate the temperature which can be 
obtained by the collision of dense beams of particles 
with one another or with a solid target. Some brief 
considerations on the possible effect of a magnetic 
field also are given. 

The treatment is an extreme idealization of the 
conditions found in laboratory equipment, but it 
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may be realized in collisions of gaseous masses of 
cosmic dimensions. 


Rupakov L. I. and SAGpgEEV R. Z., High-frequency 
heating of a plasma, pp. 153-164 (completed 1956). 


A method of heating plasma ions is considered, 
based on the utilization of cyclotron resonance. When 
the fields in the plasma due to the motion of ions and 
electrons are allowed for, the motion of the particles 
may be considerably modified, and the heating 
mechanism may no longer operate. To find the 
conditions under which ions may be accelerated, the 
problem of particle motion in an external field is 
considered in Part 1, without allowance for the self- 
consistent field of the plasma itself. The effect of this 
field is analysed in Part 2, using the hydrodynamical 
approximation. 


Osovets S. M., The theory of rapid processes, pp. 
165-181 (completed 1957). 


Calculations are given for the rapid compression of 
a plasma column, taking into account the varying 
inductance of the circuit. The basic relations for the 


temperature of the compressed column and the 
compression time are derived. The conditions for 
separation of the plasma from the walls of the vessel 


are considered, and the mean temperature of the gas 
at the moment of separation is calculated. 


NASEDKIN YU. F. and Osovets S. M., Investigation of a 
powerful ring gas discharge when there is an equili- 
brium orbit, pp. 182-195 (completed 1956). 


A powerful ring gas discharge in a variable magnetic 
field is considered, the field having a special con- 
figuration which ensures the existence of a stable 
equilibrium current orbit. The current distribution 
over the volume of the vacuum chamber is investigated. 
The maximum energy of motion of the ring towards 
the centre of the chamber after breaking away from 
the orbit is estimated to be ~1500 eV. The residual 
magnetic flux and resistance of the gas ring are 
estimated. 


Osovets S. M. and SCHEDRIN N. I., A plasma ring with 
a resistance, pp. 196-213 (completed 1957). 


The first part of the paper gives a theoretical 
discussion of the conditions of equilibrium in the 
process of contraction of a plasma ring of finite 
conductivity. It is shown that, if the ring is to contract 
into a ball, the residual magnetic flux must be balanced 
by some field constant in time. In the second part, 


results of experiments with a compensating field are 
given, confirming the conclusions reached in the first 
part. The conditions under which the residual flux is 
completely balanced, and the ring contracts to a ball 
are derived. 

Experiments have shown that, when the gas ring 
contracts to the centre, about 1/4 of the internal 
magnetic flux is frozen inside it. This residual field 
prevents the contraction of the orbit to small di- 
mensions. In addition, part of the magnetic energy 
is spent on the building up of the field. If additional 
central field is used, a compensation of the residual 
flux is observed when this field reaches a certain value. 
In this case, it would be expected that the magnetic 
energy mainly is converted into kinetic energy of 
directed motion of the particles to the centre, with the 
formation of a dense ‘ball’. 


NASEDKIN YU. F. and Paviov E. I., The effect of the 
shape of the magnetic field on a ring gas discharge, 
pp. 214-230 (completed 1957). 


A study is made of the behaviour of a gas current 
ring in a betatron field and the distribution of current 
density over the cross-section of the chamber. It is 
found that the shape of the field has an influence on 
the behaviour of a current ring. For low gas pressures 
in the chamber, X-ray emission is detected. The 
experiments were carried out with deuterium and 
argon. 


Fiuippoy N. V., /nvestigation of pressures in a powerful 
pulsed gas discharge using a piezo-electric measuring 
device, pp. 231-249 (completed 1956). 


A description is given of the construction of a 
piezo-electric instrument for measuring pressures in a 
pulsed discharge and the method of using it in a 
cylindrical discharge chamber at currents from 300 to 
500 kA. Results of investigations of the pressure 
near the centre of the chamber are given for a discharge 
in deuterium of a condenser bank of 62 uF capacity. 
A new method is described for calibrating this device 
directly in the discharge chamber using a diaphragm 
inertial device. 


ANTROPOV G. M., BELYEVV V. A. and ROMANOVSKI 
M. K., The behaviour of fast electrons in the electron 
model of a trap with magnetic mirrors, pp. 250-258 
(completed 1957). 


One of the methods of creating a hot plasma can 
be the accumulation of fast ions in a volume with a 
magnetic field of a special form in which the particles 


are kept for a long time from hitting the walls. In 
such magnetic traps, regions with large values of H 
play the role of mirrors, from which the charged 
particles are reflected corresponding to the invariance 
of the quantity V?/H in a magnetic field, which 
changes only slightly over the Larmor radius of a 
particle. The simplest form of the magnetic trap is 
the field of a straight solenoid, which is increased at 
the ends. This form was investigated using an 
electron model although this is not the only one, nor 
possibly the best configuration of the magnetic field of 
the trap. 

Conclusions: 

(1) The injected electrons moving in the magnetic 
field of the trap make up to a thousand oscilla- 
tions between the mirrors. 

(2) The lifetime of fast electrons in the system is 
determined not by the constancy of the adiabatic 
invariant, but by the interaction of the electrons 
with the residual gas and their return to the 
source, 


Firsov O. B., The repulsion of charged particles from 
regions of strong magnetic fields, pp. 259-267 
(completed 1956). 


This work attempts to determine the validity of the 
adiabatic invariant for the conditions found in 
magnetic traps with axially symmetric field. 


RuDakov L. I. and R. Z., A quasi-hydro- 
dynamic description of a rarefied plasma in a magnetic 


field, pp. 268-277 (completed 1957). 


The Boltzmann equation which describes the motion 
of the ions of a plasma in a magnetic field in the 
absence of collisions and averaged over the Larmor 
revolution, is generalized for the non-static case. The 
system of equations for the lower moments of the 
distribution function of the electrons and the ions is 
analogous to the equations of two fluid hydro- 
dynamics. While formally the mean free path is 
infinite, it is replaced by the Larmor radius of the ion 
or electron. Using the equations obtained, the wave 
solutions corresponding to magnetohydrodynamic 
and acoustical oscillations have been investigated. 
For a sufficiently large anisotropy of the pressure 
tensor instabilities arise which lead to the destruction 
of the homogeneity of the plasma. The study of the 
motion of the completely ionized plasma in strong 
electromagnetic fields taking into account the field 
of the plasma and using the Boltzmann equation is 
difficult. The usual hydrodynamical discussion is 
valid only for high densities and low temperatures, 
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when the mean free path between collisions is much 
less than the characteristic dimension. Recently CHEW 
et al. (Proc. Roy. Soc. 236, 112, 1956) have investigated 
the case of a rarefied plasma in a magnetic field 
neglecting collisions. They showed that the expansion 
of the Boltzmann equation in powers of M/e (M being 
the mass of the particle and e the charge) leads to a 
closed system of equations for the lower moments of 
the distribution function formally analogous to the 
equations of magnetohydrodynamics. However, 
this is valid only for the motion of plasma across the 
magnetic field. This similarity of results obtained in 
two apparently opposite cases is explained by the fact 
that the magnetic field ‘burns the ions’ and so makes 
symmetrical the distribution of their velocities in a 
plane perpendicular to the magnetic field. In this 
-sense the action of the magnetic field is analogous to 
that of collisions. In this note we are deducing the 
equations of hydrodynamics of two fluids (ions and 
electrons) starting from the Boltzmann equation 
describing the averaging of the motion of the ions or 
electrons over the Larmor revolution. 


VEDENOV A. A. and SAGDEEV R. Z., Some properties of 


a plasma with anisotropic ion velocity distribution in a 
magnetic field, pp. 278-284 (completed 1957). 


The possibility of instability of a plasma in a 
magnetic field owing to anisotropy of the ion velocity 
distribution is considered. 

In the usual gas with non-Maxwellian velocity 
distribution, equilibrium is established in time, t, of 
order of magnitude of that between collisions. In a 
plasma the long-range forces may cause collective 
motion which develops in time smaller than ¢ (example 
of such collective motion is the formation of Langmuir 
oscillations in the plasma with non-Maxwellian 
electron velocity distribution (BoHM and Gross, Phys. 
Rev. 75, 1864, 1949). 

The influence of the external magnetic field on these 
effects was studied by Gross (Phys. Rev. 82, 232, 1951) 
using the Boltzmann equation. 

Investigating the electron oscillations of a plasma, 
Gross naturally neglected the magnetic field of the 
wave as being of order v/c. The situation changes 
substantially if the ion (magnetohydrodynamic) 
oscillations are under discussion. The electric fields 
in low frequency oscillations are largely screened by 
the motion of the electrons, and magnetic effects 
may be of importance. In the article by RUDAKOV 
and SAGDEEV (this issue, p. 268) from equations 
for the moments of the distribution function in the 
drift approximation, criteria were obtained for the 
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formation of specific instabilities when the longitudinal 
and transverse temperatures are markedly different. 
The discussion corresponds to a hydrodynamic 
derivation of the dispersion equation. In the present 
work this problem is investigated using the Boltzmann 
equation, and criteria are found for instability 
neglecting collisions. An allowance for the magnetic 
field of the wave for a sufficiently anisotropic distri- 
bution function leads to a transfer of energy from 
transverse to longitudinal motion (or vice-versa) by 
the excitation of collective motions associated with 
ion oscillations of the plasma. 


KapomtseV B. B., Magnetic traps with a ‘corrugated’ 
field, pp. 285-299 (completed 1956). 


Two simple traps with a ‘corrugated’ magnetic 
field are described, whose mode of operation is based. 
on the increased drift of particles round the axis of the 
system brought about by an additional periodic field. 
The first of these operates similarly to a simple trap 
with magnetic mirrors, i.e. the exit of particles from it 
is determined by Coulomb collisions. In the second 
case the loss of particles arises from a toroidal drift, 
and in this sense it resembles a torus. There are 


probably better traps of this type and for this reason it 
would be of interest to study in more detail the motion 
of particles in magnetic traps which, one would hope, 


would make possible the choice of the best configura- 
tion. Great interest is shown also in the study of the 
behaviour in such traps, not only of individual 
particles, but also of plasma, taking into account its 
electric and magnetic fields and other complicating 
factors. In particular the stability of such systems 
should be investigated. 


BRAGINSKI S. I. and Kapomtsev B. B., Stabilization of 
a plasma by the use of guard conductors, pp. 300-326 
(completed 1957). 


A method is proposed for stabilizing the boundary 
of a plasma, whose pressure is balanced by a magnetic 
field. Stability is achieved by means of metallic 
guard conductors. They form a network on the 
boundary of the plasma, and carry part of the pressure 
of the magnetic field. This excess pressure prevents the 
plasma from passing outside the network. Such a 
system is shown to be stable for small oscillations. 
The shape of the plasma boundary near the network 
lines is considered. 


Firsov O. B., A plasma in a magnetic grid, pp. 327-335 
(completed 1957). 


The flow of an electron-ion plasma along lines of 
magnetic force surrounded by a constant magnetic 


field is considered. The magnetic field configuration 
is such that there is no field inside the plasma. The 
prospects of using such a system in constructing a 
thermonuclear reactor are assessed. 


VoLkov T. F., A stationary plasma density distribution 
in an electromagnetic field, pp. 336-345 (Work done 
in 1957, and revised in 1958). 


Using the hydrodynamical approximation, the 
problem of the stationary self-consistent density 
distribution of a plasma in a standing electromagnetic 
wave is solved. It is shown that, in this approxi- 
mation, there is no exact solution for which the plasma 
density is zero in some region of space. The effect of 
the magnetic field and of the walls bounding the 
plasma also is considered. 


SAGDEEV, R. Z., Containment of a plasma by the 
pressure of a _ standing electromagnetic wave, 
pp. 346-361 (completed 1957). 


Recently it has been of general interest to consider 
the problem of containing a high temperature plasma 
in a_ high-frequency electromagnetic field. The 
possibility of such a containment rests on the fact that 
an alternating electromagnetic field does not penetrate 
into a conductor and thereby causes a pressure drop 
at the boundary of the conductor. This principle has 
long been used in the well-known experiments for 
counteracting the forces of gravity by the pondero- 
motive forces of eddy currents arising in the skin 
layer of solid conductors. In the present paper some 
of the problems are investigated concerning the 
equilibrium and the stability of a heated plasma 
contained by the pressure of the alternating electro- 
magnetic field. 

In many cases the plasma can be described with a 
sufficient degree of accuracy by the equations of gas 
dynamics. The criterion for the validity of such an 
approach is the small magnitude of the mean free path 
of the ion or electron compared with the characteristic 
dimension L. The Coulomb collision cross-section 
decreases with increase of the relative energy of the 
colliding particles as the inverse square of the energy. 
This has a decisive effect on the criterion of applica- 
bility of the equations of gas dynamics. In the cases of 
practical interest the range of temperature corre- 
sponding to a strongly ionized plasma lies outside of 
the regions of the hydrodynamic approximation. In 
the presence of the constant magnetic field this 
criterion, however, can be replaced by another one, 
at least for the description of the motion of the plasma 
across the magnetic field, namely that the Larmor 


radius r,, of the ion or electron should be small 
compared with L. 

In the general case the plasma must be described by 
the Boltzmann equation for each type of ion. This 
approach, however, is extremely complex and scarcely 
allows the derivation of any specific results. A good 
approximation to the description of the high tempera- 
ture plasma may be to consider the Boltzmann 
equation without the collision integral, considering 
later the collisions as a small correction. In the 
present article the case of a plasma is investigated 
which has such high ion and electron temperature 
that collisions can be neglected. As a basis for the 
calculation of the equilibrium state, a method using 
the Boltzmann equation without the collision term, 
but including the self-consistent electromagnetic 
field is employed. 

Finally, the equations of hydrodynamics are used to 
investigate the stability of the boundary between the 
heated plasma and the standing electromagnetic wave. 
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Osovets S. M., Containment of a plasma by a travelling 
magnetic field, pp. 3-15 (completed 1957). 


The problem of containing a hot plasma by means 
of a field of a travelling wave is discussed. Expressions 
are obtained for magnetic fields and magnetic pressures 
produced on the surface of the plasma by a system of 
currents displaced in phase with respect to one 
another. Conditions are found under which the 
perturbation of the surface of the plasma can be 
considered small. Starting from these conditions, 
relations are found which determine the basic para- 
meters of the circuit which produces the travelling 
field. Relations are derived characterizing the energy 
balance of a thermonuclear reactor in which the 
plasma is contained by a travelling field. 


KapomtseVv B. B., Hydrodynamics of a low pressure 
plasma, pp. 16-23 (completed 1957). 


Approximate equations have been obtained of the 
motion of a plasma, the pressure of which is small 
compared with that of the magnetic field. The 
problem of the equilibrium and stability of such a 
plasma is discussed. 


BRAGINSKI S. I. and KAZANTSEV A. P., Magneto- 
hydrodynamic waves in a rarefied plasma, pp. 24-31 
(completed 1958). 


An investigation is made of the magnetohydro- 
dynamic wave with arbitrary direction of propagation 
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starting from the kinetic equations with a self- 
consistent field neglecting collisions. As in a con- 
ducting liquid, in a rarefield plasma three types of 
magnetohydrodynamic waves can be considered. It 
is shown that in the absence of collisions these waves 
undergo a characteristic decay. 


SoLv’EV L. S., The motion of charged particles in a 
magnetic trap, pp. 32-41 (completed 1957). 


In the approximation of the drift theory a calculation 
is made of the motion of a particle in the field of a trap 
with magnetic mirrors. The length of the trajectory of 
the particle, the tolerance for the curvature of the axis 
of the trap, and the influence of supplementary gaps of 
the field on the axis are determined. For a given 
parabolic approximation of the field on the axis it is 
possible to integrate in a closed form the equations of 
motion of the particle. 


VeDENOV A. A. and RupAKOov L. I., The motion of a 
charged particle in a rapidly alternating electro- 
magnetic field, pp. 42-48 (completed 1958). 


The motion of particles in magnetic and electric 
fields slowly varying in time and space, has been 
investigated. The solution is obtained in the form of a 
series in increasing powers of small parameters 
Q/@ ry/L (Q is the frequency of oscillation of the 
electromagnetic field, w is the Larmor frequency, r 
the Larmor radius, L is the characteristic distance of 
the change of the field in space). 

In the present investigation it is shown in one case 
how the limitation Q/m<_1 can be removed making 
use of the small magnitude of r/L and 0/L, where 6 is 
the displacement of the particle in time 1/Q. 


OrLINSKI D. V., Stabilization of a plasma using a 
system of rods, pp. 49-53 (completed 1958). 


S. I. BRAGINSKI and B. B. KADomTsEV (vol. 3, p. 300) 
proposed using transverse rods carrying current for 
stabilizing a plasma. In the present note results of 
preliminary experiments to study the influence of 
transverse rods on the development of a pulsed 
discharge in a cylindrical chamber are presented. 


Rupakov L. I. and SAGDEEV R. Z., /nvestigation of the 
stability of a cylindrical plasma column using the 
Boltzmann equation, pp. 54-60 (completed 1958). 


An investigation was made of the stability of a 
cylindrical plasma current column in a longitudinal 
magnetic field. The method of investigation was to 
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use the Boltzmann equation in a ‘drift? approximation 
derived in the previous article, (Vol. 3, p. 268) 
neglecting collisions. In the case of isotropy of the 
unperturbed pressure, the criterion coincides with that 
obtained in the magnetohydrodynamic approxi- 
mation. In the case of the inequality of the longi- 
tudinal and transverse components of pressure, there 
is a possibility of a new instability even in the absence 
of a current along the axis of the column. 


SHAFRANOV V. D., Stability of a plasma column with a 
distributed current, pp. 61-69 (completed 1958). 


The first investigations of the stability of the plasma 
column in the presence of a longitudinal magnetic 
field (Vol. I, p. 207, and Vol. 2, p. 144) were based on 
the assumption that the whole current was con- 
centrated in an infinitely small surface layer. It was 
shown in this case that if the internal longitudinal 
field was greater than the outer field, then the column 
could be stable in the presence of a shell of high con- 
ductivity independently of the ratio of the length of the 
column to its radius. In the reverse case the column 


could be of a limited length L. For the case when the 
internal field is equal to the external field, the con- 
dition of stability has the form L (27% h=cH,/(I/7*)). 


It is of some interest to find how these conditions are 
changed in the presence of volume currents. In the 
work of VoLKov (Vol. 2, p. 144) it is shown that the 
criterion of stability for an axially symmetric perturba- 
tion for a uniform axial current does not differ 
markedly from the stability criteria obtained for the 
case of surface currents. 

Usually it is considered more difficult to obtain 
criteria of stability with respect to the bending of the 
column and more complicated perturbations. For a 
uniform current, it was found possible to investigate 
rather simply all these perturbations. 


POLIEVKTOV-NIKOLADZE N. N., Calculation of quasi- 
stationary electromagnetic field in a system with 
toroidal geometry, pp. 70-80 (completed 1958). 


The analytical calculations of non-stationary electro- 
magnetic fields in toroidal systems is extraordinarily 
difficult because Maxwell’s equations in this case do 
not permit the separation of variables. It is shown 
that for thin conductors of toroidal geometry, the 
above difficulty disappears and the problem resolves 
itself in the solution, generally speaking, of a system of 
integral equations for functions with one independent 
variable, which can be solved fairly simply by the usual 
numerical methods. 


DemIcHEV V. F. and PROKHOROV YU. G., Jnvestigation 
of the neutron emission arising in a gaseous discharge 
with a current of 160KA, pp. 81-86 (completed 1957), 


An investigation is made of the neutron emission 
from a discharge in a cylindrical tube with a current 
160 kA. It is shown that the neutron emission is due 
to the presence in the discharge of deuterons accele- 
rated to high energies. 

From the table it can be seen that the neutron 
radiation is non-isotropic. Experimental data obtained 
do not support the assumption of the localization of 
the source of the neutrons in a small region of a 
discharge or of uniform distribution of the intensity 
along the axis. The data are consistent only with the 
assumption that the intensity of the source of neutrons 
increases along the axis from the anode to the cathode. 
A qualitative evaluation shows that it must change 
according to x“, where x is the distance along the 
axis from the anode and Q lies between 1 and 2. 
This is consistent with the assumption that the 
neutron emission arises from reactions caused by 
accelerated deuterons. 


TRUBNIKOV B. A., A possible mechanism for the 
neutron emission from powerful pulsed discharges in 
deuterium, pp. 87-97 (completed 1958). 


The mechanism is based on the assumption that 
in the process of the development of perturbations of 
the plasma column, the plasma may be completely 
pushed out by the pressure of the magnetic field from 
several regions of the column. In such perturbations 
strong electrical field may arise which may cause the 
acceleration of deuterium ions to produce nuclear 
reactions. 

There is a reference to the paper of ANDERSON et al. 
(Venice Conference, 1957) and a discussion of the 
COLGATE mechanism. The following remarks are 
made about it, in addition to others: 

Thus, in contrast to COLGATE’s work where the 
mechanism of acceleration in fields is assumed to take 
place before the moment of the formation of the 
perturbation, we are considering acceleration in fields 
which arise after the formation of perturbations. 
For the formation of sufficiently strong fields in this 
second mechanism we need simpler conditions. In 
particular, we do not have to assume that the radius 
of the conducting channel decreases to the size of the 
order of tenths of millimeter as is done in COLGATE’s 
work. Also, it turns out that for the evaluation of the 
magnitude of the electric fields we do not have to 
know in general, the microscopic picture of what 
occurs during the formation of the perturbation. 


Therefore, the whole description can be carried out 
phenomenologically. 


VoLkov T. F., The influence of a high frequency 
electromagnetic field on plasma oscillations, pp. 
98-108 (completed 1958). 


In this article the hydrodynamic theory of plasma 
oscillations in the field of a travelling electromagnetic 
wave is examined. It is shown that in this case the 
frequencies of the acoustical and Langmuir oscillations 
become functions of the amplitude of the high 
frequency field. The possible mechanisms for the 
formation of instabilities are discussed. 

The conditions of the problem demand that the 
frequency of the electromagnetic field is much greater 
than the frequency of Langmuir oscillations. This is 
realized in practice only in the case of a sufficiently 
rarefied plasma. In conclusions, it is noted that the 
hydrodynamic solution of the problem presented 
cannot be considered exact because of the neglect of 
the thermal motion of the particles. A _ kinetic 
solution is necessary which the author hopes to carry 
out in the near future. 


VoLkov T. F., Oscillations and stability of the surface 
of a plasma in the field of a travelling electro- 
magnetic wave, pp. 109-115 (completed 1958). 


It is shown that the plane surface of the plasma in 
this case is unstable, independently of the magnitude 
of the external electromagnetic wave. Perturbations 
of the highest growth rate are those whose wave 
lengths are close to half the wave length of the electro- 
magnetic wave. 


BEZBATCHENKO A. L., GOLOVIN I. N., P. 
STRELKOV V. S. and YAVLINSKI N. A., The high 
current electrode-less discharge in a toroidal chamber 
with a longitudinal magnetic field, pp. 116-133 
(completed 1957). 


The installation with the toroidal chamber was 
designed and built for the study of the breakdown and 
the propagation of an electrode-less discharge in a 
magnetic field and for the study of the heating of the 
plasma to a temperature which, though not sufficient 
for the production of a thermonuclear neutrons, 
produces a high degree of ionization of the gas and a 
‘frozen-in-state’ of the magnetic field. 

Conclusions: Investigations have been made of the 
electrode-less discharge in a toroidal chamber with 
zero longitudinal magnetic field and with fields of up 
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to 15,000 oersteds, electric fields from 0:15 to 6°5 
V/cm, duration of the first half period of current from 
350 to 2000 usec, and with the initial pressure of the 
deuterium in the range 7 x 10~* to 0:2 mm. 

(1) In electrode-less discharges in a porcelain 
chamber the phenomena are complicated by the 
building up of a charge on the walls and drifts 
caused by crossed electric and magnetic fields. 
A metallic layer on the walls facilitates the 
breakdown, increases the conductivity of the 
plasma, and brings about the initial stage of the 
discharge into good agreement with the classical 
theory of conductivity and with the Townsend 
coefficient. 

(2) The discharge without a longitudinal magnetic 

field starts in the centre of the discharge tube, 
then the column of the discharge expands and 
fills the whole chamber. The velocity of 
expansion increases with decreased pressure and 
with increased rate of current rise. The average 
conductivity of the plasma does not exceed 
3 x 10 CGS units. 
The discharge in the strong longitudinal 
magnetic field starts simultaneously across the 
whole cross-section of the tube and does not 
break away from the walls. For a field of 15,000 
oersteds the discharge goes through two 
sharply different stages. In the field of 2500 
oersteds these stages disappear. In the first 
Stage the plasma is quiet, the radiation is 
uniform over the cross-section of the tube, and 
the conductivity grows in good agreement with 
the classical theory of the plasma. In the second 
stage there is an intense redistribution of the 
current density and the radiation from the 
discharge. The conductivity decreases. For a 
field of 15,000 oersteds the first stage prevails up 
to a current in the discharge satisfying the 
following condition: 


cH 
where a is the radius of the plasma column, R 
is the radius of the toroidal chamber and J,, is 
the maximum current of the discharge. With 
a decrease of the field to 2500 oersteds the 
first stage continues to exist to values of a 
current considerably exceeding those allowed 
by the above criterion. 
The mean conductivity in the column of the 
discharge in a magnetic field reaches (2 — 3) x 
10 CGS units up to the moment of the 
transition from the first stage to the second. 
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(5) If the discharge current is continued for a long 
time at a value lower than that allowed by the 
criterion, then the conductivity reaches 6 x 1014 
CGS units and then falls rapidly, probably due 
to outgassing of the walls. 


PIsTUNOVICH V. I., The measurement of the electron 
temperature and ion concentration by a double 
floating probe in an electrode-less discharge, pp. 
134-155 (completed 1957). 


The results of the work can be summarized as 

follows: 

(1) Determination of the value of the electron 
temperature, ion density, and the degree of 
ionization of the discharge in a toroidal chamber 
for zero longitudinal field. 

(2) It is shown that electrical fluctuations in the 
plasma do not strongly affect the results of the 
temperature measurement of the electrons. 

(3) The measurement of the electron temperature 
and of the ion density at different distances from 
the centre of the chamber show that the para- 
meters of the plasma change but little in cross- 
section of the toroidal chamber. 

(4) The measured parameters of the plasma do not 
change with the orientation of the double probe 
with respect to the axis of the chamber. 


(5) The possibility is shown of applying the double 


floating probe technique for temperature, 
measurement of electrons and ion density of the 
plasma for longitudinal fields up to 1000 oersteds. 


STRELKOV V. S., /nvestigation of the radiation of an 
electrode-less discharge in deuterium, pp. 156-169 
(completed 1958). 


Experiments are described on the measurement of 
the radiation of an electrode-less pulsed discharge in 
the visible and X-ray part of the spectrum. The 
X-rays are formed by the deceleration of fast electrons 
in the target material or on the walls of the discharge 
chamber. The region of origin and the average energy 
of the fast electrons are determined. The time 
dependence of the intensity of the spectral lines of 
deuterium and silicon is determined in the visible part 
of the spectrum. This work was carried out in the 
toroidal chamber described in this volume, p. 116. 

The change with time of the spectral intensity of 
deuterium lines shows that at a certain instant there 
is a high degree of ionization. The subsequent 
increase in the intensity of the spectral lines of 
deuterium is associated probably with the appearance 
of impurities from the wall of the chamber. The time 
of appearance of impurities is not dependent upon the 


magnitude of the external magnetic field and is 
probably determined by the time of diffusion of the 
impurities from the chamber walls to the discharge. 


Petrov D. P., Fitippov N. V., Fitippova T. I., and 
KHRABROV V. A., A powerful gas discharge in a 
chamber with conducting wall, pp. 170-181 (Work 
carried out in 1954 and 1957). 


Results are described of the investigation of a 
pulsed gas discharge in a straight two-electrode 
chamber with conducting walls. The process of 
formation of the discharge for metal walls is found to 
differ from that for ceramic walls. The pulsed 
neutron emission has been investigated over a large 
range of gas pressures. (0-02 to 60 mm, 85 to 145 uF, 
100 to 600 kA, and rise time of current 4 x 10'° to 
2 x 10" A/sec). It is shown that the source of the 
neutron emission is localized near the anode region of 
the discharge. 


ANDRIANOV A. M., BAZILEVSKAYA QO. A. and 
PROKHOROVA YU. G., Investigation of the pulsed 
discharge in deuterium for values of current rise of 
up to 10" A/sec and potentials up to 120 kV, pp. 
182-200 (completed 1958). 


It is shown that for an initial potential greater than 
80 kV, the duration of the neutron pulse increases 
significantly up to 2-3 usec, but that the duration of 
the pulse of hard X-rays remains the same as for 
lower potentials (0-2—0-3 jsec). 


BRAGINSKI S. I., GEL’FAND I. M. and FEDORENKO 
R. P., The theory of the compression and oscillation 
of a plasma column in a strong pulsed discharge, 
pp. 201-221 (completed 1957-58). 


An investigation has been made of the magneto- 
hydrodynamic problem of the compression and 
oscillation of a plasma column. A system of equations 
with partial derivatives which describe the column, 
together with the equations for the discharge circuit, 
were integrated numerically on an electronic calcula- 
ting machine. The results of the calculation are 
compared with experimental data. 


Popcorn I. M., CHUVATIN S. A., Bikov G. A. and 
Pis’MENNI V. D., Investigation of the process of 
electrodynamic acceleration of clumps of plasma 
(11), pp. 222-234 (completed 1957; Part I was 
published previously: Artsimovich et al. J. exp. 
theor. Phys. 33, 3, 1957). 

This work contains an analysis of the experiments 
for determining the velocity and the size of the plasma 

clumps using photo-electric methods. There is also a 


comparison of the theoretically calculated curve of 
current with that observed experimentally. 

An analysis of the current oscillograms gives for the 
mean velocity of the motion of the plasma clump a 
value of (1-1 — 1-2) « 10? cm/sec. 


YUSHMANOV E. E., The radial distribution of potential in 
a cylindrical magnetic trap using a magnetron method 
of ion injection, pp. 235-257 (completed 1957). 


This article presents the results of investigations of 
the distribution of the potential along the radius in a 
cylindrical magnetic trap with magnetic mirrors and 
using a magnetron method of creating a plasma 
containing fast ions. The potential distribution was 
measured in its dependence on the applied potential, 
magnetic field, and other parameters. The measured 
potential distribution differed radically from the 
theoretical distribution corresponding to a non- 
compensated volume charge in the magnetron. 
Regular oscillations of the potential of the plasma were 
found under certain conditions with a frequency of 
200-400 c/s. The amplitude of these oscillations was 
measured. 


KoGan V. I., The broadening of spectral lines in a 
high temperature plasma, pp. 258-304 (completed 
1957). 

A theory is developed for the broadening of spectral 
lines in an idealized plasma taking into account on 
the classical adiabatic model the simultaneous 
excitation of the emitting atoms by a large number of 
charged particles present in the discharge. General 
formulae are obtained for the distribution of intensity 
of the Stark component of the line broadened by the 
linear and quadratic Stark effect. These formulae 
have been simplified for the limiting cases of high and 
low densities and plasma temperature. The present 
shock theory was shown to be inapplicable to the 
broadening produced by the linear Stark effect. The 
broadening due to the simultaneous action of ions and 
electrons has been investigated. The form of the line 
for the case where both the Holtzmark and Doppler 
mechanisms of broadening operate simultaneously 
has been found. The results, and also the role of 
several other mechanisms of broadening, have been 
discussed as with reference to plasma in a powerful 
pulsed discharge in hydrogen. 


TRUBNIKOV B. A., The relation between the coefficients 
of absorption and emission of plasma radiation 
present in a magnetic field, pp. 305-308 (completed 
1957), 


A short theoretical paper. 
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TRUBNIKOV B. A., The behaviour of plasma in a 
rapidly varying magnetic field, pp. 309-330 (com- 
pleted 1957 and revised in 1958). 

In this article an examination is made of the methods 
of thermal isolation and heating of a plasma with the 
help of external rapidly varying magnetic fields. It 
is shown that by a suitable choice of the geometry 
of the field, the plasma can be in equilibrium and 
therefore stable. The problem of heating the plasma 
is partially examined. 


Morozov A. I., Cherenkov generation of magneto- 

acoustical waves, pp. 331-352 (completed 1958). 

An investigation has been made of the generation of 
magneto-acoustical waves in both finite and infinite 
plasma. The source of the wave is considered to be 
circuits carrying currents and moving at high velocities. 
In the work of B. A. TRUBNIKOVv (p. 309), using the 
hydrodynamic approximation, the problem of sound 
generation has been examined in compressible semi- 
bounded magnetized medium by excitation of pressure 
travelling along the surface. 

In high temperature plasma without a magnetic 
field the results obtained by TRUBNIKOV are not 
applicable in as much as sound cannot propagate in 
such a plasma because of the long mean free path of 
the ions. 

If, however, inside the plasma there is a magnetic 
field, then, as is well known, the dispersion equation 
contains a branch corresponding to magneto- 
acoustical waves. (cf. BRAGINSKI, USSR, Acad. of Sci. 
115, No. 3, 1957). These waves are obtained 
both for large and for small mean free path of the 
particles, if the frequency of the wave is much smaller 
than the Larmor frequency of the ion. (cf. GINZBURG, 
J. exp. theor. Phys. 21, 788, 1951). If the frequency 
of collisions of ions with neutral particles is much 
larger or smaller than the frequency of the wave, 
then the magneto-acoustical waves decay weakly. 
Under these conditions, the magneto-acoustical 
waves, can be described also by a system of 
magnetohydrodynamic equations for an ideal liquid 
and this fact is used in this article. 

The question of generation of magneto-acoustical 
waves has a definite interest in connexion with the 
problem of heating the plasma and, likewise, in 
connexion with working out the details of corrugated 
magnetic systems inside which the plasma moves, 
KapomtTsev B. B., Magnetic traps for plasma, pp. 

353-363 (completed 1957). 


In this work a hydrodynamic investigation is 
carried out of magnetic traps. It is shown that 
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systems with guard conductors are also magnetic 
traps, the losses from which are due basically to the 
suspensions. The presence of stability also has been 
established in traps with corrugated fields. 


KapomtTsev B. B., The instability of plasma in a 
magnetic field in the presence of ionic beams, pp. 
364-369 (completed 1958). 

This is a theoretical paper. In some cases in the 
plasma, there may be directed beams of ions. Thus, 
in the plasma of an ion magnetron created by accelera- 
ting ions in a radial electric field, all ions undergo 
approximately the same periodic motion: moving ina 
radial direction they change their direction under the 
action of the magnetic field until finally they return to 
the central region of the plasma. Such a motion leads 
to the formation of two beams of ions meeting each 
other in radial directions. 

An analogous situation may arise in the adiabatic 
trap with magnetic mirrors for the production of 
plasma by means of accumulation of ions from an ion 
source. Such a plasma occupies a ring region with a 
thickness equal to the diameter of the ion ring. But 
the ions again form two counter-currents in radial 
direction. 

As is well known, electron beams in a plasma may 
be unstable. An analogous situation can take place in 
this case. 

In this article is investigated the instability of plasma 
with respect to short wave perturbations, the wave 
length of which is much smaller than the mean Larmor 
radius of the ions. 

It is shown that the beam of ions in the plasma will 
be unstable if the spread of ion velocity is very small. 


KapomtseV B. B., The dynamics of plasma in a strong 

magnetic field, pp. 370-379 (completed 1958). 

It is shown that for motion of the plasma, slow 
compared with the ion cyclotron frequency, the 
motion can be described by the equations of hydro- 
dynamics for the motion across the magnetic field, 
and kinetic equations for the transverse motion. These 
equations can be simplified partially for the case of a 
plasma the pressure of which is much smaller than the 
magnetic pressure. 

Examination is made of the question of stability of 
the plasma of low pressure in a corrugated field. 


Kapomtsev B. B., The convective instability of a 
plasma, pp. 380-383 (completed 1958). 
This article investigates the instability of equilibrium 
magnetohydrodynamic configurations with closed 
lines of force for a definite form of perturbation. 


SacpEEV R. S., Non-linear motions of a dilute plasma 
in a magnetic field, pp. 384-390 (completed 1958). 


A solution has been found for established magneto- 
acoustical waves of large amplitude propagated across 
the magnetic field. 


Morozov A. L. and SoLov’ev L. S., The damping of 
oscillations of a plasma column, pp. 391-414 (com- 
pleted 1958). 


The problem of the damping of the oscillations of a 
plasma cylinder using various shields placed on the 
surface of the plasma has been examined. 

The different cases of the oscillations of the plasma 
investigated in this work show that these oscillations 
can be damped effectively by using the appropriate 
casing. If this is of a non-conducting material, the 
damping takes place via the Cherenkov effect. For 
large damping under the conditions of stability, it is 
necessary that the ratio of the distance of the plasma 
to the shielding, to the dielectric constant be several 
times (2-10 times), smaller than the period of the wave. 

If the casing is conducting, for effective damping it 
is necessary that the skin layer corresponding to the 
frequency of oscillation of the wave be several times 
smaller than the above ratio. 

It is noted that it is not necessary to damp the 
oscillation with the help of a conducting layer, that is, 
using the Joule heating of this layer. One can also 
damp the waves by means of the Cherenkov effect, in 
which the oscillation energy of the plasma is removed 
in the form of high frequency electromagnetic waves. 

The remarks made above would appear to deal only 
with the stabilization of high frequency oscillations of 
the plasma. The slow ‘creeping away’ of the plasma 
column can be stabilized by internal fields of the type 
proposed by Osovets (Vol. 2, p. 238) or by thick 
copper screening. The layer damping the oscillations 
can be put on the internal surface of such a shield. 

It is to be noted in conclusion that the damping 
layer may effectively iron out the rotational electrical 
fields inside the toroidal chamber with a copper casing 
containing gaps, and in this way serve as a liner, if its 
vacuum properties turn out to be sufficiently good. 


SHAFRANOV V. D., Deduction of the tensor of dielectric 
constant of a plasma, pp. 416-421 (completed 1958). 


In the present note there has been obtained by 
means of the integration of the Boltzmann equation 
along the particle trajectories, a general expression for 
the tensor of dielectric permeability of a plasma in the 
absence of collisions. 


SAGDEEV R. Z., Absorption of electromagnetic waves 
propagating along a constant magnetic field in a 
plasma, pp. 422-425 (completed 1958). 

An investigation is made of the problem of the 
absorption of electromagnetic waves in a plasma due 
to the thermal motion of electrons. 

It is of interest to analyse the mechanisms of the 
absorption of the energy of the plasma under con- 
ditions when two particle collisions can be neglected. 
This is particularly essential for high temperatures 
when the Joule absorption is sharply decreased and it 
is necessary under these conditions to look for more 
effective mechanisms, not associated with colliding 
particles. 

Solutions are given of the problem of the propaga- 
tion of the electromagnetic wave along a constant 
magnetic field without linearizing the problem, but 
only neglecting the action of the magnetic field of the 
wave on electrons with fairly general initial conditions. 


This analysis can be considered as a particular case of 


the results of the linearized theory. 


SHAFRANOV B. D., The index of refraction of a plasma 
in a magnetic field near the ion cyclotron resonance 
frequency, pp. 426-429 (completed 1958). 


In connection with the problem of dissipation of 


energy in a plasma in the absence of collisions (p. 422), 
it is of interest to determine the conditions under 
which there is an absorption of energy of the electro- 
magnetic field by the particles of the plasma, (the 


range of frequencies, direction of the propagation of 


the field, etc.). For determining the region of absorp- 
tion of the electromagnetic field by the ions, the 
square of the index of refraction of the plasma is 
calculated, taking into account the motion of the ions 
along the lines of force of the magnetic field. 


SAGDEEV R. Z. and SHAFRANOV V. D., The oscillations 
of a plasma column taking into account the thermal 
motion of the ions, pp. 430-435 (completed 1958). 
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As is well known, on increasing the temperature of a 
plasma the effectiveness of the usual Joule mechanism 
for heating falls. It is of interest to investigate other 
methods of heating of the plasma. One of these 
methods is the ‘betatron’ method of heating, based 
on the periodic change of the magnetic field, with a 
period comparable with the time between ion 
collisions. 

In the high temperature plasma in which collisions 
are rare it is interesting to investigate the mechanisms 
of absorption of energy which are not associated with 
collisions. The physical basis of such non-collision 
(cyclotron and Cherenkov) absorption are discussed 
in 4, pp. 422 and 426 and J. exp. theor. Phys. 
34, 1475 (1958). For a calculation of the absorption 
of energy in a plasma column it is necessary 
to solve the problem of the oscillations of the 
plasma column. The oscillations of the plasma 
cylinder at frequencies considerably smaller than 
the cyclotron frequencies of the ions were investigated 
by TRUBNIKOV (1, p. 289) and SHAFRANOV (2, 
p. 130). The cyclotron resonance of ions was 
considered by Stix (Phys. Rev. 106, 1146, 1957), 
while the study of the high frequency oscillations 
was carried out by Korper (Z. Naturf. 12a, 815 
1957) for the case of oscillations along the axis. All 
these articles were based on a hydrodynamic descrip- 
tion of the plasma. RUDAKOv and SAGDEEV solved 
the problem of the oscillations of a plasma column 
Starting out the drift 
approximation, which takes into account thermal 


from kinetic equations in 
motion of the ions along the lines of force of the field 
for frequencies less than the frequency of the internal 
magnetic field. Such an approach gives a possibility 
of considering Cherenkov absorption. 

In the present work a solution is given of the 
problem of the oscillations of a cylinder of plasma 
taking into account the thermal motion of the ions 
leading both to Cherenkov and cyclotron absorp- 


tion. 
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ON THE STUDY AND DESIGN OF CYCLIC ELECTRONIC ACCELERATORS 
AT THE TOMSK POLYTECHNIC INSTITUTE* 


A. A. Voropiey and V. A. MOSKALEV 


Abstract—A short account is given of the results of studies on cyclic electronic accelerators performed since 
1946 at the Tomsk Polytechnic Institute. The basic design data and special constructional features of several 
betatrons are described. Various methods are discussed for extracting the electrons from the betatron accel- 
erating chamber. A betatron producing 25 MeV electrons is described in more detail. The use of annular 
accelerating electrodes connected to an external two wire resonant transmission line in a 30 MeV synchrotron 


is also reported. 


INTRODUCTION 

IN 1946 studies and design work on betatrons were 
begun at the Tomsk Polytechnic Institute (TPI). In 
1948 both a 5 MeV betatron operating with a coil 
current of 500 kc/s frequency and a betatron with up 
to 7 MeV y-ray energy using mains frequency current 
were constructed. In the period from 1949 to 1955 a 
series of betatrons was completed having energies up 
to 15 MeV. At present these betatrons are operating 
successfully in scientific research institutions through- 
out the country. While this series was being con- 
structed a betatron of up to 25 MeV y-ray energy 
was being designed which has an increased intensity 
of radiation and in which the loading of each element 
of the iron circuit is balanced. Several such betatrons 
were completed in 1955 and 1956. 

In this article we describe briefly the results of 
some studies on electron accelerators performed at 
TPI and also some design details of one of the 
betatrons, that of 25 MeV y-ray energy. 


RESULTS OF SCIENTIFIC AND TECHNICAL 
STUDIES ON ACCELERATORS 

The construction of the accelerators was made 
possible by the theoretical and engineering work of 
the whole staff of the Institute. 

An original theory of how electrons are caught up 
in the accelerating process was proposed by MELI- 
KHOV™ and was confirmed byexperiment. The essence 
of this theory is as follows. As is well known, the 
electron gun feeds electrons into the betatron in 
short bursts. As the injection voltage rises (at the 
leading edge of the pulse) the radius of the instan- 
taneous orbit into which the electrons are fed is 
increased and the amplitude of their oscillations 
decreases. During injection therefore, the space 


* Translated from Atomnaya Energiya 4, 229 (1958). 
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charge density is not uniform across the beam and 
increases with time towards the periphery. This 
results in an inward displacement of the instantaneous 
orbits, so that they avoid the electron gun. Calcula- 
tions show that the amount of orbit displacement can 
be very great especially when the current from the 
electron gun is large. This results in electrons hitting 
the internal wall of the chamber. On the other hand, 
for small currents the orbits may be displaced 
insufficiently to avoid the injector. 

If the injection voltage drops, the 
orbits are displaced outwards and the electrons are 
bound to hit the gun. MELIKHOV obtained oscillo- 


grams for the variation of the current in the accelerat- 


instantaneous 


ing volume at the moment of injection. He showed 
that if the electron gun is situated outside the equilib- 
rium orbit the electrons are caught up in the accelerat- 
ing process essentially at the leading edge of the burst. 

CHUCHALIN® 
peaks and so was able to double the radiation yield of 


used an injection voltage with two 


the betatron. 

It was established that: 

(1) Electrons may be caught up in the acceleration 
process both when the injection voltage rises and 
when it falls. 

(2) Each time electrons are caught up, during a 
few revolutions, this is followed by the loss of a large 
fraction of the accelerated charge. (One can assume 
that this is essential to enable the remaining electrons 
to get past the injector). 

(3) If the voltage pulse on the injector is of an 
‘idealized’ form, which matches the curve of voltage 
necessary for the process, an increase of the accelerated 
charge and hence of the yield of radiation can be 
achieved by applying to the injector a voltage with 
several peaks, such that the curve of the necessary 
voltage is repeatedly intersected by the curve of 
voltage applied. These intersections must, however, 
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take place with a definite spacing in time which is 
sufficient for the electrons caught up due to the 
preceding voltage peak to have formed a stable 
toroidal bunch which is not disturbed by the charges 
caught up as a result of subsequent peaks in the 
injection voltage. 

Fitippov™ proposed a method for choosing 
uniquely the radius of the equilibrium orbit in a 
betatron given a maximal energy for the accelerated 
electrons. He obtained a linear equation expressing 
the dependence of the equilibrium orbit radius r,) on 
the parameters of the magnetic field and the size of 
the pole gap: 

ro = BE + by, 


where Fis the calculated maximum electron energy, by 
half the radial dimension of the doughnut cross- 
section and B the ‘betatron constant’ which depends 
on the properties of the magnet system but remains 
constant for betatrons with different electron energies. 


\voitmeter, 


ZA 


Fic. 1.—Diagram of arrangement for determining the radius 
of the equilibrium orbit. 


The equation expresses the radial focussing proper- 
ties of the magnetic field and determines the tolerances 
in the construction and assembly of the elements of 
the magnet system. It also enables one to calculate 
the changes in dimensions and parameters required to 
adjust the electron orbit. 

The method used for continuous control of the 
position of the equilibrium orbit was developed by 
LEsHCHENKO™ both for annular and for race-track 
type accelerators. A system of coils connected accord- 
ing to the scheme given in Fig. | is placed both above 
and below the doughnut. The e.m.f. e, produced in 
one of the coils is proportional to the mean value of 
the magnetic induction within the orbit while the 


e.m.f. eg in the other coil is proportional to the 
instantaneous value of the induction at the orbit. 
When the magnet is fed continuously a sensitive 
valve voltmeter is used as a null indicator, when it is 
fed in bursts, an oscillograph is used. This arrange- 
ment allows changes in the equilibrium orbit radius 
to be observed with an accuracy of 1 mm. 

To measure phase inhomogeneities of the magnetic 
field ANAN’EV®) devised a micro-phasometer, which 
achieves improved sensitivity by using pulse shaping 
and ‘amplification’ of small phase differences. 

A pulse generated in a probe in the field is shaped 
and then works a trigger with variable effective 
resistance (a diode and high ohmic resistance in 
parallel). A pulse from a second probe works another 
trigger which generates a rectangular pulse of long 
duration (5 < 10-* sec). This pulse is fed to the anode 
of the diode and so changes the constants of the 
circuit determining the length of the pulse from the 
first trigger. The time during which the rectangular 
pulse affects the anode of the first trigger circuit 
therefore depends on the moment when the diode is 
blocked, i.e. on the phase difference between the 
magnetic fields at the positions of the two probes. 
This micro-phasometer amplifies phase differences up 
to 26 times. The readings are displayed on the scale 
of a micro-ammeter which extends to 1OmA. A 
deflexion over the whole scale corresponds to a 
phase difference of 10 usec between the two points in 
the magnetic field. 

ANAN’EV”? also calculated theoretically and veri- 
fied experimentally the influence of inaccuracies in 
the construction of various parts of the electromagnet 
on the operation of a betatron. He obtained equations 
relating the relative changes of the radius ry of the 
equilibrium orbit and of the index of the fall off of 
the field to the inaccuracies in the dimensions of the 
electromagnet. He showed that ry is most strongly 
affected by inaccuracies in the shaping of the pole 
pieces, which may give rise to deviations of 10-40 
per cent from the calculated value of ry. To simplify 
the process of alignment he proposed a method of 
regulating the orbit radius by displacing the central 
magnet core. These investigations made it possible 
to develop several original features of betatron 
construction. 

Noskov and Dimoy'® designed and constructed 
two variants of a pulsed betatron of up to 10 MeV 
energy with an iron-free magnet system. This betatron 
consists of two coaxial coils and a central core which 
is bisected in the median plane. The coils are fed by 
a pulsed current giving between 1-2 and 20 pulses 
per second. For the same energy, the weight of the 
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betatron is about 1/10 of that of a betatron with iron 
magnets. 

MoskALev"” designed a 15 MeV betatron for the 
treatment of cancerous tumours. It has a lead colli- 
mator which produces a narrow beam of y-rays, and 
an exchangeable central piece by means of which the 
size of the irradiated area can be adjusted. The 
variation of the dose across the beam is removed by 
inserting a specially designed conical copper filter 
into the beam path. The properties of the beam and 
the iso-dose curves in organic tissue were studied by 
means of a water dummy specimen. The deep dose 
obtainable with the betatron is considerably greater 
than that provided by X-ray apparatus. The surface 
dose is several times smaller than the maximum dose 
observed at a depth of 20mm. This apparatus was 
used by members of our Institute together with 
workers at the Tomsk Medical Institute in animal 
experiments which gave interesting results. 

In 1955 a synchrotron with an electron energy of 
up to 30 MeV was started up at the TPI, in which a 
new resonance system was used. In most of the 
electron synchrotrons in operation, the accelerating 
devices are coaxial resonators, which have a number 
of serious disadvantages. (Relatively low quality 
factor, owing to the limited space available for the 
resonator; difficulty in modification for frequency 
alteration, etc.). With the accelerating device pro- 
posed by VorRoBIEV it is considerably easier to change 
the frequency; it consists of a two wire transmission 
line, capacity loaded, between two ring electrodes 
surrounding the chamber over the length of the 
accelerator gap, enclosed in a conducting sheath. As 
such an arrangement takes up very little space within 
the pole gap, all geometrical dimensions may be given 
their optimum values. This allows one to obtain 
greater values of the quality factor and of the dynamic 
resistance than one does with synchrotrons using a 
coaxial resonator. The motion of electrons in the 
alternating electric field of the electrode rings was 
analysed and it was shown that the acceleration is a 
difference effect. Part of the energy gained by an 
electron passing through the accelerating gap is lost 
along the rest of the orbit. It was established 
experimentally, however, that the energy lost in one 
revolution is considerably less than the energy 
acquired in passing through the accelerating gap. 

An alteration of frequency can be effected by mov- 
ing a short-circuiting bridge on the transmission line. 
This system is symmetric and is convenient if the h.f. 
generator has a balanced output, so that symmetrizing 
devices are unnecessary. To match the input resistance 
to the feeder the point at which the feeder is joined to 
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the transmission line is varied. Finally, this arrange- 
ment is much simpler to construct than any type of 
coaxial resonator. The system has the disadvantage 
of radiating electromagnetic energy, but this radiation 
can be considerably reduced by screening. 

The extraction of the electron beam by means of 
a deflecting condenser was achieved by Kononoy."° 
A coil wound symmetrically so as to increase the 
magnetic field near the centre of a pole piece and thus 
to destroy the 2-1 betatron condition, causes the size 
of the electron orbit to increase. The shift of the 
orbit gradually increases and by the time the electron 
enters the deflecting condenser the shift amounts to 
2mm per revolution. The deflecting condenser con- 
sists of two plates about 5 cm in length bent to match 
the radius of curvature of the orbit at the position of 
the condenser. The internal (screening) plate, is 
earthed and the external (deflecting) plate receives a 
voltage pulse of 20 to 40 kV, according to the energy 
of the accelerated electrons. The voltage pulse is 
taken from a pulse transformer. The length of the 
effective part of the pulse is 300 usec. The deflexion 
condenser receives its pulse slightly sooner than the 
coil that expands the orbit, so that it carries the full 
working voltage when the electrons enter the 
condenser. 

The electrons leave the doughnut through a 30u 
aluminium foil. The extracted beam is well focussed 
and at 50 mm distance from the window its cross- 
section is 5 x 8 mm*. At 50cm the cross-section of 
the beam increases to 12cm in width and 6cm in 
height. These figures refer to 5 MeV electrons. At 
10 MeV and above the beam focusing is better. 

The beam current, measured with a Faraday cylin- 
der and by a chemical method, is about 4 « 10-° A. 
The beam intensity measured with a thimble ion 
chamber near the exit window is 300 r/min. Electro- 
magnetic extraction of the beam was achieved by 
SOKOLOV using two different methods. 

The first method used a magnetic shunt placed 
along the tangent of the electron trajectory which at 
the instant of extraction is of the form of an outward 
spiral. The effectiveness of the magnetic shunt is not 
high, the method permitting the extraction of about 
2 per cent of all accelerated electrons, giving a current 
of 3 x 1OM A. 

Such a small efficiency is due to three circumstances. 

(1) The presence of the shunt between the pole 
pieces excites radial oscillations of the electrons even 
before they enter the shunt channel, owing to the 
weakness of the main magnetic field near to the 
shunt. This results in the loss of a certain fraction of 
the accelerated electrons. 
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(2) The vertical spread of the beam at the instant of 
extraction is considerably greater than the vertical 
dimension of the shunt channel so that in fact only a 
small fraction of all electrons enter. It does not help 
to increase the height of the shunt channel because 
this drastically lowers the efficiency of the shunting. 

(3) The presence of the steel shunt in the doughnut 
has a harmful effect at the moment of injection on the 
process of accelerating electrons so that it lowers the 
yield of the betatron. 

The second method for electromagnetic extraction 
of electrons uses sector coils placed outside the 
doughnut over and under the equilibrium orbit and 
fed by a pulsed current. This method has not hitherto 
been described in the literature. The current pulse in 
these coils weakens the magnetic field by 10 per cent 
at azimuth angles up to 90°. The extracted electron 
beam has a divergence angle of 70°. The electrons in 
the beam are not uniformly distributed. There can 
be one, two or more bunches of electrons spreading 
within the limit of angles indicated, depending on 
fringe field effects. 

According to the theoretical ideas we have worked 


out the extraction of the electron beam from the 
doughnut may be considered as a limiting case of a 
displacement of the accelerated electron from the 


equilibrium orbit. By simultaneously using coils 
wound so as to produce a symmetric expansion of 
the orbit and other coils acting unsymmetrically on 
separate segments at particular azimuth angles, up to 
75 per cent of the accelerated electrons could be 
extracted. 

Recently two 15 MeV betatrons with external 
electron beams have been installed in scientific research 
institutions in Moscow. 

The construction of a 30 MeV betatron of small 
dimensions for use in medicine and also for the 


detection of defects in large metal articles in factory 
conditions was proposed by ANAN’EV..? 

The construction of the pole pieces of the betatron 
enables it to operate with a magnetic induction in the 
central core which is greater than the saturation 
induction of the magnetic material. Such pole-piece 
construction makes it possible to decrease the weight 
of the electromagnet by a factor of 2-2:5. To reduce 
losses in the steel, a pulsed feed is employed and the 
central core is demagnetized by a pulsed current. 
The demagnetizing current pulse is 5 to 10 times 
longer than the pulse of the main current. To reduce 
the dimensions of the arrangement, the demagnetizing 
coil is fitted into the body of the pole. As a result, 
the radius of the equilibrium orbit and the dimensions 
of the doughnut are not reduced. 

The best utilization of the magnetic properties of 
the material and the reduction of the dimensions of 
the coils, when pulsed feeding is used, result in a 
saving of 30-40 per cent in the weight of the electro- 
magnet. The electromagnet is of symmetric shape 
forming a closed cylinder. The dimensions of the 
system are as follows: height of the electromagnet 
42 cm, diameter, 59-5 cm, power consumption 6°5 kV, 
weight about 1000 kg. A machine of the same energy 
developed in Switzerland weighs 7 tons. 

MosKALEV"” suggested and constructed a stereo- 
betatron with two accelerating chambers and without 
any branching of magnetic flux; it is intended for use 
in medicine and in the detection of metal defects 

This betatron is in essence a combination of two 
betatrons constructed as one and produces four 
beams which intersect at one point. In its medical 
use this allows the irradiation of a deep tumour from 
four directions, so that the radiation dose applied to 
the tumour can be increased fourfold without 
increasing the surface dose. 


Fic. 2.—The electromagnet of the stereo-betatron. A, B possible positions for two targets. 
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It is also possible to get the beams to intersect in 
pairs, one point of intersection on each side of the 
apparatus. In studies of metal defects in industrial 
production stereo-photographs of two articles can be 
made simultaneously. The long base line of each 
pair of beams makes it possible to determine very 
accurately the depth of a metal defect. 

GorBuNOvV"” used a betatron for laboratory study 
of metal defects in articles of great thickness. Dosi- 
metric apparatus specially developed enables one to 
determine automatically the dose necessary for a given 
article. Tables and graphs have been produced giving 


| 


Electromagnet of the 25 MeV betatron. 
Inserted disks. 


4. Coil 5. Textolite layer. 


the exposures required to give various degrees of 
photographic plate blackening for various thicknesses 
of specimen. 

In addition to those described, other accelerators 
are being developed at the TPI, including accelerators 
of greater yield, small size betatrons for studying 
metal defects in factory products under industrial 
conditions and a pulsed betatron of very high 
radiation intensity. 

The betatrons developed at the TPI are compara- 
tively cheap, reliable and stable in operation. Their 
maintenance is simple. They can be employed 
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successfully in the country’s industry and in medical 
work, where, as is well known, betatrons have valuable 
scientific and technical uses. 


DETAILS OF THE BETATRON OF 
25 MeV ELECTRON ENERGY 

The electromagnet of this betatron (Fig. 3) has an 
E-shaped yoke made of electro-technical sheet steel 
E42 (plate thickness 0-35 mm). The sheets are insu- 
lated with bakelite varnish. The profiled pole pieces 
consist of stamped sheets of the same material. The 
plates are positioned radially. The whole pole con- 
sists of 224 sectors with 19 plates in each sector 
(Fig. 4). Two disks of radial steel plates are inserted 
into the central region of the pole gap. 

The electromagnet operates at mains frequency 
so that complicated and costly high frequency genera- 
tors are unnecessary. As a result the circuit scheme 
is simple (Fig. 5) and reliable in operation. The mains 
frequency is fed into the primary winding of the 
magnet. The effective magnetic flux is produced by 


Fic. 5.—Feed circuit for the betatron magnet. 


the secondary (magnetizing) winding the circuit of 
which includes a condenser battery, C, of 70 uF 
capacity (power of about 100 kVA) which serves to 
compensate the reactive power consumed by the 
machine. When the voltage across the terminals of 
the secondary winding, Us, is 6 kV, the current is 
about 130A. The induction is then 13,100 gauss in 
the steel of the central disks and 9000 gauss in the 
yoke. The profiled region of the air gap extends to 
11-5 cm in the radial direction. The height of the 
air gap at the equilibrium radius ry (ry = 21 cm) is 
7 cm. The steel of the magnet weighs 3200 kg. The 
index of the fall-off of the magnetic field in the air 
gap is 0-75. 

In Fig. 6 graphs are given of the azimuthal variation 
OH of the magnetic field. 

Along the equilibrium orbit the azimuthal variation 
of the field has a clearly discernible first harmonic 
which has a value of up to 8-10 gauss unless a 
correction is made. The azimuthal variations are 
decreased by means of special compensating coils 
placed in vertical stacks so as to modify the magnetic 
field of the yoke. 


gauss 


OH, 
DW O 


y, degrees 


Fic. 6.—Graph of the azimuthal variation of the magnetic 
field of a betatron. 
a—before correction. 
b—after correction. 


Recently a method has been used in which the 
magnet yoke assembly is loaded uniformly with mag- 
netic flux; this is achieved by splitting the yoke 
suitably into separate regions. In this case, the 
azimuthal inhomogeneity of the field decreases 5 to 7 
times and no additional correction is needed. This 
method has been worked out by Fitippov of this 
Institute and has not been published before. 

The doughnut is of porcelain or glass (Fig. 7) and 
has branch pipes for connexion to the vacuum 
pumps and for the electron injector. The cross- 
section of the doughnut is ellipsoidal with axes of 11 
and 5-6 cm. 

Fig. 8 shows schematically the three electrode 
electron injectors used in the betatron. Fig. 9 shows 
the circuit for pulsed operation of the injector. The 


Fic. 8.—Schematic diagram of the three electrode betatron 
injectors. 

2. Focussing electrode. 3. Anode. 

a=1mm 6=1-1mm. 


1. Cathode. 
4. Target. 
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Fic. 4.—Betatron magnet pole-piece. 


Fic. 7.—Glass doughnut with attached injector and deflector. The aluminium extraction window 
is at the front of the picture. 
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Fic. 9.—Circuit scheme for pulsed operation of the betatron 
injector. 


pulse shaping line | is charged from the rectifier 2. 
At the required moment a pulse from a permalloy 
probe in the magnetic field of the betatron ignites the 
thyratron 3 and the condensers of the pulse shaping 
line are discharged through the primary winding of the 
pulse transformer. The voltage pulse, transformed to 
30-35 kV is applied to the cathode of the injector. 
The active period of the injector is determined by the 
active period of the cathode. 

At the end of the accelerating cycle a current pulse 


Choke R, 


Fic. 10.—Circuit scheme for the coils displacing the electrons 
from the equilibrium orbit 


Vi: VG 213; Vg: VG 129; Vs: TG1 400/16. 
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in a special coil, either on the central core or the poles 
above and below the doughnut, destroys the betatron 
condition so that the electrons spiral outwards and 
are thrown on to the target, a tungsten plate attached 
to the rear side of the injector anode. In the target, 
the electrons are decelerated and emit extremely hard 
radiation. 

The circuit which feeds the current pulse through 
the deflector coils is given in Fig. 10. The condenser 
C, is charged from a discharge tube rectifier 1 (V4) 
up to 200-250 V and the condenser C, up to 4 keV 
from rectifier 2 (V,). A gating pulse reaches the grid 
of the thyratron V; from the permalloy probe via a 
delay circuit, the condenser C, discharges through 
the thyratron V; and the resistance Ry, after the 
gating pulse reaches the grid of thyratron V,. Con- 
denser C, discharges via thyratron L, through the 
deflecting coil. All the electronic circuits are assembled 
in units and mounted on a small control desk. 

The radiation yield of this betatron reaches 60 
r/min at 1 m from the target. The 25 MeV betatron 
is installed in the Tomsk Medical Institute and is 
used for clinical and research purposes. 


REFERENCES 
1. MetikHov S. Dissertation, Tomsk Polytechnical 
Institute (1954). 
. CHUCHALIN I. P. Dissertation, Tomsk Polytechnical 
Institute (1955). 
3. M. F. Izvestiya, Tomsk Polytechnical Institute 
87, 67 (1957). 
4. LESHCHENKO I. G. Dissertation, Tomsk Polytechnical 
Institute (1955). 
5. ANAN’EV L. M. Dissertation, Tomsk Polytechnical Institute 
(1956). 
6. Dimov G. I. Dissertation, Tomsk Polytechnical Institute 
(1954). 
7. Noskov D. A. Dissertation, Tomsk Poly:echnical Institute 
(1954). 
8. SoLNitsev B. A. Dissertation, Tomsk Polytechnical Institute 
(1955). 

10. Vorospiev A, A., KONONOV B. A., MOSKALEV VY. A. and 
SokoLov L. S. Izvestiya, Tomsk Polytechnical Institute 82, 
149 (1956). 

11. MosKALev V. A. Zh. tech. Fis. 26, 2060 (1956). 

12. GorBuNOV V. I. Izvestiya, Tomsk Polytechnical Institute 
87, 411, (1957). 


tN 


1 
lo ls 
V, V> 8 
> 
| 
3 Ro 
OQ 
= 
Vol. 
1 
59/6C 4 
a 
| 
43 
=> 
4 
ail | 4 
| 
| 
4 
4 


J. Nucl. Energy, Part C: Plasma Physics, 1959, Vol. 1, p. 96. Pergamon Press Ltd. Printed in Northern Ireland 


NOTE 


A negative-ion injector for a charge-exchange 
electrostatic generator* 


A new type of negative ion injector has been developed by 
YA. M. FoGeL, A. G. Kovat and A. D. Timortev at the 
Physico-technical Institute of the Ukrainian Academy of 
Sciences. A powerful source of positive ions, producing a 


* Translated from Atomnaya Energiya 5, 590 (1958). 


current of up to 7mA, is used in conjunction with a charge- 
exchange target consisting of a supersonic jet of mercury 
vapour in vacuum. At the output a mass spectrometer selects 
mono-energetic negative ion beams, each of fixed mass. The 
instrument is shown in an accompanying figure. Negative-ion 
beams of the following intensities have been obtained : 
hydrogen, 70 “A; helium, 0-17 uA; oxygen, 40 wA. 


Fic. 1.—The negative-ion injector. 
1—anode of the ion source; 2—spiral cathode; 3—electron 
repeller; 4—source magnet coil; 5—source housing; 6—ion 
extraction electrode; 7—beam outlet diaphragm; 8—insulator 
for the input channel; 9— insulator for the outlet diaphragm; 
10—insulating connexion to the vacuum system; 11—insulat- 
ing connexion to the mass-analyser. 
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CURRENT PAPERS IN PLASMA PHYSICS, ACCELERATORS AND 
THERMONUCLEAR RESEARCH 


Each issue of this journal will include a list of the titles of papers and reports on 


plasma physics, accelerators, and thermonuclear research, appearing in some 50 to 100 
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as possible, and would be glad to hear of any important omissions so that these may be 
included in the next issue. The present list includes publications appearing since Ist 


January 1959. 


(i) Current Papers in Plasma Physics and 
Thermonuclear Research 
LINHART J. G. (1959) Accelerated Self-constricted, 
Electron Streams in Plasma Proc. Roy. Soc. 249 
318. 


LupForD G. S. S. (1959) The Structure of a Hydro- 
magnetic Shock in Steady Plane Motion J. Fluid 
Mech. 5, 67. 


DuTTon J. and Jones E. (1959) Electrical Discharges 
Nature, Lond. 183, 91. 


GiBson A. (1959) Possibility of lon Runaway in Zeta 
Nature, Lond. 183, 101. 


REAGAN D. (1959) A Non-Thermal Direct-Current 
Plasma-heating Mechanism Nature, Lond. 183, 102. 


BAKER G. A. (1959) Some Rigorous Results for a Model 
Imperfect Gas Amer. J. Phys. 27, 29. 


LupForD G. S. S. (1959) On Initial Conditions in 
Hydromagnetics Proc. Camb. Phil. Soc. 55, 141. 


SCHIRMER H. and FRIEDRICH J. (1959) Thermal Con- 
ductivity of a Plasma = Z. Physik 153, 563. 


VAINSTEIN E. E. and BetyAev Yu. I. Use of Radio- 
active Isotopes in Studying the Spatial Distribution of 
Elements in Direct Current Arc Plasma During 
Spectrochemical Determination of Impurities in 
Uranium. J. Appl. Rad. Isotopes 4, 179. 

BICKERTON R. J. and Jukes J. D. (1959) The Direct 
Conversion of Thermonuclear Energy to Electrical 
Power in the Stabilized Pinch J. Nuc/. Energy 8, 
206. 

Harris E. G. (1959) Unstable Plasma Oscillations in a 
Magnetic Field Phys. Rev. Letters 2, 34. 

MonTGoMERY D. (1959) Development of Hydro- 
magnetic Shocks from Large-Amplitude Alfvén Waves 
Phys. Rev. Letters 2, 36. 

Sumi M. (1959) Excitation of Oscillations in a Plasma 

Layer Phys. Rev. Letters 2, 37. 


ZyRYANOV P.S. and TaLtutz H. H. On Acoustic- 
Electrical Phenomena in a Degenerate Electron-Ion 
Plasma. Zh. eksp. teor. Fiz. 36, 145. 

PEKAREK L. Experimental Verification of the Theory of 
the Successive Production of Striations in a Glow 
Discharge, Czech. J. Phys. 9, 67. 

NovaK M. (1959) A Note on the Theory of the Suc- 
cessive Production of Moving Striations in the Plasma 
of Inert Gases Czech. J. Phys. 9, 78. 

HERMOCH V. (1959) A Contribution to the study of 
Electrode Spaces of High-Current Short-duration 
Electric Discharges Czech. J. Phys. 9, 84. 

Brown S. C. (1959) The Interaction of Microwaves 
with Gas-Discharge Plasma /RE Trans. Micro- 
wave Theory and Techniques, MTT-7, 69. 

ANDERSON O., BAKER W. R., BRATENAHL A., FURTH 
H. P. and KUNKEL W. B. (1959) Hydromagnetic 
Capacitor J. Appl. Phys. 30, 188. 

Patrick R. M. and BROGAN T.R. (1959) One- 
Dimensional Flow of an Ionized Gas through a 
Magnetic Field J. Fluid Mech. 5, 289. 

ALLIBONE T. E. (1959) Fusion of Heavy Hydrogen 
Nature, Lond. 183, 569. 

Mott-SmitH H. M. (1959) Heating of Positive Ions in 
a Thermonuclear Plasma Nuc/. Sci. Engng. 5, 68. 

Boyp R. L. F. and Twippy N. D. (1959) Electron 
Energy Distributions in Plasmas. I. Proc. Roy. Soc. 
A250, 53. 

HEINTZ W. (1959) Investigation of the High-Frequency 
Spectrum of Periodic Discharges Z. Angew. Physik 
11, 51. 

BLANKFIELD J. and McVirtie G. C. (1959) A Method 
of Solution of the Equations of Magneto-Hydro- 
dynamics Arch. Rational. Mech. Anal. 2, 411. 

JANCEL R. and KAHAN T. (1959) Theoretical Study of 
the Electronic Distribution in an Heterogeneous, 
Anisotropic Lorent Plasma J. Phys. Rad. 20, 35. 


1 
JO 1. 
4 
97 
7 


98 Current papers in plasma physics, accelerators and thermonuclear research 


REYNOLDs S. I. (1959) Surface Charges produced on 
Insulators by Short- and Long-time Ionization, 
Nature, Lond. 183, 671. 

KomeEL’kov V. S. (1959) Selfconstricting Discharges 
in Deuterium at High Rates of Current Growth 
Soviet Phys. JETP 35(8), 10. 

GRANOVSKII V. P. and RiuMINA K.P. (1959) Obser- 
vations of the Pinch Effect at Decreasing Currents 
Soviet Phys. JETP 35(8), 33. 

AKHIEZER A. I. and SiteNnko A. G. (1959) Theory of 
Excitation of Hydromagnetic Waves Soviet Phys. 
JETP 35(8), 82. 

STEPANOV K. N. (1959) On the Damping of Electro- 
magnetic Waves in a Plasma Situated in a Magnetic 
Field Soviet Phys. JETP 35(8), 195. 

SHPIGEL I. S. (1959) Plasma Acceleration Zh. eksp. 
teor. Fiz. 36, 411. 


YANKOV V. V. (1959) On the Behaviour of a Con- 
ducting Gaseous Sphere in a Quasistationary Electro- 
magnetic Field Zh. eksp. teor. Fiz. 36, 560. 

VeDENOV A. A. (1959) Thermodynamic Properties of a 
Degenerate Plasma Zh. eksp. teor. Fiz. 36, 641. 


ACHTERBERG H. and MICHEL J. (1959) Some Results on 
Moving Layers in Neon Glow Discharges Ann. 
Physik 2, 365. 

KAHN F. D. (1959) Long-Range Interactions in Ionized 
Gases in Thermal Equilibrium Astrophys. J. 129, 
205. 

PARKER E. N. (1959) Plasma Dynamical Determination 
of Shock Thickness in an Ionized Gas, Astrophys. J. 
129, 217. 

THEIMER O. and HOFFMAN H. (1959) On the Relation 
Between Holtsmark’s Microfield Distribution Func- 
tion and the cut-off Value of the Collision Parameter 
in Fully lonized Gases Astrophys. J. 128, 224. 

ROSTOKER N. and ROSENBLUTH M. N. (1959) Theo- 
retical Structure of Plasma Equations Phys. Fluids 
2, 23. 

GREEN H. S. (1959) Propagation of Disturbances at 
High Frequencies in Gases, Liquids and Plasmas 
Phys. Fluids 2, 31. 

Weibev E. S. (1959) On the Confinement of a Plasma 
by Magnetostatic Fields Phys. Fluids 2, 52. 

BERNSTEIN W. and KRANz A. Z. (1959) Ohmic Heating 
in the B-1 Stellarator Phys. Fluids 2, 57. 

MITCHNER M. (1959) Magnetohydrodynamic Flow in a 
Shock Tube Phys. Fluids 2, 62. 

REAGAN D. (1959) Some Compression Waves in 
Plasmas Phys. Fluids 2, 93, 


SCHWARTZ S. B. and ZirIN H. (1959) Ionization of 
Fe XIV in a Hot Plasma Phys. Fluids. 2, 94. 

KRrook M. (1959) Structure of Shock Fronts in Ionized 
Gases Ann. Phys. 6, 188. 


THUMWOOD R. F. (1959) Production of X-rays During 
a Low-pressure Gas Discharge J. Appl. Phys. 10, 
147. 


ZHIGULEV V. N. (1959) Theory of the Electric Dis- 
charge in a Moving Conducting Medium Doki. Akad. 
Nauk SSSR 124, 1226. 


SCHREIDER E. (1959) Measurements of Intensities in the 
Balmer Series and Determination of Concentration of 
Excited Atoms in a Discharge Opt. Spektro. 6, 279. 


MARCH N. H. and YounG W. H. (1959) Probability 
Density of Electron Separation in a Uniform Electron 
Gas Phil. Mag. 4, 384. 


KARASIK V. R. (1959) Apparatus for obtaining strong 
magnetic fields of short duration Prib. tekh. eksp. 
1, 142. 


McInTOosH B. A. (1959) An experimental study of 
interception noise in electron streams at microwave 
frequencies Canad. J. Phys. 37, 285. 


WiTHaM G. B. (1959) Some Comments on Wave Pro- 
pagation and Shock Wave Structure with Application 
to Magnetohydrodynamics Comm. Pure Appl. Math. 
12, 113. 


OLIPHANT M. L. (1959) The Possibilities of Thermo- 
nuclear Power and its significance for Australia /nst. 
Prod. Engrs. J. 38, 165. 


WUERKER R. F., SHELTON H. and LANGMuIR R. V. 
(1959) Electrodynamic Containment of Charged 
Particles J. Appl. Phys. 30, 342. 


WUERKER R. F., GOLDENBERG H. M. and LANGMUIR 
R. V. (1959) Electrodynamic Containment of Charged 
Particles by Three-Phase Voltages J. App/. Phys. 
30, 441. 

ARMSTRONG R. J. (1959) A method of Studying the 
Electrical Recovery of a Gas after a Pulse Discharge 
J. Electro. Contr. 6, 162. 


BEARD D. (1959) Microwave Emission from High- 
Temperature Plasmas Phys. Rev. Letters 2, 81. 


REAGAN D. (1959) Fast Ion Heating, Phys. Rev. 
Letters 2, 82. 


Weise E. S. (1959) Spontaneously Growing Transverse 
Waves in a Plasma Due to an Anisotropic Velocity 
Distribution Phys. Rev. Letters, 2, 83. 

LiuBarskul G. 1A. and PoLovin P.V. (1959) Simple 
Magnetoacoustic Waves Soviet Phys. JETP 338), 
351. 


Current papers in plasma physics, accelerators and thermonuclear research 99 


PoLoviN R. V. and LruBarsku G. IA. (1959) Impossi- 
bility of Rarefaction Shock Waves in Magnetohydro- 
dynamics Soviet Phys. JETP 338), 351. 


LarisH E. and SHEKHTMAN I. (1959) Production of 
Two Temperatures in an Ionized Gas in a Magnetic 
Field Soviet Phys. JETP 358), 355. 


MCNALty J. R. (1959) Role of Spectroscopy in Thermo- 
nuclear Research J. Opt. Soc. Amer. 49, 328. 


Logs L. B. (1959) Significance of Formative Time Lags 
in Gaseous Breakdown Phys. Rev. 113, 7. 


FANG P. H. (1959) Conductivity of Plasmas to Micro- 
waves Phys. Rev. 113, 13. 


AKHIEZER A. I., LruBARSKII G. IA. and POLOvIN R. V. 
(1959) The Stability of Shock Waves in Magneto- 
hydrodynamics Soviet Phys. JETP 338), 507. 


GoLitsyn G. S. (1959) Unidimensional Motion in 
Magnetohydrodynamics Soviet Phys. JETP 35,(8), 
538. 

Go.itsyN G.S. and STANIUKOVICH K. P. (1959) 
Some Remarks on the Structure of Shock Waves 
Soviet Phys. JETP, 33(8), 575. 

BoRZUNOV N. A., ORLINK!I D. V., and Osovets S. M. 
(1959) Investigation of High Current Pulse Discharge 
in Conical Chambers Zh. eksp. teor. Fiz. 36, 717. 

CayLess M.A. (1959) Excitation and Ionization Rates 


of Mercury in Discharge Plasmas J. App/. Phys. 10, 
186. 

GERMAIN P. (1959) On the Structure of Certain Shock 
Waves in a Fluid Conductor in the Presence of a 
Magnetic Field C.R. Soc. Biol., Paris 248, 1929. 

LupForD G. S. S. (1959) The Propagation of Small 
Disturbances in Hydromagnetics J. Fluid Mech. 5, 
387. 

CHIA-SHUN YIH (1959) Ring vortices generated electro- 
magnetically Fluid Mech. 5, 436. 

CHESTERMAN W. D. (1959) The Fourth International 
Congress on High-Speed Photography, Report of 
Meeting: Cologne, September 1958, J. Photogr. 
Sci. 7, 21. 

Boyer K. and Litt.e E. M. (1959) Soft X-rays from a 
magnetically compressed plasma in Scylla Phys. 
Rev. Letters 2, 279. 

GrieM H. R. and Kors A. C., (1959) Bremsstrahlung 
from Dense Plasmas Phys. Rev. Letters 2, 281. 

Loos H. G. (1959) Heating and Confinement of a 
Plasma by a Magnetic Field of External Origin and 
with a short rise time Phys. Rev. Letters 2, 282. 

FAINBERG YA. B. (1959) The acceleration of particles in 
a plasma Atomnaya Energiya 6, 431. 


FAINBERG YA. B. (1959) A non-linear theory of slow 
waves in a plasma A/fomnaya Energiya 6, 447. 


HERMOCH V. (1959) The vapour jets of electrode 
material of a short-time high-intensity electric dis- 
charge Czech. J. Phys. 9, 221. 


Dawson J. M. (1959) Non-linear Electron Oscillations 
in a Cold Plasma Phys. Rev. 113, 383. 

TONKS L. (1959) Trajectory-Wise Analysis of Cylind- 
rical and Plane Plasmas in a Magnetic Field and 
Without Collisions Phys. Rev. 113, 400. 

ALSTON L. L. (1959) The Impulse Initiation of Arc 
Discharges Proc. J.E.E. A106, 133. 

Neu H. (1959) Theory of voltage-current characteristics 
of the steady glow discharge—I. Low currents Z. 
Physik 154, 423. 

RAWER K. and Sucuy K. (1959) Longitudinal and 
transverse waves in a Lorentz plasma Ann. Physik 
3, 155. 

STARR W. L. (1959) Impulse from an exploding wire 
plasma accelerator J. Appl. Phys. 30, 594. 

KovaL’skii N. G. and PopGornyi I. M. (1959) 
Energy of the X-rays emitted by intense pulsed dis- 
charges in hydrogen Soviet Phys. JETP 35(8), 
656. 

LAZUKIN VY. N. (1959) Oscillations of a plasma beam 
in a magnetic field at frequencies close to cyclotron 
frequencies Zh. eksp. teor. Fiz. 36, 969. 

GaBOVICH M. D. and PASECHNIK L. L. (1959) Ano- 
malous electron scattering and excitation of plasma 
oscillations Zh. eksp. teor. Fiz. 36, 1025. 

VeDENOV A. A. and A. I. LARKIN (1959) The state 
equation of a plasma = Zh. eksp. teor. Fiz. 36, 1133. 
VELIKHO E. P. (1959) Stability of a phase Poiseuille 
flow of an ideally conducting fluid in a longitudinal 

magnetic field Zh. eksp. teor. Fiz. 36, 1192. 

LyuUBARSKY G. YA. and POLOVIN R. V. (1959) On the 
disintegration of unstable shock waves in magneto- 
hydrodynamics Zh. eksp. teor. Fiz. 36, 1272. 

MaZING M. A. and MANDELSHTAM S. L. (1959) 
Broadening of spectral lines in a highly ionized plasma, 
Zh. eksp. teor. Fiz. 36, 1329. 

Zaitsev A. A. and Leonov G. S. (1959) Electron 
oscillations in a plasma Zh. eksp. teor. Fiz. 36, 
1332. 

FAINBERG JA. B. and TKALICH V. S. (1959) On the 
reflexion of an electromagnetic wave from the plasma 
moving through a dielectric in a constant magnetic 
field Zh. tekh. Fiz. 29, 491. 

KAHN F. D. Velocity changes of charged particles in 
a plasma Astrophys. J. 129, 468. 


+4 
i, 

Jole 
1 4 
59/60 
4 

; 
4 
Py: 


100 Current papers in plasma physics, accelerators and thermonuclear research 


TREHAN S. K. (1959) The effect of fluid motions on the 
stability of twisted magnetic fields Astrophys. J. 
129, 475. 

LEVENGOOD W. C. (1959) Hydromagnetic effects under 
conditions of localized thermal instability Astrophys. 
J. 129, 483. 

Rozis-SAULGEOT A. (1959) Magnetic fields in force 
free fields (with Lorentz forces) C.R. Soc. Biol., 
Paris 248, 2555. 

Wart A. A. (1959) Recent Thermonuclear Experiments 
with Sceptre IIA—I Engineer 207, 723. 

Wart A. A. (1959) Recent Thermonuclear Experiments 
with Sceptre IIITA—II Engineer 207, 760, 

BUCHNER G. (1959) Extinction of Arcs by Lengthening 
in a Magnetic Field Engineers’ Digest 20, 209. 

BALESCU R. (1959) Irreversible processes in a plasma 
Physica 25, 324. 

Dawson J. and OBERMAN C. (1959) Oscillations of a 
Finite Cold Plasma in a strong magnetic field Phys. 
Fluids 2, 103. 

BERNSTEIN I. B. and RaBinowiTz I. N. (1959) Theory 
of electrostatic probes in a low-density plasma Phys. 
Fluids 2, 112. 

MEECHAN W. C. (1959) Some exact solutions of the 
Navier-Stokes and the hydromagnetic equations 


Phys. Fluids 2, 121. 
CHIA-SHUN YIH (1959) Inhibition of hydrodynamic 


instability by an electric current Phys. Fluids 2, 
125. 

ALPHER R. A. and Wuite D.R. (1959) Optical 
refractivity of high temperature gases—I. Effects 
resulting from dissociation of diatomic gases Phys. 
Fluids 2, 153. 

ALPHER R.A. and WuiteD.R. (1959) Optical 
refractivity of high-temperature gases—II. Effects 
resulting from ionization of monatomic gases Phys. 
Fluids 2, 162. 

CHACE W. G. (1959) Liquid behaviour of exploding 
wires Phys. Fluids 2, 230. 

Yoon K. H. and Spinpi—e H. E. (1959) Dynamic 
response of arcs in various gases Power Apparatus 
and Systems 40, 1634. 

NISHIYAMA T. (1959) Electrostatic interactions in an 
electron-ion gas at high density Progr. Theor. Phys. 
21, 389. 

KaTo Y. (1959) Interactions of hydromagnetic waves 
Progr. Theor. Phys. 21, 409. 

ALLEN K. R. and PHILLIPs K. (1959) Automatic cloud 
chamber for gas discharge studies Rev. Sci. Instr. 
30, 230. 


STEPANOV K. N. (1959) Low-frequency oscillations of a 
plasma in a magnetic field Soviet Phys. JETP 
35(8), 808. 

SCHIRMER H. (1959) Theory of transport phenomena 
in discharges of very high density 2Z. Naturf. 14a), 
318. 

HEROLD H. and FUNFER E. (1959) Effect of longitudinal 
magnetic fields on the linear pinch effect Z. Naturf. 
14(a), 323. 

FUNFER E. and HEROLD H. (1959) Neutron and X 
radiation in the stabilized linear pinch effect Z. 
Naturf. 14a), 329. 

LINHART J. G. and ORNSTEIN L. T. M. (1959) Pro- 
duction of plasma in a toroidal vessel by means of a 
spiral electron beam CERN 59-2. 


MAISONNIER CH. and FINKELSTEIN D. (1959) Beam 
intensity limitation in neutralized space charge 
betatrons CERN 59-11. 

ATKINSON W. R., HOLDEN W. R. and FOWLER R. G. 
(1959) Shock waves reflected by magnetic fields J. 
Appl. Phys. 30, 801. 

HeRMOCH V. (1959) Channel of short-time high- 
intensity electric discharge Czech. J. Phys. 9, 377. 

BRIN A. (1959) Study of the cooling of a gas of charged 
particles in a fully ionized plasma /. Phys. Rad. 20, 
529. 

WraE H. (1959) The magnetic stabilization of low 
pressure A.C. arcs Metropolitan-Vickers Gazette 
30, 119. 

KIsELEV M. I. (1959) Computation of shock waves in 
magnetohydrodynamics Dok/. Akad. Nauk SSSR 
126, 524. 

ZHIGULEV V. N. (1959) Magnetic ‘repulsion’ of a con- 
ducting fluid Dok/. Akad. Nauk SSSR 126, 521. 

KOcHINA N. N. (1959) Exact solutions of equations of 
motion in magnetohydrodynamics which are limiting 
cases of self-similar motions Dok/. Akad. Nauk 
SSSR 126, 528. 

GINZBURG V. L. (1959) Non-linear interaction of radio 
waves propagating in a plasma Soviet Phys. JETP 
35(8), 1100. 

GLOKOVA G. I. (1959) Comparison of the decay rates of 
plasma in hydrogen and deuterium Soviet Phys. 
JETP 35(8), 965. 

TsyTOVICH V. N. (1959) Interaction between a medium 
and a ring current incident on it Soviet Phys. JETP 
35(8), 983. 

SyrovorTskil S.I. (1959) The stability of shock waves in 
magnetohydrodynamics Sovier Phys. JETP 35(8), 
1024. 


Vol 
1 
: 1959, 


CHAO Kali-Hua (1959) Surface oscillations of a charged 
column in a longitudinal magnetic field Soviet Phys. 
JETP 35(8), 1031. 

ADAMS J. B. (1959) European Fusion Research Report 
of CERN Study Group on Fusion Problems, CERN 
59-16. 

Wuite A. D. (1959) New Hollow Cathode Glow Dis- 
charge J. Appl. Phys. 30, 711. 

KIHARA T. (1959) On the coefficients of irreversible 
processes in a highly ionized gas_ J. Phys. Soc. Japan 
14, 402. 

FUKUDA K. and Matumoto H. (1959) Cyclotron 
resonance in gas discharge J. Phys. Soc. Japan 14, 
543. 

Rosson A. E. (1959) Status report on thermonuclear 
research Nucl. Power 4, 98. 

SopuHA M. S. (1959) Electron mobility in partially 
ionized atomic hydrogen Phys. Rev. 113, 1163. 

FOWLER R. G. and ATKINSON W. R. (1959) Electron 
recombination in atomic hydrogen The Phys. Rev. 
113, 1268. 

ALLEN T. K. and BAKER W. R. (1959) Experimental 
generation of plasma Alfvén waves Phys. Rev. 
Letters 2, 383. 

PHILLIPS N. J. (1959) Collisional relaxation in gases 
Proc. Phys. Soc. 73, 800. 

THOMPSON J. B. (1959) Negative ions in the positive 
column of oxygen discharge Proc. Phys. Soc. 73, 
818. 

THOMPSON J. B. (1959) The attachment of slow electrons 
in air and oxygen Proc. Phys. Soc. 73, 821. 

EMELEUS K. G. (1959) Note on the cathode glow = Proc. 
Phys. Soc. 73, 822. 

Y1H CHIA-SHUN (1959) Thermal instability of viscous 
fluids Quart. Appl. Math. 17, 25. 

MANDELSTAM S. (1959) Excitation of the spectrum in a 
spark discharge Spectrochim. Acta Nos. 3/4, 255. 

TAYLER R. J. (1959) The stability of a plasma sheet 
oscillating between conducting walls AERE T/R 
2786. 

Rapionoy S. N. (1959) An experimental test of the 
behaviour of charged particles in an adiabatic trap 
Atomnaya Energiya 6, 623. 

CHIRIKOV B. V. (1959) Resonance processes in magnetic 
traps Atomnaya Energiya 6, 630. 

BoypD R. L. F. and Twippy N. D. (1959) Electron 
Energy Distributions in Plasma Proc. Roy. Soc. 250, 
53. 


Current papers in plasma physics, accelerators and thermonuclear research 


101 


GorDEEV G. V. (1959) Influence of end boundaries on 
plasma rotation in a magnetic field Zh. tekh. Fiz. 
29, 759. 

DunGey J. W. (1959) Strong hydromagnetic dis- 
turbances in a collision-free plasma Phi/. Mag. 4, 
585. 

FEINBERG YA. B. and GoORBATENKO M. F. (1959) 
Electromagnetic waves in plasma in magnetic field 
Zh. tekh. Fiz. 29, 549. 

ALLEN K. R. and PHILLips K. (1959) Effect of Radia- 
tion on the Breakdown of Homogeneous Field and 
Sphere Gaps Nature, Lond. 183, 233. 

LupForD G. S. S. (1959) The structure of a hydro- 
magnetic shock in steady plane motion J. Fluid 
Mech. 5, 67. 

SCHIRMER H. and FRIEDRICH J. (1959) Thermal con- 
ductivity of a plasma Z. Physik. 153, 563. 

HARRISON J. A. (1959) Self-absorption in an electrode- 
less discharge in hydrogen and helium Proc. Phys. 
Soc. 73, 841. 

FAINBERG B. and TKALICHV. S. (1959) On the reflexion 
of an electromagnetic wave from the plasma moving 
through a dielectric in a constant magnetic field = Z/. 
tekh. Fiz. 29, 491. 

BLANKFIELD J. and McVittie G. C. (1959) A method 
of solution of the equations of magnetohydrodynamics 
Arch. Rational. Mech. Anal. 2, 411. 

Lyxoupis P. S. (1959) Channel turbulent flow of an 
electrically conducting fluid in the presence of a 
magnetic field Report No. A-59-4, Purdue Univer- 
sity. 

SALMON J. (1959) Recent developments in controlled 
fusion (U.S.A) Energie Nucléaire, 1, 33. 

MarTIN A. J. J. and F. J. YOUNG (1959) Magnetic 
confinement of thermonuclear reactor J. Phys. Rad. 
(Phys. Appl.) 20, 1. 

Lusimov G. A. (1959) A shock wave with a gas 
conductivity jump in an electromagnetic field Dok/. 
Akad. Nauk SSSR 126, 291. 

HESSELBERG-JENSEN T. (1959) On the Optimization of 
the Tritium Enrichment with Respect to the Energy 
Balance in Steady State Thermonuclear Reaction 
Risé Report No. 6. 

Ketty D. C. (1959) General theory of the microwave 
conductivity of a plasma in a magnetic field 8u//. 
Amer. Phys. Soc. Ser. Il, 4, 318. 

BARUCH P. (1959) Heating of a plasma by an oscillating 
magnetic field Energie Nucléaire 1, 94. 

ALLIBONE T. E. (1959) Fusion of Heavy Hydrogen 

Canad. J. Phys. 15, 5. 


Vol. 
59/60 
4 
F 
a 
4 
q 
4 


102 Current papers in plasma physics, accelerators and thermonuclear research 


TANNENWALD L. M. (1959) Coulomb scattering in a 
very strong magnetic field Phys. Rev. 113, 1396. 


BOGDANKEVICH L. S. (1959) Investigation of a current 
carrying ring uniformly moving in a plasma located in 
a magnetic field Zh. eksp. teor. Fiz. 36, 835. 


Warp A. L. (1959) Effect of space charge in cold- 
cathode gas discharges Phys. Rev. 112, 1852. 

Mirtsuk V. E. et al. (1959) The electric field in a 
microwave plasma as a function of time Zh. eksp. 
teor. Fiz. 36, 1603. 

Zaitsev A. A. (1959) A possibility of determining the 
potential of a plasma volume from the characteristics 
of noise produced in the gas discharge Zh. eksp. 
teor. Fiz. 36, 1590. 

VELIKHOV E. P. (1959) Stability of an ideally conducting 
liquid flowing between rotating cylinders in a magnetic 
field Zh. eksp. teor. Fiz. 36, 1398. 

KLIMONTOVICH Yu. L. (1959) Charged particle energy 
losses due to excitation of plasma oscillations Zh. 
eksp. teor. Fiz. 36, 1405. 

STEPANOV K. N. (1959) On penetration of an electro- 
magnetic field ina plasma Zh. eksp. teor. Fiz. 36, 
1457. 

PIKELNER S. B. (1959) Structure of a magnetohydro- 
dynamic shock wave in a partially ionized gas Zh. 
eksp. teor. Fiz. 36, 1536. 

SawyeR G. A., Scott P. L. and StTRaTTon T. F. 
(1959) Experimental demonstration of hydromagnetic 
waves in an ionized gas} Phys. Fluids 2, 47. 

CARRUTHERS R., MITCHELL J. T. D., THONEMANN P. C., 
Pease R. S. and Butt E. P. (1959) Design and 
performance of ZETA Engineer 207, 761. 

JepucotTt D. F. (1959) Alfvén waves in a gas discharge 
Nature, Lond. 183, 1652. 

WRIGHT J. K., Eetes W. T. and Hersert J. D. (1959) 
Some experiments with an electrodeless discharge 
Nature, Lond. 183, 1665. 

KovAL’sHil N. G., PopGornyi I. M. and KHVASH- 
CHEVSKII S. (1959) Energy of the X-rays emitted by 
intense pulsed discharges in hydrogen Soviet Phys. 
JETP 35(8), 656. 

Maunarrey D. W. (1959) New experimental results for 
plasma electron oscillations J. Elect. Contr. 6, 193. 

Ritow H. (1959) The space charge field emission hypo- 
thesis applied to Hayashi data on discharges through 
gases J. Elect. Contr. 6, 236. 

BARAHANENKOV Iv. N. (1959) Hydrodynamic analysis 
of the compression of a rarefied plasma in an axially- 
symmetric magnetic field Soviet Phys. JETP 
35(8), 893. 


KLIMONTOVICH Iu. L. (1959) On a possible statistical 
description of systems of particles interacting with the 
field Soviet Phys. JETP 35, 891. 


Liuparskit G. IA. and PoLovin R. V. (1959) The 
splitting of a small discontinuity in magnetohydro- 
dynamics Soviet Phys. JETP 35(8), 901. 

AVALOV R. G. and Biakov V. M. (1959) The accelera- 
tion of cosmic rays in a fluctuating magnetic field 
Soviet Phys. JETP 35(8), 826. 


STEPANOV K. N. (1959) Low frequency oscillations of a 
plasma in a magnetic field Soviet Phys. JETP 35(8), 
808. 


KONTOROVICH V. M. (1959) On the interaction between 
small disturbances and discontinuities in magneto- 
hydrodynamics and on the stability of shock waves 
Soviet Phys. JETP 35(8), 851. 


WANDEL C. F. (1959) Energy exchange by Coulomb 
encounters for Maxwellian ion mixtures in the plasma 
states Ris6 Report No. 4. 


RANDELS J. (1959) High frequency properties of a 
uniform plasma—I. General formalism and its appli- 
cation to a force free plasma AERE-R2916. 


BoRZUNOV N. A., ORLINSKY D. V. and Osovets S. M. 
(1959) Investigation of pulsed high current gas 
discharge by high speed photography J. Nucl. 
Energy 9, 135. 

KoGaN V. I. (1959) Electron temperature and degree of 
ionization in the initial stage of a pulsed high current 
gas discharge J. Nucl. Energy 9, 140. 


BoRZUNOV N. A., KOGAN V. I. and OrLINsky D. V. 
(1959) An estimate of electronic temperature and 
degree of ionization in the initial stages of a pulsed 
high current gas discharge J. Nuc/. Energy 9, 143. 


GENERALOV N. P. (1959) The theory of probes J. 
Nucl. Energy 9, 148. 


SUNDSTROM T and SVENNERSTEDT S. (1959) An experi- 
mental study of the linear pinch stability §=Nuc/. Jnstr. 
Meth. 4, 213. 


KOFOED-HANSEN O. and WANDEL C. F. (1959) On the 
Energy Balance and Reactions Kinetics for Isothermal 
Thermonuclear Reactions Involving Deuterium and 
Tritium Risé Report No. 7 


GOLOVIN I. N. (1959) Studies of trapping fast charged 
particles in the USSR Moscow, USSR. Acad. Sci. 
In English and Russian. 


ABELE M. and MeckBAcH W. (1959) Design and 
Performance of a Hot Cathode Magnetically 
Collimated Arc Discharge Ion Source Rev. Sci. 
Instr. 30, 335. ‘ 


(ii) Current Papers in Accelerators 


JENNINGS R. E. (1959) The Microtron—an Electron 
Accelerator Edgar Allen News 38, 53. 


PANASYUK V. S. (1959) Motion of Charged Particles in 
the Central Region of a Cyclotron J. Nuc/l. Energy 
8, 256. 


RYAZIN P. A. and MINERVIN A. B. (1959) Electron 
Capture During the Acceleration Phase in Betatrons 
and Synchrotrons Atomnaya Energiya 6, No. |. 


Harvey A. F. (1959) Radio-frequency Aspects of 
Electro-nuclear Accelerators Proc. /.E.E., 106B, 
43. 


BRONNER W. L. and EHLers K. W. et a/. (1959) High- 
current, 400-kV Cockcroft-Walton Accelerator 
Nucleonics 17, No. 1, 94. 


KuMAGAI H. and Ono K. et al. (1959) 16-in. Variable 
Energy Cyclotron J. Phys. Soc. Japan 14, 1. 


KNORR W. (1959) Production of Magnet Yokes for 
Particle Accelerators Die Atomwirtschaft 1, 25. 


Moroz E. M. et al. (1959) On the Damping of Synchro- 
tron Oscillations Zh. tek. Fiz. 29, 269. 


TEICHMAN J. (1959) The Influence of Fringing on 
Betatron Oscillations in an Accelerator with a 
Sectioned Magnet 1, Czech. J. Phys. 9, 47. 


DUNNAM F. E. (1959) A Tandem Van Graaff Accele- 
rator and Negative Hydrogen Ion Source Dis- 
sertation Abstracts 19, 1799. 


WEISSBLUTH M. and KarsMarK C. J. et al. (1959) 
The Stanford Medical Linear Accelerator—IlI 
Radiology 72, 242. 


Morton A. H. and Smit W. I. B. (1959) Improved 
Cyclotron Performance from Control of Initial Ion 
Motion. Nucl. Instr. 4, 36. 


NysATER H. M. (1959) Accurate Magnetic Field and 
Field Gradient Measuring Instrument for Dynamic 
Low Fields in a Synchrotron Magnet Nuc/. /nstr. 4, 
44. 


MULLER W. and Rempser J. (1959) Considerations on 
the Construction of a Helical Proton Accelerator 
Nucl. Instr. 4, 202. 


GLAZANOV V. N. (1959) Electrostatic Accelerators of 
Charged Particles Atomnaya Energiya 6, No. 2, 
174. 


Ropimov B. N. (1959) Stereotron—the Betatron with 
a Space Equilibrium Orbit A/fomnaya Energiya 6, 
No. 2, 200. 


Current papers in plasma physics, accelerators and thermonuclear research 


103 


AIZUMANOV A. A. and Mrronov E. S. (1959) An 
Application of a Non-uniform Electric Field for 
Charged Particle Extraction from the Cyclotron 
Atomnaya Energiya 6, No. 2. 


Porreca F. (1959) On the Maximal Energy and 
Intensity of the Electrons Accelerated by the 
Microtron Nuovo Cimento 11, 283. 


ALBERIGE A. (1959) Operation at 1000 MeV of the 
Frascati Electronsynchrotron Nuovo Cimento 11, 
311. 


ASKAR’YAN G. A. (1959) Acceleration of Charged 
Particles in Travelling or Standing Electromagnetic 
Waves Zh. eksp. teor. fiz. 36, 619. 


Davies G. R. (1959) High Energy High Current 
Electron Synchrotron Injector J. Sci. /nst. 36, 306. 


C. E. and Sesster A. M. (1959) Longitudinal 
space charge effects in particle accelerators Rev. 
Sci. Instr. 3, 80. 


MEYERAND R. G. (1959) High-current ion source Rev. 
Sci. Instr. 30, 110. 


PICKAVANCE T. G. (1959) The 7 GeV proton synch- 
rotron Nucl. Engng. 4, 151. 


KOLOMENSKI A. A. and Lepepeyv A. N. (1959) Con- 
cerning the Influence of Radiation in Cyclic Accele- 
rators Nuovo Cimento 11, 458. 


Matveev A. N. (1959) On the Electron Capture 
Mechanism and the Current Limit in Betatrons 
Soviet Phys. JETP 35(8), 259. 


MALAMUD E. and SILVERMAN A. (1959) Magnetic 
Measurements on the Cornell Alternate Gradient 
Synchrotron Nucl. Jnstr. 4, 67. 


Kostin M. D. (1959) Gas Scattering in a Strong 
Focusing Synchrotron Nuc/. Jnstr. 4, 99. 


MAISONNIER C. and FINKELSTEIN D. (1959) Beam 
Intensity Limitation in Neutralized Space Charge 
Betatrons CERN Geneva Report 59-11. 


SAMOILOV I. M. (1959) Electron-optic Electrode Sys- 
tems for Electron Accelerator Injectors Prib i 
tekh. eksp. 2A. 


Moroz E. M. and RaBINovicH M. S. (1959) On the 
Damping of Synchrotron Oscillations Zh. tekh. 
Fiz. 29, 269. 


MATsuDA K., MikuMo T., NISIMURA K., KOBAYASHI S., 
OGAWA H. and ADACHI H. (1959) On the Focusing 
System of the INS Cyclotron Tokyo University 
Institute for Advanced Study Report INSJ 14, 


| 
q 
“ 
Vol. 
59/6C 
4 
4 
J 
‘ 
a 
x 
x 
| 
: 
in 


104 Current papers in plasma physics, accelerators and thermonuclear research 


SasAK! H., YAMAGUCHI S., KOBAYASHI Y., YAMADA R.., 
KuMAGAI H. and YAMAKAWA T. (1959) Magnetic 
Properties of Yoke Block for INS-J BeV electron 
synchrotron. Tokyo University Institute for Ad- 
vanced Study Report INSJ 15. 

MEYERAND R. G. and Brown S.C. (1959) High 
Current Ion Sources. Rev. Sci. Jnstr. 30, 110. 

HADDEN R. J. B. and SpittLe W. (1959) The Effects 
of Proton and Neutron Irradiations on an Epoxy 
Resin Vacuum Chamber Proposed for the Harwell 
7 BeV Proton Synchrotron, A.E.R.E. Report A/R 
2690. 

Or.ov Yu. F., TARASOV E. K. and Kueirets S. A. 
(1959) Damping of Particle Oscillations in a Strong- 
focusing Accelerator Prib i tekh. eksp. No. 1, 17. 

Or.Lov Yu. E. and Kuelrets, S. A. (1959) Distortion 
of the Magnetic Field in a Metallic Vacuum Chamber 
is a Strong-focusing Accelerator Prib. i tekh. eksp. 
No. 1, 21. 

Seip. M. (1959) Statistical Mechanism of Electron 
Capture in the Betatron Zh. eksp. teor. Fiz. 36, 
1305. 

IOGANSEN L. V. and RABINOVICH M.S. (1959) Co- 
herent Electron Radiation in a Synchrotron—I 
Soviet Phys. JETP 35(8), 708. 


LorGREN E. J. (1959) The Bevatron Proc. Acad. Sci. 
U.S.A. 45, 451. 


TEICHMAN J. (1959) An Accelerator with a Helical 
Field Czech. J. Phys. 9, 262. 


FAINBERG YA. B. (1959) The acceleration of particles 
ina plasma Afomnaya Energiya 6, 431. 


FARLEY F. J. M. (1959) 
Trajectories in the CERN Cyclotron, 


Report 59-12. 


RAMLER W. J. and PARKER G. W. (1959) The Argonne 
60-in. Cyclotron Argonne National Laboratory 
Report ANL 5907. 


ROBINSON K. W. (1959) Particle 
CEA(US)-72 Cambridge, Mass. 


GABRIEL R. R. e/ a/. (1959) Simple zero field indicator 
for betatrons Rev. Sci. Instr. 30, 203. 


JACKSON H. E. ef al. (1959) Self-excited 150 kilovolt 
resonant cavity for operation at 87 megacycles. Rev. 
Sci. Instr. 30, 187. 


AJZENBERG-SELOVE F. (1959) Accelerator Conference 
on Exchange of Information on Low Energy Accele- 
rator Techniques in Physics and Industry. Physics 
To-day 12, 26. 


Computation of Particle 
CERN 


extraction 3, 


Vol 
1 


J. Nucl. Energy, Part C: Plasma Physics, 1960, Vol. 1, pp. 105 to 115. Pergamon Press Ltd, Printed in Northern Ireland 


RUNAWAY AND SUPRATHERMAL PARTICLES 


E. R. HARRISON 
Atomic Energy Research Establishment, Harwell, Berks. 


(Received 20 April 1959) 


Abstract—Under certain conditions an electron or ion is accelerated continuously when subject to a force 


greater than the dynamic friction; as a result it is decoupled from its thermal state of motion and is said to be 
‘runaway’. Runaway particles lead to, and form part of, a class of particles which have been referred to 
elsewhere as ‘suprathermal’. The study of the way in which runaway particles are produced and accelerated 
is not only of importance in laboratory gas discharges, but also in a wide variety of applications in astro- 
physics. The subject of runaway electrons and ions is treated, first in a uniform ionized gas in which the 
particles have Maxwellian velocity distributions and, secondly, in a current conducting plasma. The con- 
ditions for decoupling and accelerating particles from their thermal state are discussed and, in particular, it is 
shown that in the case of a weak electric field ions are unlikely to achieve speeds very much in excess of the 
drift speed of the electrons, except in restricted regions where runaway electrons are continually forming and 
escaping. When the ratio of the thermal and magnetic energy densities, given approximately by /, is small, 
the runaway electron current grows rapidly at the expense of the conducting current. A number of ways are 
considered in which the runaway current may grow and become predominant. Finally, the generation of 
suprathermal ions by Fermi interactions is considered, from which it is evident that when f is the order of 


unity the ion gas is heated and when f is small relatively few ions are accelerated to high energies. 


1. INTRODUCTION 

A charged particle moving in a plasma is subject to a 
retarding force due to collisions and the excitation of 
collective oscillations; this retarding force is referred 
to as the dynamic friction (CHANDRASEKHAR, 1943). 
When the particle, initially in a thermal state of 
motion, gains more momentum from an applied force 
than is lost through the dynamic friction, it is 
accelerated; if now the dynamic friction decreases 
with increase in velocity, the particle is continuously 
accelerated and is then said to be ‘runaway’ (WILSON, 
1925; EDDINGTON, 1926). Once the particle has gained 
by this process an energy considerably in excess of the 
mean thermal energy, it becomes decoupled from its 
original thermal state and can be said to be ‘supra- 
thermal’ (PARKER, 1958a). It may happen that after 
the particle has run away into a suprathermal state, 
the dynamic friction increases as the particle energy 
increases; in this case it ceases to be runaway, but 
remains suprathermal so long as the applied force is 
maintained. In general, runaways form a special class 
which either lead to or form part of the suprathermals. 

The study of the production of suprathermal 
particles is of particular interest astrophysically in a 
wide variety of applications (PARKER, 1957; 1958a,b,c; 
PARKER and TIDMAN, 1958a,b,c). The effect of such 
particles in laboratory discharges in the past has been 
less pronounced owing primarily to the small prob- 
1 


ability of their containment; improved methods of 
containment in the future, however, may elevate the 
subject of suprathermal particles to one of prime 
importance in this field. 

The subject of runaway electrons in applied 
electric fields has been dealt with by a number of 
authors (GIOVANELLI, 1947, 1948, 1949; HoyLe, 1949; 
GiBsON, 1956, Dreicer, 1956; 1958; LINHART, un- 
published; HARRISON, 1958) who have assumed 
Maxwellian velocity distributions for the ions and 
electrons in the thermal state. No matter how small 
the applied electric field, it appears that there are 
always electrons in the high energy tail which qualify 
for the runaway state, and which therefore con- 
tinuously contribute to what is virtually a ‘super- 
current’ (LONDON, 1950). It is shown in this paper 
that the runaway electron current will remain small in 
comparison with the conduction current in the time 
taken for the magnetic field to decay provided the 
energy density of the magnetic field is not too large as 
compared with the thermal energy density of the 
electrons. When this condition is not fulfilled, the 
runaway electron current, if it is contained in the 
plasma and constrained to follow a closed circuit, will 
grow rapidly at the expense of the conduction current. 

With regard to runaway ions, however, the 
situation is not quite so simple since the separate 
contributions to the dynamic friction from the ion-ion 
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and ion-electron encounters have their maximum 
effect at widely different values of the ion energy. The 
omission of the ion-electron contribution can lead to 
erroneous conclusions (GEORGE, 1958), as shown by 
GrBson (1959). PARKER and TIDMAN have studied the 
formation of suprathermal ions in a number of 
instances and have also neglected the effect of the 
ion-electron encounters, although in this case their 
results are apparently not seriously affected by this 
omission. When the ion-electron encounters are 
taken into account it is evident that ions do not 
runaway as readily as the electrons. As an example, 
in present day pinch discharges deuterons require an 
energy approaching 0-5 MeV before they are finally 
runaway (THOMPSON ef al., 1958). The problem of 
how ions may be decoupled from a thermal state is of 
particular importance, for example, in pinched dis- 
charges (THONEMANN ef al., 1958; Tuck et al., 1958; 
Wake et al., 1958) in view of the possible existence of 
energetic deuterons (ROSE et al., 1958, JONEs ef al., 
1958); and is also of importance in astrophysics, 
since cosmic rays and other particle fluxes of supra- 
thermal energy most probably originate from a 
thermal state. Because the ion-electron contribution 
is so important, it is essential that the dynamic friction 
should take into account the modified electron 
velocity distribution when considering whether an 
applied electric field will accelerate an ion. Following 
this procedure, it is shown that ions can gain energy 
from the electric field when their charge is less than 
the mean ionic charge of the plasma. If the ion has a 
charge Z,, and the mean ionic charge is Z, the ion is 
accelerated in the direction of the electric field until it 
attains a speed approximately equal to Z/Z,— 1 
times the mean drift speed of the electrons. Clearly, 
it is extremely unlikely that runaway ions will be 
produced in this manner. If, however, runaway 
electrons are not perfectly constrained to a closed 
circuit but are continually lost from regions in which 
they are generated and accelerated, then the ions in 
these regions may achieve appreciable momentum. 
Alternatively, suprathermal ions can be generated by 
the Fermi mechanism; in this case the ions are 
accelerated by collisions with magnetic fields em- 
bedded in systematic or disordered mass motions, as 
discussed by PARKER and TIDMAN. This subject is 
treated in a slightly more elementary manner, as 
compared with the investigations of these authors. 
The present treatment stresses the distinction between 
the Fermi interactions which are responsible for 
accelerating a large fraction of the ions, and therefore 
for heating the ion gas, and the Fermi interactions 
which affect only a small fraction of the ions and 
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accelerate it to relatively large suprathermal energies. 
Here again the decision as to which of these two 
processes applies is governed by the ratio of the 
magnetic and ion thermal energy densities. It is 
possible that in the future accelerators may be con- 
structed which are based on principles of this kind. 

The subject of suprathermal particles is treated, 
first by discussing a uniform plasma in which the ions 
and electrons have Maxwellian velocity distributions 
(Section 2); secondly, in a current conducting plasma 
where the perturbed electron velocity distribution is 
taken into account (Section 3); the estimation of 
runaway electron currents and their possible effects 
in ionized gases is considered in Section 4; finally the 
subject of ion acceleration from a thermal state, 
primarily by Fermi interactions, is touched on in 
Section 5. 


2. UNIFORM PLASMA 
2.1 Dynamic friction for an arbitrary test particle 


In a fully ionized gas, in which the ions and 
electrons have Maxwellian velocity distributions, the 
effect of collisions on a test particle can be found 
(Spitzer, 1956) from the results of CHANDRASEKHAR’S 
(1942, 1943, 1949) investigations into the motion of a 
test star within a star field. Thus, a test particle of 
mass m, and charge e,, having a velocity v, and 
moving in a plasma consisting of field particles of 
mass m,, charge e,, density n,, and temperature 7;, 
experiences a mean rate of change of momentum in the 
direction of its velocity of 

(m,Av,)° = —> 
as a result of the large number of relatively distant 
encounters. The zero superscript in this expression 
for the dynamic friction is used to indicate that the 
field particles have Maxwellian velocity distributions; 
also x, = v,m,/2kT,)*, Dy = In A, where 
A is the mean ratio of the Debye shielding distance to 
the impact parameter for large angle scattering 
(SpITzeR, 1956) ; and 
G(x) = {D(x) — x®’(x)}/2x* 
(x < 1) 
where ©® is the error function. When x, < 1 (that is, 
the test particle has a speed less than the most probable 
or mean random speed of the field particles of type f) 
the dynamic friction with the f type particles conforms 
to Stokes’s law. 

At distances greater than the Debye shielding 

distance the test particle excites collective oscillations 


(1+ 


(2a,b,c) 
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(Pines and Boum, 1952) when its velocity exceeds the 
mean random velocity of the electrons. In the present 
treatment the interest is primarily in the initial stage of 
the acceleration when the particle is decoupled from 
its thermal state; this effect will therefore be small 
and can be neglected. 


2.2 Electron test particle 


Let the plasma consist of electrons (f = 1) having 
a temperature 7, and a density n, and ions (f = 2) 
having a temperature 7, and density n, = n,/Z,, where 
Z, is the ionic charge. For an electron the dynamic 
friction is 
G(X)| 


- 3 


(m,Av,)® = - 
from equation (1), where n, =n, and the quantity 
m,/m, as compared with unity is ignored. From 
equation (2c) it is seen that the electron, if it is to run 
away, must have initially a speed exceeding the mean 
random speeds of both the electron and ion gases, or 
x, > 1, x, > 1. Under these conditions equation (3) 


becomes 
(m,Av,)° = —Dn(1 + 27 Z)/kT,x2 (4) 


where Z now stands for the mean ionic charge number 
defined by 
Z=n, *in,Z, =n (5) 


when the ionized gas consists of ions of different 
charge. 

If current is conducted, as the result of an electric 
field, the velocity distribution of the electrons is 
modified and equation (1) gives only a first approxi- 
mation to the value of the dynamic friction. However, 
in Section 3 it will be seen that equation (4) is 
sufficiently accurate provided x, > 1. It follows that 
an electron of x, > x,(&) is continuously accelerated 
parallel to an electric field of 


E = Dne(1 + 
= 3 x 10’nIn + Z)/Tx,? (€) voltcm™ (6) 


The dynamic friction, in terms of volts per cm, 
is shown in Fig. | for an electron moving through 
an electron—proton plasma in which 7, = 7, and 
In A> 13 


2.3 Ion test particle 
For a test ion of charge Z, the dynamic friction is 
kT, kT, | 


(m,Av,)® = —Z2Dn + 2Z, (7) 


from equation (1). The friction has a first maximum 
when the ion velocity is equal in magnitude to the 
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Fic. 1.—Dynamic friction curves for electron and proton test particle 
moving with a velocity v in a fully ionized gas in which 7, T, 
and In A = 13. 


mean random speed of the ion gas, or x, = 1, as 
illustrated in Fig. 1. Thereafter, the friction drops to 
a minimum value 


m,Av,)° (8) 


trough 
when the ion has an energy of 


2")trougn = (9) 


These results for the trough in the dynamic friction 
curve are obtained by using the approximations of 
equations (2b,c), and their independence of the ion 
temperature holds provided 7,/T, << mg,/m,. 

Between the first maximum and the trough 
minimum of the dynamic friction an ion is free to 
enter into an initial runaway state. Beyond the point 
of minimum friction the ion ceases to be runaway 
owing to the increasing contribution to the friction 
from the ion-electron encounters. The second 
maximum occurs when the ion attains a velocity equal 
in magnitude to the mean random speed of the 
electron gas, or x, = 1, corresponding to an ion 
energy of m, kT,/m,; this is only approximately true, 
for no allowance has been made for the effect of the 
accelerating field on the electron distribution. Beyond 
the second maximum the ion is free to enter into a 
second and final runaway state. 


3. CURRENT CONDUCTING PLASMA 
3.1 An arbitrary test particle 


In the previous Section it was assumed, rather 
unrealistically, that the Maxwellian velocity dis- 
tributions remained undisturbed by the presence of an 
electric field, or any other force field which might 
accelerate a given test particle. 
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TABLE 1.—THE FUNCTIONS L,(x) AND L,(x) 


04 06 os | 10 
0:262 | 0:526 1-033 
0-006 0-040 0-137 0-322 


L(x) 
L,(x) 


To avoid considerable computation, the electron- 
electron encounters within the plasma are ignored so 
far as they contribute to the modified electron dis- 
tribution. It turns out that the assumption of a 
Lorentz-type ionized gas is justified for the particular 
ranges of x, which are of primary interest. Following 
the work of COHEN et a/. (1950) one finds, after some 
adaptations, that the dynamic friction in a weak 
electric field for an arbitrary test particle is 


(m,Av,) = 


(m,Av,)® — ES (1 


— L,,(x,)} cos 9, 


(10) 


mM, 


where the first term on the right hand side is given by 
equation (1), Z is the mean ionic charge number of 
equation (5), @ is the angle between Ee, and v,, and 


L,,(x) (2x8 K ng(X) Kino(X)}/ Kink 2), 


»(X) exp ( y’) dy, 


in which m = | in a strong transverse magnetic field 
1952) and m= 4 when the transverse 
component of the magnetic field is zero. The functions 
L,,{x) are tabulated in Table | and have maximum 
values of L,(x) ~ 1:3 at x ~ 1-6, and L,(x) ~ 1:5 at 
20. 

When the test particle has a velocity much greater 
in magnitude than the mean random speed of the 
electrons, then x, >1 and L,,(x),—>1, and the 
dynamic friction tends to the same value as given by 
equation (1). When the velocity is much less in 
magnitude than the mean random electron speed, then 
x,<1 and L,,(x,) = O(x,""), and the dynamic 
friction is 


| 
(m,Av,) = (m,Av,)° — ES (1 cos 6 (11) 


c m, 


From the numerical values tabulated by SpiTzer 
and HArM (1953) it is apparent that in the ranges 
x, > 1 and x,<1 the electron-electron encounters 


are of negligible effect on the value of L,,(x). Hence, 
provided the discussion is restricted to a consideration 
of the dynamic friction in these ranges of x, the 
assumption of a Lorentz-type plasma is justified. 


3.2 Electron test particle 


An electron, having a velocity much greater than 
the mean random speed of the electron gas, experiences 
a dynamic friction approximately the same as when 
the velocity of the electron gas is Maxwellian. The 
conditions for runaway are then very much the same 
as given previously in Section 3. 

An approximate criterion for a weak electric field 
is that the electron drift velocity is small compared 
with the mean random speed of the electron gas. If 
the Lorentz resistivity is 7, (Spitzer, 1956), and the 
plasma has a resistivity of 7 = 7,/z, this criterion 
gives E< Zz? Dnc/l6zekT,. In a strong transverse 
magnetic field, in which there are no Hall currents, 
% = 3n/32; when the transverse field is zero y ~ 37/16 
for Z = 1, and increases to y = | for Z = 0. From 
equation (6) it follows that an electron only runs 
away for x, > x(&), where 


> 16y(1/2 + 


The condition that the electric field is weak thus 
ensures that only a small fraction of the electrons in 
the high energy tail are in the process of running away. 


3.3 Jon test particle 

For an ion, having a velocity much greater in 
magnitude than the mean random speed of the 
electron gas, the dynamic friction is approximately 
the same as when the velocity distribution of the 
electrons is Maxwellian. 

When the ion moves in the direction of the electric 
field at a velocity which is only a small fraction of the 
mean random speed of the electrons, the dynamic 
friction is 


m, = (m,Av,)® — EZ,*e/Zc, (12) 
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from equation (11). The sum of the forces acting on 
the ion, given by F = EZ,e/c +- (m,Av,), is therefore 


F = (m,Av,)® + EZ(e/c)\(1 — Z,/Z). (13) 


It is seen that when the test ion has the same charge 
as the mean ionic charge of the plasma, the effective 
force is the dynamic friction of equation (7). In this 
particular case the ion behaves at low speeds as if it 
were in a plasma in which the electrons are in thermal 
equilibrium and in which there is no electric field. 
Hence, so far as the directed motion is concerned, the 
ion comes to rest relative to the ion gas, and therefore 
a weak electric field cannot decouple ions with Z, = Z 
from their thermal state. It is not until the ion attains 
a speed which is an appreciable fraction of the mean 
random speed of the electrons that the electric field 
contributes significantly to the effective force acting 
on the ion. 

If the charge on the test ion is different from the 
mean ionic charge, the ion is accelerated until it 
reaches a terminal velocity which is largely determined 
by the ion-electron encounters. Setting F=0 in 
equation (13), and using equation (7) with the con- 
dition x, < 1, the terminal or drift velocity of the 
ion is 


3a Fe ) 


Ur = (14) 
where @, is the drift velocity of the electrons. 

When the charge on the test ion is greater than the 
mean ionic charge(that is,Z, > Z)the ion is accelerated 
and then drifts in the same direction as the electrons. 
This is because the electric field exerts a force pro- 
portional to Z,, but the rate of momentum transfer 
from the electrons is proportional to Z,7._ The 
minimum value of y is 37/32 (strong transverse 
magnetic field), and the ions therefore drift at veloc- 
ities which are always less than the electron drift 
velocity. 

When the charge on the ion is less than the mean 
ionic charge (that is Z, < Z) the ion is accelerated and 
then drifts in the direction of the electric field. It 
should be noticed that both the drift velocities v, and 
é, are measured with respect to the mean velocity of 
the ionic charge: 


On using equation (14) and changing Z, to Z,, one 
finds that 6, = 0, and the ion current is zero. 
HUGHES and KAUFMAN (1959) have observed in a 
toroidal discharge that impurity ions, such as OV and 
CV, have drift velocities in the direction of the 
electric field. This observation is not inconsistent 
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with equation (14), for the ionized gas as a whole 
might possess momentum due to the loss of energetic 
electrons striking the walls (COLGATE et al., 1958). 
As WARE (1959) has shown, the electrons need to lose 
in this way only a very small percentage of their 
momentum gained from the electric field for the ion 
gas to gain considerable momentum; in fact, the 
emission of runaway electrons might well produce a 
situation in which 6, + = 0, and the current is 
carried by the positive ions. 

In a pinched discharge in deuterium, heavily 
contaminated by impurity ions, the mean ionic charge 
might be as high as 2, but it is unlikely that it will be 
much higher. Using the minimum value of 32/32 
for y, and putting Z = 2, the deuteron drift velocity 
iS Up = je/ne ~ Ic/Ne, where J is the total current and 
N is the line density. For the values of J and N quoted 
by BICKERTON and LONDON (1958) for optimum 
conditions, vy, =2 10’cmsec in Zeta, and 
Vp = 1-2 X< 10’ in Sceptre III. Measurements of the 
energy spectrum of the neutrons in Zeta (Rose et al., 
1958) and protons in Sceptre III (Jongs et al., 1958) 
reveal anisotropic distributions which can be explained 
on the basis that a small fraction of the deuterons is 
accelerated to energies of several keV in the direction 
of the electric field and makes collisions with stationary 
deuterons. Alternatively, the neutrons and protons 
are thermonuclear in their origin, since the ion 
temperatures are sufficient, and the deuteron gas has 
a mean velocity of 6 x 10’ cmsec™' in Zeta and 
4 x 10’ cm sec~! in Sceptre III. Bearing in mind that 
the drift velocities computed above must be increased 
by adding the mean velocity of the ion gas as the 
result of runaway electrons, it is possible that the 
differences are not significant. However, this inter- 
pretation is not convincing without further infor- 
mation on the drift velocities of the ions. 

The difficulty with the interpretation that energetic 
deuterons are in collision with almost stationary 
deuterons is to find a mechanism whereby a small 
fraction is accelerated to velocities an order of 
magnitude greater than their drift velocities (about 
17 keV in Zeta); this point has been stressed by 
Gipson (1959). One possibility is that runaway 
electrons are generated and accelerated, not uniformly 
throughout the discharge, but preferentially in a 
restricted region; as, for example, close to the axis 
where the electric field in the direction of the magnetic 
field may have its greatest value. If these energetic 
electrons are continuously escaping, either to the walls 
or into the remainder of the discharge, the ions in the 
restricted region will experience considerable accelera- 
tion and could readily achieve the required energy. 
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From WarE’s computations one finds that the shift in 
the proton energy can be explained if the runaway 
electrons gain most of their momentum in a region con- 
taining approximately 10 per cent of the particles. Not 
necessarily 10 per cent of the deuterons will be 
accelerated, however, as many will diffuse out of the 
accelerating region. 


4. RUNAWAY ELECTRON CURRENTS 
4.1 Rate of diffusion into the runaway State 


The rate at which thermal particles of a given kind 
diffuse into the runaway state can be determined 
approximately in the following manner. In an 
electric field particles of v,> v(&) will run away, 
where v(&) is the surface in velocity space defined by 


(e,/c)E cos 6 +- (m,Av,) = 0. 


The error is small if it is assumed that the v() surface 
is a hemisphere whose axis is in the direction of e,E. 
The Boltzmann equation for the runaway particles of 
type f is 


af (£) (% 
where f/f,” is their distribution function. For the 
present purpose the collision term is related to the 
rate at which diffusion takes place across the v(&) 
surface, and can be evaluated by supposing that 
Sti = f,® is Maxwellian for v < v(&). In this case the 
Fokker-Planck equation (CHANDRASEKHAR, 1943; 
1949) for v < v(6), is 

where q = (Av,)kT/mv is a diffusion coefficient. By 
Gauss’s theorem, the flux diffusing outwards across 
the hemispherical v(é) surface is 
but since /,° is Maxwellian, this is also equal to 
where m,(Av,) is given by 
equation (1). Therefore, integrating equation (15), 
one finds approximately that 

On," 

Ot I 
A slightly different result has previously been used 
(HARRISON, 1958). DREICER (to be published) finds 
that an expression of this form under-estimates the rate 
of generation of the runaway flux, primarily due to the 
assumption that the distribution is Maxwellian up to 
the v(£) surface. The difference between equation (16) 
and the results computed by Dreicer, however, is less 
pronounced than the difference with the previously 
published result (HARRISON, 1958). 


(16) 
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4.2 Runaway electron currents 


In the case of an electron runaway current of 
density of j," = j,, equation (16) gives, with equation 


4Dn* 


(1 + 2°74 Z) exp —x,°(6), 


nna, 


(1/2 + 1/Z) exp —x,(6), 
(17a,b 


where 7, is the Lorentz resistivity and a, = e?/m,c? 
is the classical electron radius. As a first approxi- 
mation it is assumed that quasi-neutrality is preserved 
in the thermal state. 

The effect of runaway electrons can be regarded in 
one sense as a reduction in the resistivity of the plasma 
But as COWLING (1956) has pointed out in connexion 
with runaway fluxes in solar flares, current in most 
cases is not limited by resistance but by the self- 
inductance of the system. In this paper we shall 
adopt a rather simplified model in which there are no 
dynamo effects and the magnetic field is maintained 
by currents in the plasma which are decaying due to 
Joule dissipation. In astrophysical applications such 
a model is not unrealistic, although the time of decay 
for the magnetic field is usually very large; in labora- 
tory discharges, however, the time of decay is small, 
usually only a fraction of a second, and such a model 
will be unrealistic when the currents are maintained 
by external means. Under these circumstances a 
runaway current, for example, could never consist of 
all the original conduction electrons as this would 
mean that their final mean velocity was merely that of 
the initial drift velocity. What must happen is that 
the runaway current, provided it is constrained to 
follow a closed circuit, will grow at the expense of the 
conduction current, and given sufficient time, the 
electric field will eventually be reduced to a small value 
consistent with the rate of momentum transfer from 
the fast electron fraction. The resistivity of the plasma 
and the distribution of the magnetic fields will deter- 
mine to what extent and in what places the runaway 
current will supplant the conduction current of the 
local surrounding regions. 

On the basis of the assumption that all runaway 
electrons are constrained to flow in a closed circuit, 
the following cases are considered using an order of 
magnitude treatment: (i) a widely distributed runa- 
way current; (ii) the formation of runaway beams on 
the neutral lines of a transverse magnetic field; and 
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(iii) a ‘super conducting’ plasma which excludes an 
applied electromagnetic field. The problem of 
stability is not dealt with, and it is therefore emphasized 
that the results in many cases may be totally un- 
realistic. 


4.3 A widely distributed runaway current 


The plasma is considered to be quiescent, and free 
from mass motions and collective interactions. We 
now ask: what are the conditions that after a time 7, 
the runaway current is everywhere very much less 
than the conduction current? 

To answer this question we must consider whether 
the runaway electrons become relativistic in a time 
small compared with 7, The time taken for an 
electron to become relativistic is given by (using 
electromagnetic units and the electronic charge equal 
to e/c) 

t= m,c?/eE (18) 


In the hydromagnetic equation (COWLING, 1957) 
=V x (v H) + 


the magnetic field diffuses or decays in a time of the 


order 
Ty 4nL?/n (19) 


where L is a characteristic length in which the field H 
changes by a relatively large amount. Now 7, < Ty, 
and the condition that the runaway electrons are 
largely relativistic is therefore: j,, > m,c?/4meL?, where 
j, is the conduction current density. In a discharge of 
radius R, the electron line density is N ~ 7R*n ~ 
aL*n, and using the parameter »y = Na,, this condition 
gives 

> c/4r, (20) 


for the electron drift velocity. When the condition 
(20) holds, the runaway current density is approxi- 
mately j, = n,¢. 

Before proceeding further, the assumption that 
the electric field is weak, and therefore the conduction 
current is j, = E/n, will be examined. The current 
density is j, = net,/c ~ H/4n7L; and if, as before, 
N ~ wL*n, and also 


n,kT, 
21 
Ps H?/8x’ (21) 
it follows that for 6, = X,(2kT,/m,)"*: 
= 1/4 (22) 


In a weak electric field the electrons drift with a 
velocity which is small compared with their mean 
random speed, or X,<1, and therefore f,v> 1/4. 
LAWSON (1957; 1958) has deduced a similar relation 
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for a current conducting plasma, given by » > 1/2. 

Non-relativistic runaway electrons. On integrating 
equation (17b) one finds (HARRISON, 1958) for non- 
relativistic electrons with div j, = 0, that 


J, = (47,na,)* E/7)1/2 + 1/Z) exp 
(23) 


where E and n are taken to be constant on the assump- 
tion that j,< j,. Using the hydromagnetic time 
constant 7,,, and a resistivity of 1 = 167,/37, it 
follows 

Tr 9 

tt 4g (=) + 1/Z) exp —x,%é). (24) 

Je TH! 
The value of x,°(€) can be estimated from equation 
(6), and is 

yL(1/2 + 1/Z), 
(1/2 + 1/Z). (25a,b) 


The condition that in a time 7, = tj, the runaway 
current shall be small in comparison with the con- 
duction current, is given by 


> In (26) 


for Z= 1. This is satisfied for all values of » when 
f, is of the order unity. Alternatively, using equation 
(22), the above condition becomes 


In 7202 (27) 


In many discharges vy ~ 10*, and if the runaway 
current is to approach anywhere near the value of the 
conduction current, it follows that 6, ~ 1/5000. The 
runaway electrons will tend to follow the lines of force 
of the magnetic field, and this must imply a con- 
figuration that tends to be force-free in which the gas 
pressure is small in comparison with the magnetic 
pressures. 

Relativistic runaway electrons. When the electrons 
become rapidly relativistic, j,=n,e, and from 
equation (17b) 


J, = 32(7,n?ayen ,/7)(1/2 + 1/Z) exp —x,°(6). (28) 


Using the same assumptions as before one finds that 


<96 (1/2 + (29) 

Je TH/ 
where x,7(&) is given by equation (25b). However, the 
relativistic runaway current will be less than the non- 
relativistic runaway current given by equation (24) and 
we shall therefore use equation (24) as giving the 
maximum current according to the present treatment. 
It would appear from the conditions (26) and (29) 
that in a containment time smaller or equal to the 
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characteristic life-time 7,,, the runaway current will 
be relatively small when »f,> 1, For a discharge of 
vy = 104, condition (26) requires that f, > 1/5000; it 
may be noticed that if the currents of J~ 10° A in 
present day stabilized discharges are increased by a 
factor of 20-30, with only small alterations in N and 7;, 
then the runaway current will no longer necessarily be 
small in comparison with the conduction current. In 
this case the runaway current would cease to be widely 
distributed but would tend to concentrate at the 
surface. 


4.4 Runaway electron beams 


When the magnetic field is mainly transverse to 
the direction of the electric current, the electrons will 
be prevented from running away except along neutral 
lines of the magnetic field. A runaway beam therefore 
may develop in the region of a neutral line at the 
expense of the total conduction current, and thus form 
an ‘inverse skin effect’ in the current distribution. 

A beam of this kind must form in a time equal to 
or less than 7,,, which is the characteristic time for the 
magnetic field to diffuse in on to the neutral line. The 
minimum condition for the runaway beam to grow at 
the expense of the total conduction current is therefore 


< In (30) 
using equations (23) and (25b) with the modification 
that = 37/32. Within the runaway beam the 
electromagnetic field is of the form 


V?H = 47na,H 


where / = (47na,)~! is the collision-free penetration 
depth. Hence, if the radius of the initial conduction 
current channel is R ~ L ~ (N,/7n)"", and the radius 
of the beam formed on the neutral line is r~/ = 
then 
R/r ~ (31) 
In a field which is largely transverse, the small 
value of /, indicated by the condition (30) implies that 
the magnetic pressure exerted on the gas is large 
compared with the gas pressure, and therefore if such 
beams of energetic electrons can occur, one of their 
necessary features is that they are developed in 
extremely non-steady plasmas, as for example, the 
solar corona (KIEPENHEUER, 1956) and possibly such 
regions as the Crab nebula (OoRT and WALRAVEN, 
1956). Obviously, electrons will run away in the 
region of a neutral line, even when the condition (30) 
is not satisfied, but their current will remain small 
compared with the total conduction current. 
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4.5 Superconduction in plasmas 


The time taken for a magnetic field to diffuse into 
a plasma a distance L, equal to the collision-free 
penetration depth /, is t,~ 47/*/n. If in this time, 
the conduction current predominates over the runa- 
way current, the plasma behaves as an ordinary fluid 
conductor. However, if the runaway current rapidly 
grows and predominates in this short time, the electro- 
magnetic field is screened from the interior, and the 
plasma behaves as a fluid superconductor. The 
minimum condition for this, from equations (23) and 
(25a), is that < 16 In (3/2)/97"/?, or 


H?/87-. 
mykT, 


where When an_ external 
magnetic field exerts a pressure greater than the elec- 
tron pressure by an order of magnitude or more, the 
runaway current predominates. The duration of this 
current must depend on a number of considerations; 
furthermore, if the duration is long as compared with 
the ‘slowing down’ time of the electrons (SPITZER, 
1956), the magnetic field will penetrate further and 
the runaway effect may be regarded merely as an 
enhancement of the conductivity. 

A plasma super-conductor differs from an ordinary 
super-conductor in that large electric fields are 
required to establish the super-currents, and therefore 
magnetic fields may exist in the interior of the plasma. 
These interior magnetic fields will form super-currents 
on the surface as the plasma collapses under the 
pressure of the external magnetic field, and therefore 
there is the possibility of an equilibrium configuration. 

A plasma super-conductor resembles, however, 
an ordinary super-conductor in that the super-current 
has a maximum possible value; when this value is 
exceeded the magnetic field penetrates to greater 
depths and the plasma reverts to the state of a fluid 
conductor. The maximum possible intensity of the 
supercurrent sheet is ne/ (the electrons of density n 
move at the velocity c); and therefore 6, = 2KkT,/m,c?. 
Thus, the condition for superconduction is 


> (927r1/2/16 In 3/2)?, (32) 


(16 In B, > 2kT, (33) 


It is interesting to notice that the super-current has 
its maximum value when the Alfvén wave velocity 
(vy has the value 

Uy = 
and that the maximum possible total super-current 
Imax in a cylindrical plasma is given by 


= (34) 


The two stream collective Coulomb interaction 
operates when the wavelength 27v,/«, is less than /, 
where «, is the plasma electron frequency. Hence, 
when v, > c/27 one expects that instabilities from 
collective interaction will be relatively unimportant. 


5. SUPRATHERMAL IONS 


5.1 Acceleration by electric fields 


It has been seen that in a weak electric field ions 
are only accelerated by the field when their charge is 
less than the mean ionic charge. The speed achieved 
by these ions will rarely be very much greater than 
the drift speed of the electrons and as this is very 
much less than the mean random speed of the 
electrons, it is extremely unlikely that runaway ions 
will be produced in such fields. The acceleration of 
ions in conducting plasmas by a betatron mechanism, 
as proposed by SWANN (1933), ALFVEN (1937), 
RIDDIFORD and BUTLER (1952), is unlikely unless the 
ions obtain initially a sufficiently high energy from 
some other source; similarly, KIEPENHEUER’S (1950; 
1958) suggestions for acceleration in the direction of 
electric fields, and the use of slowly varying electro- 
magnetic fields (SALISBURY and MENZEL, 1948) are 
subject to the same initial difficulty. 

In a strong electric field the most pronounced 
effect is that the electrons run away. If the electrons 
are constrained to follow a closed circuit, the local 
electric field will diminish, and the eventual effect on 
the ions must be small; the ion gas as a whole will 
possess a small amount of momentum equal and 
opposite to that of the electrons. When, however, the 
runaway electrons are not perfectly constrained, but 
are continually lost either partly or completely from 
the regions in which they are generated, the ions in 
these regions will be accelerated. This type of accelera- 
tion may be effective even when the electric field is 
weak, as previously pointed out; and although this 
mechanism might produce suprathermal ions having 
energies within the range KT, to m,kT7,/m, it seems 
unlikely, at least in astrophysical applications, that 
appreciable high energy fluxes of runaway ions will be 
generated. 


5.2 Fermi-type acceleration 

In the mechanism proposed by FERMI (1949; 1954) 
cosmic ray particles gain energy by collisions with 
magnetic fields embedded in moving gas clouds. For 
a non-relativistic particle it is easily seen that the mean 
rate of increase in speed for head-on collisions with a 
magnetic field moving at a velocity u is (Av), = 
2u/A,;,, where Aj, is the mean free path between such 
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collisions. PARKER and TIDMAN (1958a) have con- 
sidered in more detail the idealized case where the 
turbulent field bearing elements are spherical and 
have a mean speed of u, and find for random collisions 
that (Av), = w?/Z,. The coefficient of u*/A,;, would 
appear to be of the order of unity even when the 
turbulent elements are not spherical. It should be 
pointed out that systematic and periodic mass motions 
can also provide similar or even greater rates of 
acceleration. Several authors (DAvis, 1956; PARKER, 
1958b) have found mean energy gains per collision of 
the first order in u/c at relativistic energies, in the non- 
relativistic region this is equivalent to (Av), ~ vu/Ay. 

Ignoring the more efficient of the two mechanisms, 
a crude criterion for accelerating a given ion is that 
the mean rate at which momentum is gained from the 
Fermi interactions must be greater than the mean rate 
of momentum loss due to Coulomb interactions, or 


+ (m,Av,) > 0 (35) 
If A(v) is the mean free path of the ion, this gives 
— v"/A(v) > 0. 


Acceleration will not occur unless A(v) > Az, where 
A(v) increases with velocity, and therefore particles of 
v > v() are accelerated provided v(f)>u. From 
equation (35) it follows that the minimum value of 
v(§) is given by 


= (36) 
t 


where only ion-ion encounters are considered. If u is 
of the same order as the ALFVEN wave velocity 
then 1. By taking 
the minimum value of v(£), the number of ions affected 
by the Fermi interactions is overestimated. On 
comparing the Fokker—Planck equations for the 
Fermi and Coulomb interactions PARKER (1958c) has 
deduced a value of v(£) which is even smaller, by 
about #,)4, or more exactly (4/,/3)'*x,°(¢) = 1. The 
difference is perhaps not so important in view of the 
extreme approximations made in estimating the rate 
at which suprathermal ions are formed. 

One notices that when /, is close to unity, as for 
example in the BENNETT (1934) pinch relation where 
Pz = 1/2, all the ions with speeds somewhat greater 
than the mean random speed are subject to Fermi 
interactions. This cannot mean, however, that the 
ion gas diffuses rapidly into a state of continuous 
acceleration, as the energy densities of mass and 
thermal motion are about equal. The energy in the 
disordered motions in this case leads merely to an 
increase in the ion temperature. If the turbulence is 
maintained by an external energy source, or by 
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instabilities of limited growth such as may be respons- 
ible in part for the large field mixing in Zeta 
(THOMPSON ef al., 1958), the ion gas will be rapidly 
heated by the Fermi interactions with the dis- 
ordered motions of the magnetic field, as first suggested 
by PARKER and TIDMAN (1958). Hence, when fy is 
close to unity the mass motions will heat the gas; 
however when, /, is small, only a minute fraction of 
the ions is accelerated, and these will achieve 
relatively high energies. 

A rough estimate of the difference between the ion 
and electron temperatures is given by 


3, T, T; ~ Mau” dv, 
2 hie An u 
where fy» is the relaxation time for energy exchange 
between the ion and electron gases, as given by 
SPITZER (1956). Thus, in a discharge such as Zeta, 
with n = 10", ~ 0-25, 10cm, one finds, for 
example, that when the deuterons have a temperature 
of T, = 10° °C, the electron temperature is7, = 10° °C. 


5.3 Rate of formation of suprathermal ions 

By following the same procedure as in Section 4.1 
and observing that the v() surface is now spherical, 
the rate of generation of suprathermal ions is again 


given by equation (16), provided one makes the 
approximation that the probability of acceleration is 
1/2 for every ion diffusing across the v(&) surface. 
For most ions in the high energy tail the dynamic 
friction comes from the ion-ion encounters, and 
therefore neglecting the ion-electron contribution 


= {4Z2Z Dn? exp 


= 32Z?n®y exp 
(37a,b) 


Equation (37a) is identical with that obtained by 
PARKER and TIDMAN (1958a) from the diffusion 
computations of MACDONALD ef al., (1957). 

In a time ty, the fractional number of supra- 
thermal ions generated in a discharge with a line 
density of N ~ 7L*n, is 


n,[n ~ exp (—1/B2), (38) 


for Z,= 1, = 3m/32, and x,?(€) = 1/f,. PARKER’s 
smaller value of x,7(£) gives a greater rate of generation. 
This equation emphasizes that unless either £, or the 
containment time of the suprathermal ions is 
relatively small, the energetic fraction will become 
impossibly large for vy ~ 10. It has been suggested 
by BURKHARDT and LovBerRG (1958) and Tuck et al. 
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(1958) that the nuclear reactions in pinched dis- 
charges in deuterium may possibly be caused by 
deuterons accelerated by Fermi interactions. It is 
seen that the energetic ions accelerated in this manner 
will be focused towards the axis, and therefore pre- 
ferentially contained, when moving in the direction 
of the electric field, (THOMPSON, unpublished), and 
this could account for the anisotropy of the energetic 
distributions of the neutrons and protons. The 
difficulty with this suggestion is the apparently small 
values of 6, which are required in order that only a 
relatively few of the deuterons are accelerated to the 
required energy. 

If an ion is to be continuously accelerated and 
eventually become runaway, the Fermi rate of gain of 
momentum must be at least equal to the maximum 
value of the ion-electron dynamic friction, or 


— Z? DnG(1)/kT, > 0, (39) 
where G(1) = 0-214. Using the ALFVEN wave velocity 
for u, this gives 

Ay < 2k°T,T,/Z? DnG(1), 
<2 x 10 7,T,/n 
for Z, = 1 and ln A ~ 13. 

A solar flare provides an example of a turbulent 
plasma in which one might expect 6, << 1, thus giving 
an emission of high energy ions. As an illustration, 
in the solar flare of February 26, 1956 (MEYER et al., 
1956; Simpson, 1958) it has been estimated by 
PARKER (1957) that the total number of high energy 
protons generated was of the order 10°. From 
equation (37a) the rate at which suprathermal protons 
are produced per unit volume is 

On,/Ot ~ 3-5(n*/T?/*) exp (—1/fs), 

for Z, = 1 andIn A~ 13. Taking T, = T, = 10° °C, 
n = 10" cm-, and a flare volume of the order (10°)* 
cm*, then 6, ~ 1/20 if the protons are decoupled from 
their thermal state in 1 sec. The small scale turbulence 
of Ay <4 x 10'cm in a magnetic field of approxi- 
mately 30G is therefore primarily responsible for 
decoupling the protons from the gas. Once the 
protons become suprathermal they are free to be 
accelerated by the grosser motions of the flare in which 
2 <= 10° cm. 


(40) 
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EXPERIMENTS WITH PLASMA RINGS 
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Abstract—The construction of a coaxial plasma gun is described. At its output end the gun is provided with a 


radial magnetic field, which is trapped by the plasma. 
The plasma which is shot out from the gun is studied by photographic and magnetic methods. It is 
demonstrated that the gun produces magnetized plasma rings with the same basic structure as the rings 


obtained in toroidal pinch experiments. 


When the the plasma rings are formed, the magnetic field lines from the gun break, a result which is of 


interest from a theoretical point of view. 


1. INTRODUCTION 
IN order to heat a plasma to a very high temperature 
it is convenient to give it a toroidal shape. In Zeta 
and similar machines, the plasma has a longitudinal 
magnetic field and is wrapped up in a poloidal field. 
After the contraction the larger parts of both fields 
are generated by currents in the plasma _ itself. 
Although there are reasons to suppose that this 
configuration should have a certain degree of stability, 
experiments show that the energy which is transferred 
to the plasma disappears very rapidly in a way which 
is not understood very well. There are two alternatives. 


(1) The mechanism by which the plasma loses most 
of its energy is intimately connected with the 
structure of the plasma and the plasma will 
cool rapidly independently of the way in which 
the plasma is heated. This would be the case if, 
for example, there is a fundamental impossibility 
in keeping a plasma confined by a magnetic field 
generated by currents in the plasma itself. 


The rapid cooling is a consequence of the 
special way in which the plasma is heated. For 
example in the common machines the energy is 
transferred to the plasma by inducing a strong 
ring current in the plasma, and this produces 
runaway electrons, which may be harmful. 


As all theories of the stability are worked out 
under idealized conditions which are difficult to 
realize experimentally, the best way of approaching 
this question seems to be by producing the same 
plasma configuration in a fundamentally different way. 

This can possibly be done by means of a plasma 
gun, which shoots out magnetized plasma rings which 
are later brought to rest in a vessel where their 
stability can be investigated. This paper describes a 
method of producing such magnetized plasma rings. 
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Experiments with the aim of trapping the rings and 
bringing them to rest have been started but wil not 
be described here. 

Plasma rings with a magnetization of the same 
type as in the Zeta and similar machines can be 
produced by a method outlined earlier by one of us 
(ALFVEN, 1958). A magnetized plasma is produced 
by a discharge between coaxial electrodes and is shot 
out from them (Fig. la). Before it leaves the electrodes, 
it has to pass a radial magnetic field between a magnetic 
pole N in the inner electrode and another pole S, 
which is ring-shaped, in the outer electrode. When 
the plasma passes this field it takes the lines of force 
with it (Fig. 1b) provided that the conductivity and 
the density of the plasma are high enough. The lines of 
force will be stretched out and finally they can be 
expected to ‘break’ so that a free plasma ring is 
produced (Fig. 1c) which moves on. The ring should 
have the same magnetic configuration as in Zeta and 
similar machines. 

In order to see whether a magnetized plasma ring 
could be produced in this way experiments were 
started in the Spring of 1958, and an apparatus was 
built which will be described here. Another somewhat 
modified apparatus was built and put into operation 
in the begining of 1959. The behaviour of the plasma, 
especially the formation of magnetized plasma rings, 
has been studied by means of electromagnetic probes 
and by photographic methods. 


2. THE APPARATUS 


The main features of the first of the devices are 
shown in Fig. 2. Basically the function is as follows: 
The current from a condenser bank C, is triggered by 
a spark gap G, and produces a discharge in the gas 
between the coaxial electrodes. This system will be 
referred to as the plasma gun. The material of the 
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Fic. 1.—Capture of a plasma in a magnetic field. 


Mirrors 


Fic. 2.—The plasma gun with drift tube and loops for magnetic measurements. 
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centre electrode is iron, while the outer electrode is 
made of stainless steel. 

By keeping the inductance low in the circuit the 
peak discharge current can be kept high even with a 
rather small condenser bank. In this apparatus a 
condenser bank of 190 wF, charged to 6 kV, yields a 
peak discharge current of approximately 250 kA. This 
is sufficient to provide a high degree of ionization. 

The current is measured by an oscilloscope with 
the aid of a calibrated pick-up coil and an integrating 
RC-circuit (R = 10° Q, C= 0-05 wF). By taking an 
appropriate signal from a divider, oscillograms are 
also obtained for the voltage across the electrodes in 
the gun. Typical current and voltage oscillograms 
are shown in Fig. 3. The oscilloscopes are triggered 
from another pick-up coil at the top of the gun, which 
measures the derivative of the discharge current. 

The gas is hydrogen and the pressure usually 100 u 
of Hg. A palladium valve at the H,-inlet purifies the 
hydrogen. The pumps are in constant operation and 
purified hydrogen continually supplied. 

Fig. 4 shows that the plasma which is produced in 
the gun is subject to an electrodynamical force, 
directed downwards. This force is strong enough to 
eject the plasma out of the gun down into a drift tube 
which consists of a 75 cm long glass tube, as shown in 
Fig. 2. 

N and S are the poles of an air gap in a magnetic 
circuit M, magnetized by a constant current /,,. This 
stationary field is directed radially in the spacing 
between the coaxial electrodes. Q is a quartz tube, 
covering the lower part of the centre electrode, and 
ensuring that the discharge ignites above the region 
of the magnetic field. 

After firing, the plasma leaves the gun and enters 
the drift tube roughly in the shape of a hollow cylinder. 
The velocity of the plasma is then approximately 
6 cm/sec, a value that seems fairly well preserved even 
in the lower part of the tube. This velocity seems to be 
remarkably constant even if the magnetic field, the 
electrode voltage or the gas pressure is varied within 
rather wide limits. 


I 
kA | 
100+ 
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Fic. 3.—Oscillograms of the current J through the plasma gun 
and the voltage U between its electrodes (measured at the top 
of the gun). 
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Fic. 4.—Electromagnetic forces on the plasma in the gun. 


3. METHODS OF MEASUREMENT 


For photographic study of the plasma two Kerr cell 
cameras are employed, which are triggered with the 
same pulse as the oscilloscopes. By means of a delay 
device the cameras can be set to release at arbitrary 
moments. The exact time of release is recorded on 
the current oscillogram and is seen there as a narrow 
spike. The time of exposure is 0-03 usec. Because of 
the intense light conventional photographic material 
and processing can be used in spite of this short 
exposure. 

For measurements of the magnetic field, probes P 
in the form of small coils with 10 turns and 4mm 
diameter, have been introduced into the drift tube. 
Glass tubes 6-8 mm wide encase the probes and by 
use of O-ring seals they can be moved radially in the 
drift tube without disturbing the vacuum. Signals 
from the probes are displayed on oscilloscopes after 
integration in the same kind of circuits as described 
above for the plasma gun. The results are difficult to 
interpret, probably because the magnetic lines of force 
tend to be frozen in the plasma, so that the fields of 
the plasma do not penetrate into the coils. Furthermore 
the probes disturb the plasma. For these reasons the 
measurements with this method have been discon- 
tinued. 

Instead the probes have been replaced by loops L, 
surrounding the drift tube. The integrated signal 
from such a loop is proportional to the instantaneous 
net flux through the loop or, which is the same, the 
back flow of magnetic flux outside the loop. 

This flux should be compared with the ‘static flux’ 
by which we mean the magnetic flux in the plasma gun 
between the central rod and the ring-shaped pole of the 
magnet. This is measured with a fluxmeter and a 
probe coil around the central electrode at the top of 
the gun. 


4. MAIN PROPERTIES OF THE DISCHARGE 

When the radial magnetic field is zero, the plasma 
leaving the gun has a conical shape as shown by Figs. 
5 (a) and 5 (b), which are taken at the same shot with 
1-3 usec time difference. To the left in these pictures 
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Fic. 5.—Plasma leaving gun when no static magnetic field is 
applied. 
(a) 3-4 usec | 


41 | after ignition. 


To the left the plasma is seen through mirrors looking down- 
wards and upwards. Drift tube only 22 cm long in this experi- 
ment. 


Fic. 6.—Unmagnetized plasma having 


travelled further into the drift tube. 
usec after ignition. 
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Fic. 8.—Magnetized plasma obtained Fic. 9.—Flux measured by loops around the drift tube at 7 and 
with central electrode negative. 17 cm from the gun as function of time. Static magnetic flux 
9-5 x 10-* Wb. Flux scale 5 10°-*Wb/div. Time scale 

2 sec/div, 


Fic. 15.—Plasma colliding with physical obstacles. In the 

middle of the picture four obstacles are seen: from left to right 

a glass rod, a thin copper sheet with edge pointing upwards, a 

mica sheet of similar shape and a copper rod. The picture is 

taken after the plasma front has reached the bottom of the 
drift tube. 
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the discharge is seen from the side with the aid of two 
inclined mirrors (compare Fig. 2). The conical shape 
of the plasma front is maintained during the whole 
passage of the glass tube. In some cases, however, the 
plasma breaks up in a number of ‘fingers’ when it 
reaches the lowest part of the drift tube. An example 
is shown in Fig. 6. 
Wb 
101078, §,- 28x10" Wo 
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for three values of the static flux. The flux oscillograms 
in each figure are collected from different shots and 
some of the irregularities seem to be due to statistical 
variations in the ignition of the discharge. In Figs. 10 
and 11 the maxima of the flux measured by the last 
loop (at z= 52cm) exceeds by a factor of two the 
flux measured by any other loop at the same instant. 


Wb 


10x105%, §. - 95x10 Wb 


Fics. 10-12.—Flux measured by four loops at different positions for three values of the static radial flux. The curves in cach 
picture originate from four different shots. 


When the radial magnetic field is applied, the 
plasma front becomes much more smooth and the 
plasma tends to expand towards the walls. Figs. 7(a) 
and 7(b) are taken with a relatively strong magnetic 


field (static flux ¢, = 5-5 x 10-* Wb). This flux value 
corresponds to a radial field in the middle of the 
plasma gun of 0-06 Wb/m*. The luminous plasma has 
a shape like a mushroom turned upside down, the 
current from the central rod seems to continue as a 
pinch. The plasma expands towards the glass walls 
and a luminous ring is visible at the line of contact 
between the plasma front and the wall (see Fig. 7b). 
When the polarity of the central rod is negative, the 
central pinch emits much stronger light (Fig. 8). 
Due to the high conductivity of the plasma the 
static magnetic flux is trapped in the hole of the ring 
and is pushed forward in front of the plasma. It is 
measured by the loops around the glass tube. An 
example of the oscillograms is shown in Fig. 9 which 
gives simultaneous flux oscillograms for two loops 
situated at z= 7 and z= 17cm from the gun. 
When the direction of the static magnetic field is 
reversed, the transported flux has also opposite 
direction. If the polarity of the discharge is reversed, 
there is no appreciable change in the oscillograms. 


5. INTERPRETATION OF FLUX 
OSCILLOGRAMS 


Diagrams 10-12 show the flux measured by four 
loops at different positions as a function of time and 


This flux is obviously due to a current circulating in 
the plasma, and cannot be due to the main discharge 
current, which according to Fig.3 passes zero at 13 usec 
which is not very far from the maximum flux through 
the last loop. This is a direct indication that a free 
moving ring has been formed. 

When the radial flux is as high as 9-5 x 10-* Wb 
(Fig. 12) the ring is not definitely separated from the 
gun. The strong field pushes the plasma outwards 
against the wall, where it has recombined almost 
totally before it reaches the last loop. Hence the 
magnetic field measured by this loop is very small 
according to Fig. 12. 

The experiment has been repeated using a smaller 
capacitance in the condenser bank (120 uF). This 
results in an earlier passage of the current through zero 
and a somewhat slower motion of the plasma front, so 
that the flux measured by the most distant loop is maxi- 
mum when the discharge current passes through zero 
(Fig. 13). From the instantaneous flux values measured 
by the different loops at 7-2 ysec, the flux picture is 
sketched (Fig. 14a). 

A similar picture for 9-4 us is shown by Fig. 14(b). 
Outside the glass tube the field must satisfy Laplace’s 
equation, and at great distance it must approach a 
dipole field. Considering this, it must be concluded 
that a great deal of the flux lines have closed around 
the plasma ring. The detailed flux picture inside the 
glass tube is of course not known. The luminous 
region, as seen from photographs taken at 7:2 and 
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Fic. 13.—Flux measured by four loops at 17, 27, 
37 and 47 cm from the gun. At the top a current 


oscillogram. Capacitor bank reduced to 120 uF. 
The curves are obtained from two shots, one for 
the two upper loops, one for the lower ones. 


9-4 sec, is marked by the hatched areas in Fig. 14. 
The maximum flux appears about 10cm behind the 
luminous front, and this fact has been confirmed by 
several measurements. 

In each of the diagrams 10-13 the static radial flux 
is represented by a straight line. Especially for low 
values of static flux, the flux measured by the loops 
often has peak values much in excess of the static 
value. This seems not to be produced by an 
asymmetry—as might be thought. Instead it seems 
to be due to a real increase of the flux which is 
captured by the plasma ring. The peak value of the 
discharge current has an influence upon the flux 
transported by the plasma. By altering the number of 
condensers the discharge current can be varied, 
whilst the voltage is maintained constant. From a 
series of such measurements it is found that there is a 
sharp limit for the discharge current, below which no 
magnetized plasma leaves the gun. Above this limit, 
the velocity of the moving plasma front varies very little 
with the current, e.g. it changes from 5 to 6 cm/sec 
when the current is increased from 125 to 250 kA. 

In one experiment small rods were placed across 
the drift tube. When the plasma reached them a 
pattern of shock waves was produced (Fig. 15). It is 
believed that a closer study of this phenomenon will 
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(a) (b) 

Fic. 14.—Sketches of the field around ring of magnetized plasma 
based on the instantaneous flux values recorded in Fig. 13. 
(a) 7-2 usec | 
(b) 9-4 psec | 
The hatched areas indicate the luminous regions at the same 
instants. 


after ignition. 


be important for the diagnostics of the plasma and 
also for the study of collisions between a plasma and 
a solid body. 
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Note added in proof—In Section | it is mentioned 
that experiments have been started in order to bring 
the rings to rest. These experiments have been suc- 
cessful and rings with life-times of about 40 usec have 
been produced. As in this experiment all the currents 
in the plasma gun are damped out before 20 usec from 
the start, a free and reasonablaly stable plasma ring 
is produced which is independent of all external cur- 


rents. 
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Abstract—Electric current is sent through a hollow jet of mercury which is flowing over the surface of a 


glass tube. The jet is broken up by the action of the electrodynamic force. However, if at the same time a 
strong current is sent through a central conductor placed inside the glass tube, the jet can be stabilized. 
This occurs when the currents are parallel. Sausage instabilities have not been observed in the present 


experiment. 


1. INTRODUCTION 


One of the basic problems of controlled nuclear fusion 
is to trap a hot ionized gas in a magnetic field. There 
are a number of different ways in which a magnetic 
‘bottle’ may be constructed for this purpose. One 
possibility is to use the field generated by a solid 
current loop (LEHNERT, 1958, 1959; CoLGaTe, 1959). 
A straight configuration which becomes the closest 
analogy to the current loop consists of a cylindrical 
shell of ionized gas embedded in the field of a central 
conductor which is traversed by an electric current. 
Hollow pinches of this type have already been dis- 
cussed by BAKER and ANDERSON (1956) and ANDERSON 
et al. (1958a, b). 

The stability of a homogeneous mercury jet tra- 
versed by electric current has already been investigated 
by DATINER et al. (1958). The present experiment 
concerns the behaviour of a hollow mercury jet and 
may be regarded as a liquid conductor model of the 
hollow pinch. However, such a model reproduces 
only part of the phenomena in a high current dis- 
charge. It should be kept in mind that the field lines 
are not ‘frozen’ in a mercury jet and, therefore, 
important differences exist between experiments with 
ionized gases and with mercury. 


2. APPARATUS 


The experimental arrangement is shown in Fig. 1. 
A glass tube is centred in a position along the axis 
of symmetry of a copper funnel and rests with its lower 
end against a copper block. Inside the tube a copper 
rod is situated which is in contact with the copper 
block. Mercury is poured into the funnel and forms 
a hollow jet which runs along the glass tube. Whirls 
at the inlet of the funnel are damped by a baffle with 
radial strips. The mercury jet has a free length of 
105 mm, an outer radius of about R = 2-40 mm and 


2 


121 


Io 
~ 


i Copper rod 


\ 


Mercury 


Glass tube 


| 


Oscilloscope 


Mercury jet = 


Mercury 
Fic. 1.—The apparatus produces a hollow mercury jet centred 
around a glass tube. A copper rod is placed inside the tube. Cur- 
rents may be sent both through the jet and the rod. 
an inner radius Ry = 1825 mm. A current of strength 
I] can be sent through the jet. A current of strength J, 
can be sent in arbitrary direction through the central 
conductor rod. Accumulators are used as current 
sources and electromagnetically driven switches con- 
trol the operation of the circuits. An instability of the 
mercury jet is easily discovered visually as a deforma- 
tion of its surface, often followed by a break-up and 
arcing. The instability may also be observed by means 
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of an oscilloscope connected across the jet or across 
a resistor in the electrical circuit of the jet as shown 


in Fig. 1. 


3. EXPERIMENTAL RESULTS 


When the currents / and J, are varied the jet behaves 
in a way which is illustrated by Fig. 2. Provided that 
the glass tube is adjusted correctly the jet forms a 
well-defined cylindrical shell around the tube when no 
currents are flowing (Fig. 2a). With a sufficiently 
strong current traversing the jet the latter cannot be 
kept in its centred position and is displaced sideways. 
The break-up develops in its earliest stage in the form 
of a disturbance at the lower end of the jet (Fig. 2b). If 
a current J, is sent through the central conductor at the 
same time and in a direction parallel with that of J the 
instability may be delayed. Fig. 2(c) shows a situation 
where it has nearly been suppressed and only a slight 
‘kink’ remains at the lower end. If the current J, is 
chosen strong enough compared with / the instability 
may be suppressed completely (Fig. 2d). The jet then 
resembles a polished steel rod, with even less irregular- 
ities in its surface than in absence of any current and 
there is no sign of any ‘sausage’ instability. Finally, 
if the current in the central conductor flows in a 
direction anti-parallel to that of the jet the latter 
breaks up violently (Fig. 2e). 

A number of measurements has been performed to 
determine the regions of stability and instability as 
shown by Fig. 3. A ring indicates the values of the 
currents / and J, for which the jet has been found to 
be stable and a dot gives the corresponding values for 
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I (a) 265 147 212 
1, (A) 356 280 -364 
1:34 191 -1-72 


Fic. 2.—The behaviour of the jet at different currents J and J, 
traversing the jet and the central conductor, respectively. Values 
are given at the bottom of the Figure. 

(a) No currents flowing. 

(b) Instability produced by a current / in the jet. 

(c) Instability almost suppressed by means of a current J, in 
the central conductor when J, is parallel with 7. A slight 
kink is developed at the lowest part of the jet. 

(d) The jet stabilized by a sufficiently high current in the central 
conductor. 

(e) Instability is accelerated by sending an anti-parallel current 
through the central conductor. 
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Unstable 


200 250 


Fic. 3.—Experimental determination of the regions of stability and 
instability of the hollow mercury jet. Rings give measurements 
where the jet has been found to be stable and dots where it is 
unstable. Only points within the transition region are shown in 
the diagram. In the upper, shaded area to the left the jet is defin- 
itely stable; in the lower to the right it is definitely unstable. 


the unstable situation. The shaded areas give regions 
where the jet is definitely stable or unstable, whereas 
the transition region between the dashed lines re- 
presents cases where the conclusions are somewhat 
uncertain and depend upon errors in the measure- 
ments. The transition becomes sharper at strong 
currents and large electrodynamic forces than at 
weak currents. 
4. DISCUSSION 

A rigorous theoretical analysis of the instabilities 
observed is not within the scope of this paper. Only 
some elementary considerations will be made on 
‘sausage’ instabilities. According to Fig. 4 the 
electrodynamic ‘pressure’ at the inner surface r = Ry 
becomes 


Q 
iB dr (1) 


P 
at a trough (P,) or a crest (P,) of the ‘sausage’ dis- 
turbance, where i is the current density and B the 
magnetic field. This gives 
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In the special case where /, = 0 and the jet is 
homogeneous (R,— 0) the result becomes 


df Hol” 
+ 
dR 27? R® “) 


If, instead, a thin hollow jet with thickness a= R 
— R, is considered equation (3) gives 


= — + 2/3). + (5) 
where (a/R) indicates terms of order a/R and higher 
orders. 

The result (3) shows that df/dR <0 for a homo- 
geneous jet as well as for a hollow jet when the 
currents J and /, are parallel. Then, the driving 
forces tend to increase the ‘sausage’ disturbance and 
the jet should be unstable. However, for a given area 
m(R?—-R,”) and given currents a comparison between 
equations (4) and (5) shows that this tendency will be 
much less developed in a thin, hollow jet with a large 
radius (a/R <1) than for a homogeneous jet. This 
conclusion possibly may be related to similar results 
obtained by SmirH (1958) for a cylindrical sheet 
plasma. Here ‘sausage’ instabilities are expected to 


Mercury jet 
Glass tube 
Central conductor 


Fic. 4.—Section of the jet along the axis of symmetry. The outer 
surface has been deformed by a ‘sausage’ disturbance. 
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grow more slowly than in a homogeneous pinch. 
This may also be one of the reasons that such insta- 
bilities haye not been observed in the present experi- 
ment but exist in the experiment witha homogeneous jet 
(DATTNER ef ail., 1958). In the latter the largest 
modulus of df/dR turns out to be about 1-3 x 10° 
N/m*, whereas the corresponding value in the former 
is about 5-2 « 10° N/m®, i.e. about two and a half 
times less. However, the action of the surface tension 
may also affect the results. 

The present experiment has shown that it is possible 
to stabilize a hollow mercury jet for a sufficiently long 
time by means of the magnetic field from a central 
conductor. However, an extrapolation of the results 
to gas discharge experiments is questionable. It is 
certain that in a mercury model the current pattern 
inside the fluid and the corresponding magnetic field 
will change when the fluid surface is displaced in some 
way. However, these changes are of a special form 
and are sometimes very far from the changes obtained 
in a situation where the field lines are completely 
‘frozen in’. In particular, magnetic fields generated 
by sources outside of the fluid volume are not ‘frozen 
in’ and will hardly be influenced by the fluid motion. 

Other important differences exist between the 
present experiment and the gas discharge experiments 
by BAKER and ANDERSON (1958) and ANDERSON et al. 
(1958a, b) on the ‘Triax’ sheet pinch devices. In the 
mercury experiment the inner surface of the jet leans 
against a rigid wall and its stability properties cannot 
be studied. In the ‘Triax’ the sheet has two free 
surfaces. Further, it should be observed that the 
current in the central conductor of the ‘Triax’ is 
antiparallel to the current in the sheet and has a 
value less than the latter. 
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MOTION IN SPIRAL RIDGE ACCELERATORS 
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Abstract—The essential features of the motion of a particle in an azimuthally varying magnetic field of 
‘spiral ridge’ form may be described by a pair of non-linear coupled equations of simple form. These reduce 


to the uncoupled linear radial and vertical betatron equations when the azimuthally varying component of 
field is zero. In this paper two pendulum analogues are described, which obey the same equations of motion 
as the particles. The first of these represents the radial motion only and consists of a torsional pendulum 
with a magnetic moment which interacts with a rotating magnetic field; the second, which represents both 
radial and vertical motion, consists of a compound pendulum supported by two sets of pivots at right angles, 
with a magnetic bob which interacts with a travelling magnetic field. The first of these analogues was used 
to make an extensive survey of the maximum stable amplitude of the motion as the parameters correspond- 
ing to ridge angle, azimuthal field modulation depth and radial field index were varied. No quantitative 
measurement was made with the second model, but the effect of ridges in stabilizing the vertical motion was 


demonstrated. 


1. INTRODUCTION 


ALTHOUGH at the present time any accelerator incor- 
porating spiral ridge guiding fields (SYMON ef al., 1956) 
would certainly be designed with the aid of a large 
computing machine, so that a simple analytical form 
of the field is not necessary, the consideration of a 
simple field law helps one to understand the basic 
physical features of the motion. Thus for a field of 
form (Fig. 1) 


B/By = (1 + kp)[l + 6 sin N(O — pcot (1) 


the approximate equations of motion, valid for small 
p and € and >1>k/N® are (KING and 
WALKINSHAW, 1958): 


p +(1+k)p 
6 sin N(O — pcot a) cosh(N€ cot a) (2a) 


— ke — pcot a) sinh (Nf cot a) (2b) 


where the symbols are defined at the end of the paper. 
For 6 = 0, these reduce to the well known betatron 
equations with kK = —n; for 6 #0 the terms on the 
r.h.s. modify the motion, and can restore stability 
in the vertical plane. 

Since ¢ is small the cosh x and sinh x terms on the 
r.h.s. can be replaced by unity and x respectively. 
The r.h.s. in the radial equation therefore represents 
a harmonic forcing term, the phase of which is pro- 
portional to the amplitude, of the motion. In the 
vertical equation the r.h.s. represents a forcing term 
proportional to amplitude, and with phase again 
linearly dependent on the amplitude of the radial 
motion. Such forcing terms lead to an interesting 
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Fic. 1.—Cut-away view of a spiral-ridge pole, and variation 
of field with radius. 


form of non-linear motion, and their simplicity sug- 
gests that some analogue might easily be set up. This 
indeed proves to be the case, and two analogues will 
be described in succeeding sections. Pendulum ana- 
logues of a rather different form have been constructed 
by BaRBIER (1956) for the study of motion in the 
alternating gradient synchrotron. 
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2. ANALOGUE OF RADIAL MOTION 
An analogue of the radial motion only may be 
provided by suspending a magnet to form a torsional 
pendulum, subject to a rotating field as shown in 

Fig. 2. The equation of motion of the system is 
Ih + Sb = —MB sin (pQr — pd) (3) 
which is of the same form as equation (2a). (If the 
second term on the I.h.s. were absent, corresponding 


Diagrammatic view of suspended magnet M and 
the surrounding magnetic field, B. 


Fic. 2. 


to the free suspension of the magnet, then the system 
would be similar to a loss-free synchronous motor 
running with no load.) 
Equations (2a) and (3) may both be written 

&" + (T,/T,* sin(y—§) (4) 
where the variables are related as shown in Table 1. 
The 7’s represent various characteristic times as shown 
in Table 2. The reason for this formulation is that the 
times associated with the pendulum may be measured 
directly, so that /, S, M and B need not be separately 
determined. 


TABLE 1.—RELATION OF VARIABLES 


Equation (3) 
(pendulum) 


Equation (2a) 
(accelerator) 


Equation (4) 


Ocota 


N 


TABLE 2.—DEFINITIONS OF T 


Accelerator Pendulum 


Free oscillation period in the 
absence of rotating field. 


T, Free oscillation period in 
ridge-free field (0 = 0). 


T, - Period of small oscillations of 
freely suspended pendulum in 
the presence of stationary mag- 
netic field (€22 = 0). 


Time for magnetic field to 
rotate by 27, =2z7/pQ2. 


T, Time for particle to move 
through one period of ridge 
structure, =27/wN. 


The values of T appear in Table | as ratios. Indi- 
vidual values have the significance shown in Table 2. 

A pendulum was constructed having the form 
shown in Fig. 3. A magnetic multipole consisting of 
sixteen iron-cored electro-magnets mounted -on a 
central iron ring with alternate polarity was suspended 
at the centre of a steel wire held under tension. The 


3.—Cut-away view of torsional pendulum, showing 
multipole magnet and wire array. 
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multipole was surrounded by a smooth cylindrical 
casing to reduce air-damping. Two helically wound 
strips of copper foil, mounted in torsional opposition, 
provided the electrical connexions to the magnets. 
A fixed cylindrical array of wires surrounded the 
multipole system. Time varying currents through 
these wires produced a rotating harmonic wave with 
eight wavelengths measured circumferentially, (p = 
8). Harmonics with higher periodicity both in angle 
and time were present, but their effect on the motion 
was small. The values of the currents in both the 
multipole and the wire array could be varied. The 
diameter of the array was 4 in. and the period of 
oscillation was about 2 sec. 

The characteristics of the motion may be conven- 
iently exhibited on the § — & plane at intervals of 27 
in »; such a diagram is known as a ‘phase-plot’ and 
individual points as ‘phase-points’. To obtain such a 
plot the motion of the pendulum was observed and 
recorded optically by means of a small mirror of low 
inertia attached to the wire suspension of the pendu- 
lum, together with the appropriate optical system and 
a light sensitive recording mechanism. A continuous 
photographic trace was thereby obtained describing 
the motion of the pendulum, and superimposed upon 
this trace were placed time markers corresponding to 
the time interval for the rotating magnetic field 
pattern to advance by one wavelength. Subsequently, 
these traces were analysed and converted into phase- 
plots by means of a simple optico-mechanical device, 
(RUSSELL, 1958). 

To obtain information about the pendulum motion 
more quickly than could be done by the above 
method an alternative procedure was later used. The 
pendulum motion was used to modulate the intensity 
of a light beam incident upon a photocell, the ampli- 
tude and rate of change of amplitude of the photo- 
electric currents being proportional to ¢ and ¢ re- 
spectively. These two signals were applied simulta- 
neously to the X and Y plates of an oscilloscope, the 
spot intensity of which was triggered at the periodicity 
of the rotating magnetic field. The succession of 
points appearing on the screen develops a phase-plot 
which can be recorded photographically. 


3. DESCRIPTION OF PHASE-PLOTS 


At the time of these experiments the general features 
of the motion were understood, and numerous phase- 
plots had been computed for equations similar to, 
but rather more complicated than, equation (4) 
(LASLETT and Symon, 1956; KING and WALKINSHAW, 
1958). The experiments provided a broad survey of 
the behaviour of the system for values of (7;/7,)* from 
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0-1 to 0-3 and (7,/7,)" from 0-01 to 0-1; this is the 
range of parameters of likely interest in spiral ridge 
accelerator design. 

Although the experiments mainly served to confirm 
and extend slightly the known properties of the 
solutions of equation (4), obtained from general argu- 
ments and the study of some particular cases, it is 
worth attempting a general survey of what was found. 
Let the solution of (4) be & = f(m), and let the points 
E = fino + 27n), where n is an integer, be plotted on 
the -£’ plane. In general it is found that for some 
particular value of 7,/7, and T,/T, in equation (4) 
several types of solution exist. For one class of 
solutions the phase points define a closed curve, a 
series of closed curves or a finite set of points; for a 
second class no such closed curves or sets of discrete 
points exist. These classes will be designated ‘stable’ 
and ‘unstable’ respectively, even though in the 
latter class the amplitude does not increase indefinitely. 
There is always one and only one solution for which 
the phase-plot is a single point. This corresponds to 
an orbit in the accelerator which closes after one turn; 
such a closed orbit is periodic in » with 27. 

The phase-plot for a solution near to the closed 
orbit will, in general, be a smooth closed contour 
encircling the central fixed point. If after m circuits 
of the contour 7 points have been plotted, then m/n 
tends to a finite limit g as m tends to infinity. The 
parameter q is of order T,/T,; it corresponds to Q/N 
for contours arbitrarily close to the central fixed point, 
where the system may be shown (by simple expansion 
of equation (2)) to be linear. Solutions near the 
closed orbit form a family of similar, smooth, closed 
contours, the phase points defining any particular 
contour being approximately uniformly distributed 
round that contour. The contours degenerate into a 
set of n fixed points if m/n tends to a rational fraction, 
the motion then being periodic with 27n. These 
fixed points are of special significance if m is equal to 
unity. 

As q approaches I/n the contours in some cases 
distort into irregular shaped figures with n ‘corners’ 
as shown for example in Fig. 4(a) for nm = 5. Under 
these circumstances the phase points concentrate near 
the corners, and when q = 1/n the limiting contour 
degenerates into n fixed points. Just outside the 
limiting contour the phase points describe curves 
similar to those inside the limiting contour in the 
region between the fixed points; near the fixed points 
however, successive phase points move outward in a 
direction away from the central fixed point. This out- 
ward movementextends toa distance of order 27 in for 
£’, thereafter the phase points occur in a seemingly 
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Fig. 4(a). 


Fig. 4(b). 
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Fic. 4.—(a) Phase-plot showing both stable and unstable 
motion, g ~ 1/5. 
(b) Typical plots near the g = 1/3 resonance. 
(c) Sequence of plots showing the existence of a 
finite stable area when g 1/5. 
(d) Plot showing island formation with g = 2/9. 
The contour just inside the islands is in a region 
where the shape of the plot is a critical function 
of amplitude, and its erratic shape may be due 
partly to damping and other experimental effects. 
(Plots a and d were made by the first method described, plots 
6 and c were made by the second.) 


Increasing 
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erratic manner. In this third region it is difficult 
to join the points up in a meaningful manner, since 
lines joining the points would have to cross. This is 
not allowed, since specifying § and &’ determines the 
subsequent motion uniquely. These characteristics 
correspond to unstable motion. 

The type of transition from stable to unstable 
motion described above always occurs when q is equal 
to one of the values 1/2, 1/3, 1/4, and sometimes 
occurs for integral values of |/q greater than 4. As the 
q for arbitrarily small amplitudes (which is a function 
of 7T,/T) and 7,/T,) approaches one of the values 
1/2, 1/3, or 1/4, the area enclosed by the limiting 
contour for stable motion tends to zero. This is shown 
for the q = 1/3 sub-resonance in Fig. 4(b). For q 
equal to 1/5, 1/6, 1/7 or 1/8 finite areas were found to 
exist, although considerable reductions occurred in 
the maximum areas enclosed by the limiting stable 
motion contour. A sequence of diagrams illustrating 
the finite area for g = 1/5 is shown in Fig. 4c). 

In the region between the main resonances the 
normally closed contours may under certain condi- 
tions break into a set of smaller closed contours, 
termed ‘islands’. The number of islands is of the form 
An -+- B(n +- 1) where A and B are integers and n, 
n -+- 1 are the I/g values of the adjacent main reson- 
ances. The formation of islands may be interpreted 
as the motion ‘locking in’ to the structure. An 
example of island formation with g = 2/9 is shown in 
Fig. 4(d). The shape of the closed contour just inside 
the islands is very dependent on the initial conditions, 
and the very erratic shape may be to some extent due 
to imperfections in the pendulum. Islands did not 
always appear to be present between the main reson- 
ances, and for qg values given by m = 2 and n equal to 
5, 7 or 9, the diagrams sometimes showed instability 
for n fixed points as for the main resonances. 

Fig. 5 shows the variation of stable phase area with 
T,/T, and T,/T,; the dips corresponding to resonances 
can clearly be seen. It was often difficult to define the 
stable limit accurately (especially when islands were 
present) and consequently the figure should be taken 
as qualitative only. The precise value of the limit is 
of academic interest only, since when vertical motion 
is taken into account the stable limit will be smaller. 


4. ANALOGUE OF RADIAL AND 
VERTICAL MOTION 
It is possible to design a pendulum with a magnetic 
‘bob’ moving in a simple coil system, which obeys 
equations of motion analogous to equations (2a) and 
(2b). A compound pendulum with two independent 
supports at right angles, one of which is above the 
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centre of gravity and one below will move in a manner 
described by equation (2) with the r.h.s. equal to zero. 
The forcing term on the r.h.s. may be provided by 
means of a coil array as shown in Fig. 6. If the first 
harmonic of the wave only is considered, then it is 
easy to show that the forces exerted on the bob are of 
the form given by the r.h.s. of equation (2). The 
equations of motion of the pendulum in terms of the 
fundamental parameters of the system (moment of 
inertia, length, etc.) are complicated, and as with the 
radial analogue, the system is best described in terms 
of characteristic times, thus 


+- = —(T,/T,)? sin (yn — &) cosh p 
yp” + (T3/To)’y = cos (4 — €) sinh 


It has been assumed that the moment of inertia 
about either set of pivots is the same, and this will be 
very nearly true. The times T are defined as in 
Table 2 except that in the definition of 7, ‘freely 
suspended’ is replaced by ‘in the absence of gravity’. 
Neither 7, nor 7; (which is the imaginary period in 
the ‘vertical’ plane in the absence of the magnetic 
field) can be measured directly. However they can be 


Fic. 6.—Double pendulum system. Wires were wound in 
the slots shown. 
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deduced quite simply from other easily measured 
characteristic times of the system (Lorb, 1958). 

A pendulum of this form was constructed, and the 
details are shown in Fig. 6. The pendulum consisted 
of a } in. rod, | m long, supported by two sets of 
mutually perpendicular pivots close to its centre of 
mass. The lower 30 cm of this rod was made of steel; 
this was magnetized with a coil to form a magnetic 
pole which interacted with the magnetic driving field. 
Each pivot consisted of two brass bars one above the 
other, the lower being suspended from the top one by 
two pieces of thin piano wire, which crossed over from 
one side surface to the other. With this pivot system 
the pendulum had a mechanical Q of about 250 when 
Ty) was 7 sec. 

The array of wires producing the driving field was 
wound on two parallel plates made of an insulating 
plastic. The wires passed down jin. wide slots in 
the surface of the plates. There were 36 slots, 12 
corresponding to one wavelength (3 in.). The currents 
in the array of wires were switched by a rotary switch 
through sets of resistors to give a variation of current 
which was approximately sinusiodal with respect both 
to time and displacement. 

Because of the large number of variables, and the 
difficulties of setting up the pendulum, no systematic 
survey was made. Nevertheless the existence of stable 
and unstable regions, and the method of build-up at 
resonance could be clearly seen. 


LIST OF SYMBOLS 


B magnetic field 

I moment of inertia of pendulum 

k field index defined by equation (1) 

M magnetic moment of pendulum 

m number of circuits of contour in phase plot 
after n points have been plotted 

n see definition of m 

N number of ridges in field 

p angular periodicity of magnetic field interact- 
ing with pendulum 

Q number of betatron oscillations per revolution 
of the particle 

limit of m/n as m tends to infinity 


q 

S torque to produce unit angular deflexion of 
pendulum 

characteristic time, see Table 2 

t time co-ordinate 

0) angular field modulation in accelerator magnet 
(equation (1)) 

4 vertical displacement of particle from median 


plane normalized to the mean radius 
€, y generalized variables, see Table 1 and equation (5) 
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Fic. 5.—Graph showing stable phase space area as a function of 7,/7, and (T,/T,)*. 
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angular variable in accelerator KING N. M. and WALKINSHAW W. (1958) Nucl. Instruments 2, 


radial variable, measured from and normalized 287. 
Las.etr L. J. and Symon K. R. (1956) Proc. CERN Symposium 


to, the mean radius * f the — cle on High Energy Accelerators and Pion Physics, Geneva p. 279. 
angle between spiral ridge and circumference LorD D. H. (1958) An Analogue for Simulating both the Radial 
angular variable in pendulum and Vertical Oscillations of a Particle in a Spiral Ridge 
angular vecloity of magnetic rotating wave Magnetic Field. A.E.R.E. memorandum GP/M 206. 


angular velocity of particle in accelerator. RusseLt F. M. (1957) An Analogue Study of Non-linear Effects 
in Spiral Ridge Particle Accelerator. A.E.R.E. report GP/R 
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THE INJECTOR FOR THE HARWELL PROTON 
LINEAR ACCELERATOR 


L. C. W. Hossis, E. R. HARRISON, H. C. WHITBY 
Atomic Energy Research Establishment, Harwell, Berks 


(Received 28 October 1959) 


Abstract—The injector is a d.c. accelerator delivering a pulsed proton beam of 15 mA at an energy of 
515 keV. The installation is described and details are given of its most important features. 


1. INTRODUCTION 
THE injection equipment provides a proton beam of 
15 mA at an energy of 515 keV. It is basically a 
conventional d.c. accelerator of the ‘open’ type, but 
special problems were encountered in producing a 
beam of the required characteristics. 

It was considered (KING 1954) that the injection 
equipment would be satisfactory if it offered to the 
linear accelerator system a proton beam of 10 mA 
having a radius of 0-25 cm, an angular divergence not 
exceeding -++-0-5° and with a maximum energy spread 
of +-0-1 per cent.* The beam was also to be pulsed 
at a rate of 50 sec~! with a pulse length of 200 ysec. 
The way in which the equipment was designed and 
constructed to meet these conditions is described very 
briefly in this paper. 

Protons are extracted from a radio frequency ion 
source and are focused by a wide-aperture lens 
system consisting of several electrodes at alternately 
high and low potentials; the proton beam is then 
accelerated along a multi-electrode tube containing a 
uniform electric field. The ion source and the focus- 
ing assembly are contained in a corona shield at one 
end of the accelerator tube, as shown in the foreground 
of Fig. 1. Various power supplies for both the ion 
source and focusing electrodes are located in the 
insulated cubicle to the right. In the background can 
be seen the cascade generator and the storage capaci- 
tors which provide the main high tension. Fig. 2 
shows schematically the main components of the 
installation and the manner in which they are 
associated. A system of interlocks is used which gives 
protection to both personne] and apparatus. 

We now give a brief description of the various parts 
of the equipment, with more detailed explanations 
where these are considered necessary. 


* This restriction on energy spread is the result of using a pre- 
bunching cavity with the linear accelerator. 


2. ION SOURCE 

The ion source is basically the same as previously 
reported (THONEMANN and HARRISON, 1955), and uses 
the principle of coaxial aperture disc electrodes 
(HARRISON, 1958) for extracting the protons from the 
radio-frequency excited discharge, as shown in Fig. 3. 
The ion source has now given service for 3 years and 
has proved reliable and reasonably trouble-free. 

The discharge, running continuously, is excited 
inductively by a resonant circuit at a frequency of 20 
megacycles sec'. Purified hydrogen is fed into the 
Pyrex discharge envelope; the pressure is adjusted in 
the range of 5-10 microns of mercury by a nickel 
diffusion leak (HARRISON and Hopsis, 1955 and 1956). 
Nickel diffusion leaks of this particular kind have 
now been in use for some time, and for the purpose 
of supplying a regulated flow of purified hydrogen to 
ion sources are superior to palladium diffusion de- 
vices. A coaxial magnetic field, with a maximum value 
of approximately 100 oersteds, extends the plasma to 
the first aperture of the extraction electrodes. The 
first electrode has an aperture of diameter 0-64 cm 
(0-25 in.) and is spaced 0-32 cm (0-125 in.) from the 
second electrode in which there is a short canal of 
0-32 cm diameter and 0-32 cm long. The extraction 
potential is applied between these two electrodes and 
is pulsed at the rate and for the time interval for which 
the beam is required. A beam of 20 mA, mostly of 
hydrogen ions, is readily obtained with a potential 
difference of 9 kV; this is equivalent to a perveance 
(1/V?) of at least 10-*. If desired, the extraction 
geometry can be modified to give an increased 
perveance. The proton percentage in the beam 
normally exceeds 70 per cent. 


3. BEAM FOCUSING 


The beam is focused electrostatically by a lens 
system, shown in Fig. 4, consisting of four electrodes 
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The injector for the Harwell proton linear accelerator 
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of progressively increasing diameter. The potentials 
of the electrodes are controlled independently. Typi- 
cal operating values, expressed relative to the region 


of zero proton energy, are 
Extraction potential: V,=9kvV 


Focus electrode potential: V. = 55 kV 


V,;=9kV 
V,=45kV 
V;=15kV 


The final design of the focusing system was reached 
in the following way. Trajectories throughout the 
accelerating tube and the drift space (the non- 
accelerating region between the injection equipment 
and the first radio frequency gap of the linear accelera- 
tor) were computed (KING, Hospis and HARRISON, 
1955) for proton beams adjusted to have a waist in 
the plane of the first gap of the linear accelerator, 
where ideally all rays would be parallel. A range of 
parameters was used and space charge forces were 
included. For example, in the case of a beam of 20 
mA, an electric field of 4 kV cm~ in the accelerator 


Fic. 2. Schematic arrangement of system. 


tube, and a drift space of 100 cm in length, it was 
shown that at an energy of 100 keV the beam should 
have a radius of approximately 2 cm and be converg- 
ing at an angle of 2°. At an energy of 40 keV the 
corresponding values are 3-3 cm and 3°, respectively. 
It was found that a focusing system consisting of a 
single gap could not, owing to the effect of space 
charge, match the beam from the ion source to the 
trajectories required in the accelerator tube. The 
possibility was then examined of using several gaps 
consisting of electrodes of alternately high and low 
potentials. An approximate theoretical method was 
used and the results checked by several experimental 
arrangements. This work confirmed the suitability of 
the method and led to the design shown in Fig. 4. 
In one experiment, the space charge dynamic sealing 
laws (HARRISON, 1957) were used and a th scale 
model of the ion source, focusing system, accelerator 
tube, and drift space was constructed and its perfor- 
mance studied. Various focusing systems were tested 
in the model, and the results from this early work 
were subsequently found to be consistent with the 
performance of the completed injection equipment. 

The maximum focusing potential expected was 


3 
131 
4 
59/60 
are 


L. C. W. Hossis, E. R. HARRISON, H. C. WHITBY 


Plasma 


Extraction 


VONOgC 


Pyrex 
envelope 


Pyrex 
insulator 


Extraction 
electrodes 


Fic. 3. The ion source (simplified). 
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80 kV. Supporting insulators for the electrodes, and 
the insulated bushings for connexion to the electrodes, 
were developed and tested at potential differences 
greater than 100 kV; the supporting insulators were 
made from Pyrex with sand blasted surfaces, and the 
bushings were made from Perspex. The assembled 
focusing system, with its stainless steel electrodes, is 
shown in Fig. 5. 


4. ACCELERATOR TUBE 


The accelerator tube consists of 20 sections, with a 
potential difference of 25 kV per section. The 
sections are porcelain rings of 10 in. internal diameter, 
separated by steel diaphragms to which the electrodes 
are clamped; the whole assembly is sealed together 
with cold-setting Aradlite cement. The electrodes are 
aluminium, and shaped as in Fig. 4 to protect the 
insulators from bombardment and screen the beam 


) Perspex bushing 
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Porcelain 
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Fic. 4. Focusing electrodes and initial stages of accelerator tube. 
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from the influence of charge distributed on them. Up 
to this stage in the description the accelerator tube is 
in many respects identical with that described by 
CuHIcK and MIRANDA (1952) and Cuick and PETRIE 
(1955). 

The potentials for the electrodes are tapped off 
from a chain of 25 M ohm resistors supported by 
corona-free attachments built round the accelerator 
tube. Provision was made for adding either a second 
resistor chain or a series of 700 wuF capacitors. It 
was thought that the electrodes might change their 
potentials due to beam loading during the period of 
the pulse, and the capacitors were intended to prevent 
this effect; so far, however, they have not been 
necessary. The accelerator tube, including the poten- 
tial divider and the 1-25 m diameter corona hoops, is 
supported by a cantilever structure containing four 
horizontal and two diagonal tie rods made from fibre 
glass bonded with polyester resin. 

The accelerator tube has proved to be vacuum 
tight; external electrical breakdown has occurred, 
however, from time to time as a result of corona 
discharges from the helical tracks of the potential 
divider resistors. Resistors have also failed by becom- 
ing open circuited, possibly because of the corona 
discharge and electrical breakdown. These difficulties 
are now avoided by using resistors of the same type 
but sheathed in close fitting PVC tubing. 


5. SUPPLY 


The main high tension is supplied from a Philips 
cascade generator, nominally rated at 700 kV, 8 mA. 
Smoothing is provided by a 3-5 M ohm resistor and 
a 0-01 wF storage capacitor which, in addition, limits 
the potential variations during the beam pulse. The 
high tension is stabilized at this point to +0-25 per 
cent against slow variations in time by feedback con- 
trol of the excitation of the rotary generator which 
supplies the input to the high tension equipment; the 
error signal is determined by reference to a 300 M 
ohm resistor chain which is used also for measuring 
the high-tension voltage. 

The storage capacitor is connected to the injector 
equipment through a 10 k ohm damping resistor and 
a series triode valve. This valve acts as a series 
stabilizer and forms the last element in a fast response 
loop. A short-term voltage stability of better than 
0-05 per cent is achieved, including the period of the 
pulse. The long-term stability is not known, but 
variations occurring over periods of several hours or 
longer can easily be compensated normally. The 
loop uses a wide band potential divider, has a response 
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time of 20 usec and successfully handles total pulse 
currents of 50 mA. 


6. VACUUM SYSTEM AND 
MECHANICAL DETAILS 

The accelerator tube assembly is supported horizon- 
tally from its vacuum manifold, which in turn is 
mounted on a mobile stand which can be moved on 
rails parallel to the machine axis. The beam is aligned 
relative to the linear accelerator by movement of the 
manifold with coarse preset adjustments, and with 
fine limited motions from remotely controlled motor 
driven mechanisms. 

Two 14 in. diameter oil diffusion pumps, each 
fitted with a refrigerated baffle at a temperature of 
—10 to —20°C, are supported from either side of the 
manifold. Each pump has an unbaffled speed for 
hydrogen of 3500 1. sec’, and the minimum pressure 
recorded with an untrapped ionization gauge is 4 
10-° mm of mercury; with the ion source operating 
the pressure never exceeds 8 < 10-* mm of mercury. 


7. ELECTRONICS 

The various supplies and the associated electronic 
equipment are accommodated ina3m x 3m x 1m 
cubicle, supported 2-1 m above the floor by 4 paxolin 
columns, each 0-46m in diameter. A 2000 cycle 
sec’, 10-kVA alternator is driven from a motor 
situated in a room below floor level by a belt in one 
of the columns, and supplies the electronic equipment 
at high-tension level. The remaining columns contain 
linkages which operate switches, variacs and potentiom- 
eters. Air cooling is also supplied for the ion source 
and the electronic equipment, and in addition carbon 
tetrachloride is circulated from ground level for direct 
cooling of the ion source magnet. 

Radio frequency power for the ion source is genera- 
ted by a separately excited 20 megacycle sec! 
power amplifier having a variable output, with a 
maximum value of 1-5 kilowatts. The output is fed 
through two coaxial cables suitably tapped to the 
resonant circuit which excites the discharge. 

Ions are extracted from the discharge by applying 
to the ion source electrodes a square voltage pulse, of 
variable amplitude, from a supply having an impedance 
of 10 k ohm. A maximum of 9 kV is available, and 
both pulse length and repetition rate are variable 
although they are normally fixed at about 200 uw sec 
and 50 pulses sec~', respectively. Each pulse is 
actuated by a light signal, produced by a fast response 
cathode-ray tube and transmitted by a Perspex light 
guide to a photomultiplier in the high-tension cubicle. 
A similar link working in the reverse sense is used for 
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monitoring at the control desk the extraction potential 
or current pulse. 

The four focusing electrodes have independent 
variable supplies, although electrode 3 is normally 
connected to the local earth potential (that is, the 
high tension). Electrodes 2 and 4 are supplied from 
small 16 stage radio frequency Cockcroft-Walton 
generators (WHITBY, 1956) which are oil immersed 
and driven by 65 kilocycle sec~' valve oscillators. 
These supplies produce 80 kV at 0-5 mA, they charge 
0-02 uF capacitors, and under normal running con- 
ditions the output is stable to better than 1 per cent 
in the range 20-80 kV. Electrode 5 is supplied from 
a small voltage doubler with a maximum output of 
14 kV at 1 mA. Connexion to the focusing electrodes 
is made through resistors and polythene cables which 
terminate in polythene mouldings that fit closely over 
the Perspex bushings shown in Fig. 5. 

A direct current stabilized supply of variable output 
is used for the ion source magnet; there are supplies 
for the nickel diffusion leak and for the apparatus 
which monitors the pressure in the high-tension end 
of the accelerator. 


8. PERFORMANCE 


The injection equipment described above was com- 
pleted in 1956. Since its completion the apparatus 
has worked satisfactorily and a number of tests have 
shown that it should fulfil closely the anticipated 
conditions. 

Total beam currents of 20 mA, measured calori- 
metrically (HARRISON, 1957), have been passed through 
a 1-5 cm diameter aperture placed 1 m beyond the end 
of the accelerator tube, and in excess of 10 mA has 
been passed through a 0-5 cm diameter aperture in 
the same position. Consideration of the optics shows 
that the current passing through the smaller aperture 
should lie within the tolerance specified for the 
angular divergence. Greater current densities could 
be obtained by using quadrupole focusing magnets 
between the injector and the linear accelerator. Pro- 
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ton percentages exceeding 70 per cent have been 
measured without paying any particular attention to the 
ion source conditions. The protons represented over 
80 per cent of the hydrogen ion components; heavier 
ions up to about mass 30 were observed. 

Electron currents in the accelerator tube and X- 
radiation were minimized by a suppressor electrode 
system, similar to that described by INALL (1951), 
installed in the vacuum manifold. X-ray intensities 
near the injector were considerably above permissible 
levels and the measurements described above were 


performed behind steel plates } in. thick. 
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An Introduction to Thermonuclear Research A. SIMON. Pergamon 
Press, 1959, 182 pp., 35s. 


THIS is a most welcome book. Based on a series of lectures 
given by the author at Oak Ridge in 1955, it gives an accurate 
and interesting account for the non-specialist physicist and 
engineer, of a rapidly developing branch of research. It is a 
useful text also for those actively engaged in this work, who 
might occasionally wish to turn from immediate problems and 
review the basic concepts, advantages and limitations of the 
various approaches to a fusion reactor. At the time these 
lectures were given thermonuclear work was secret; it is 
understandable therefore that only American experiments and 
theoretical contributions are described. However, the book is 
concerned mainly with fundamental processes, and since 
British and Russian experiments were at that time developing 
on similar lines, little of importance—apart from some recent 
work—has been left out. 

In the first chapters Dr. Simon, after describing several 
fusion reactions between light elements (D, T and He) discusses 
the energy sources available on the earth from such reactions 
and the economics of a fusion reactor. The basic conditions to 
be satisfied are derived, namely a reaction rate high enough to 
exceed losses and give a net energy gain. This requires that a 
volume of very hot, and therefore completely ionized, gas be 
confined well away from material walls, for a sufficiently long 
time. The most obvious method of confinement is by a magnetic 
field, and it is shown that losses of particles and energy by 
motion across a uniform magnetic field can be made satis- 
factorily small. Motion along field lines is much more serious, 
and poses the problem of what to do with the ends. Two 
solutions are discussed, the closing of the lines in toroidal 
systems (and the consequent drifts due to non uniformity of the 
field), and magnetic mirrors. 

In subsequent chapters the most promising experimental 
approaches to fusion reactors are described in sufficient detail 
to show the essential heating processes and problems of con- 
finement connected with them—for example the reduction of 
outward drifts in the Stellarator by twisting a torus into a 
figure of eight, methods of injecting ions into magnetic mirrors, 
and the gross instabilities (wriggling and necking) of the pinch 
discharge. The author keeps the main practical objective well 
in view by considering in turn the economic advantages of 
reactors based upon the Stellarator, magnetic mirror and the 
pinch effect. The book concludes with an outline of early 
theoretical work on hydromagnetic stability, and a chapter on 
diffusion of plasma across a magnetic field, with special refer- 
ence to ambipolar diffusion and the possible short circuiting of 
this process when electrons have an alternative path. 

The presentation is clear and simple throughout, and devel- 
oped from concepts of charged particle collisions familiar in 
classical discharges. Unfortunately, by largely preserving the 
original lecture material (of 1955), the author has omitted several 
points the importance of which has since been recognized. 
Plasma oscillations and electrostatic instabilities, for example, 
not only destroy confinement of a plasma, but also cause one to 
re-examine the mixing of particle beams as a method of obtain- 
ing an energetic plasma. Cyclotron radiation from electrons 
promises to be a much more serious source of energy loss than 
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Bremsstrahlung. The idea of ‘burn-out’ in mirror machines 
might also have been included with advantage. These are, 
however, but minor criticisms; it is only a pity that this book 
was not available several years ago—life would have been much 
easier for some of us! Now that it is here it is to be most w armly 


recommended. 


G, 


Plasma Physics and the Problem of Controlled Thermonuclear 
Reactions Vol. 3. Edited by M. A. Leontovicn, translated 
by J. B. Sykes. Pergamon Press, London, 1959, 422 pp., £8. 


Tuis is one of the four volumes produced by the Russian 
delegation to the Second International Conference on the 
Peaceful Uses of Atomic Energy, as a summary of their work in 
the controlled thermonuclear field. This volume is largely 
devoted to applied theoretical works, although there is some 
pure theory, and six of the twenty-six papers contain experimen- 
tal results. Many papers describe possible confining configura- 
tions. Budker gives a survey of magnetic mirror containment, 
with an analysis of losses, considered as a steady state diffusion 
problem with a rather arbitrary source, and a brief and rather 
optimistic discussion of the direct conversion of thermo- 
nuclear energy into electricity. Osovets describes an ingenious 
device in which a ring discharge is produced and confined in a 
disk-shaped vessel by an increasing magnetic field; the field 
varying in space in such a way that the current suddenly 


collapses to produce a sphere of hot gas. A large number of 


magnetic probe measurements are reported, on this device, 
which combines many features of the so called Z and theta- 
pinches. Two further containment configurations are described 
by Kadomtsev. In the first of these, separated windings produce 
a magnetic field with ripples near the surface of the confining 
vessel, so that field lines are longest near the walls. This, the 
author claims, prevents the drifts characteristic of toroidal 
systems, and leads to a stellerator-like configuration, in which 
the plasma is contained by externally produced magnetic fields. 
In the second, plasma stability is produced by placing solid 
conductors as guard rings on the plasma surface which then is 
concave outwards. A good case is made for this, but no 
detailed examination is made of the losses at critical cusp-like 
points near the solid conductors. 

One paper on experimental technique describes the intriguing 
piezoelectric gauge used to measure the transient pressure at the 
centre of a fast pinched discharge. Among the purely theoretical 
papers is one by Belyaev, which uses Bogolubov’s approximate 
representation of the correlation between particles in an attempt 
to derive a rather better fundamental kinetic equation for the 
plasma than is given by the Boltzmann equation. Another by 
Sagdeev and Rudakov uses the fact that the Larmor radius is 
small to derive magnetohydrodynamics from the collisionless 
Boltzmann equation. Although their work is incomplete since 
only double adiabatic magnetic-hydrodynamics is derived, they 
discuss the instabilities arising from asymmetries in the velocity 
distribution. Finally, a most important paper contains Trubni- 
kov’s calculation of the synchrotron radiation from the 
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electrons in a magnetized plasma. In this he shows that at 
the high temperatures required for the controlled release of 
thermonuclear energy, relativistic effects will permit an 
extremely serious fraction of this radiation to escape from the 
plasma. 

The material consists entirely of research papers, and while of 
great importance to workers in the field, it might present 


Book review 


difficulties to the novice. These difficulties are not diminished 
by the occurrence of a number of misprints in the mathematics, 
many of which are also present in the Russian original. The 
translation is clear and idiomatic, while the book itself, in spite 
of its price, is reproduced directly from typescript, and thus is 
adequate rather than elegant. 

W. B. T. 
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In view of the fact that not all the articles appearing in the Soviet Journal of Atomic Energy are of 
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THE SUPPRESSION OF BETATRON OSCILLATIONS IN STRONG-FOCUSING 
ELECTRON SYNCHROTRONS* 


A. A. KOLOMENSKI and A. N. LEBEDEV 


(Received 28 October 1957) 


Abstract—Various methods of producing simultaneous radiation damping of synchrotron and betatron 
oscillations in a strong focusing accelerator are examined and formulae for calculating the damping de- 
crement are given. It is noted that the curvature of the orbit in the damping magnets must be different from 
that in the main sectors. It is shown that the total damping decrement is always the same and is independent 


of the type of damping system used. 


1. INTRODUCTION 


IN previous reports” we have shown that the radiation 
from the electrons in cyclic accelerators leads to 
damping or a build-up of the betatron and synchrotron 
oscillations. In an accelerator having a magnetic field 
which is axially symmetric, the corresponding de- 
crements are given by the equations 


Al—n) ’ 


3 — 4n 

2(1 — n) 
where W is the intensity of the radiation from an 
electron having energy £, m is the exponent char- 
acterizing the magnetic field gradient and the decre- 
ments & enter into the expression a ~ exp (fé dt) 
describing the change in the amplitude a of the 
oscillations. 

For synchrotron oscillations in a strong focusing 
accelerator we obtained the result 


2+ (1 — 2n)y) 


lr, T=WeE (2) 


where { ) denotes an average over one magnetic 
period and y is the periodic solution of the equation 


— ny = 4 


For weak focusing, we note that 
y= —n) 


For a strong focusing accelerator, the expression for 
&, remains unchanged and 


é. bet = P/2 (5) 


(4a) 


* Translated from Aftomnaya Energiya 5, 554 (1958). 
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In this case, build-up of the radial betatron oscillations 
will occur and this can be serious when the electrons 
have energies of the order of several BeV. 

We have already proposed some methods'?® 
which should prevent the build-up of these radial 
betatron oscillations p;,, by providing additional 
damping. Three methods, in particular will be 
discussed here: 

(a) arranging that the amplitude of the accelerating 

voltage has a radial dependence Vy = V,(p); 

(b) the provision of artificial coupling between the 

radial and vertical oscillations; 

(c) the use of special ‘damping’ magnets. 

This paper presents results which make it possible 
to estimate how effective these methods will be. 


2. SUPPRESSION BY MODIFICATION OF 
ACCELERATING VOLTAGE 

Method (a), which makes use of a radial voltage 
dependence, is not connected directly with radiation 
but :t can be applied effectively to large electron 
synchrotrons where the accelerating voltage required 
to compensate for the radiation loss becomes very 
high. 

By analogy with the magnetic field exponent, x, it 
is convenient to introduce the concept of an accelerat- 
ing voltage exponent n,. 

© 
where & is the equilibrium orbit curvature at a given 
point. Calculations show that the exponent 7, gives 
rise to an additional change in the amplitudes of the 
betatron and synchrotron oscillations associated with 
the decrements 


(I Ssynchr ~ iI n pk) (7) 
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It follows therefore that the damping of the betatron 
oscillations associated with Vo(p) is accompanied by 
an equivalent build-up of the synchrotron oscillations 
and vice versa. One should bear in mind that for the 
normal strong focusing accelerator ~ 
i.e. the damping of the synchrotron oscillations is 
considerably stronger than the build-up of the radial 
betatron oscillations. To eliminate radiation build-up 
of the radial betatron oscillations, it is necessary that 
&,,., in equation (7) should reach a value of about 
unity. The exponent n, should therefore satisfy the 
condition. 


(8) 


For the centre of the stability region m._~ |n\/5 and 
in an accelerator with a magnetic field having axial 
symmetry Nog = N. 

The above condition for 1, implies that the variation 
of V, with radius (AV ) over the operating region of 
the ring must be sufficiently large: AV, ~ Vo. The 
advantage of this method is that it requires modifica- 
tion only to the high frequency accelerator system and 
leaves the bulk of the accelerator, i.e. the magnet, 
unaffected. 


Ny, © Neg, Neg = 1/<p) 


3. SUPPRESSION BY COUPLING OF RADIAL 
AND VERTICAL OSCILLATIONS 
Method (b) relies upon the use of a sufficiently 
strong degree of coupling between the radial and 
vertical betatron oscillations. In any periodic accelera- 
tor system (without coupling) these oscillations die 
out with exactly the same law. For a given set of 
conditions, such coupling weakens the damping but 
there is a simultaneous reduction in the build-up of 
the radial oscillations (p,,,).. In order to use this 
method it is necessary to choose an operating point 
which is close to a difference resonance line. 


(9) 


where Nu, and Nu, are the phase changes of the 
oscillation during the time a particle takes to complete 
a circuit, N is the number of magnet periods in the 
accelerator, and g is an integer. If co-ordinate and 
velocity coupling is present, the equations for betatron 
oscillations can be expressed with sufficient accuracy 
in the form (for simplicity we consider k = const); 


p+(L/o)(1 — y)p + (1 —n)p — Anp 


+yz+rz=0 


(10) 
2+ ([/w)z+nz+Anz+yp—76=0 (11) 


where An is the perturbation which causes the 
departure from the exact resonance condition (9); y 
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and 7 are the coupling parameters relating to co- 
ordinates and velocity, respectively. 

The coupling of the p- and z-oscillations, determined 
bythe parameter y, can be effected by using quadrupole 
lenses at some azimuthal position. Alternatively, at 
the expense of a certain amount of distortion of the 
curvature of the guiding magnets, they can be placed 
in the plane perpendicular to the orbit of the particles. 
Coupling corresponding to the parameter 7 can be 
achieved at the expense of the additional azimuthal 
field in the straight sections of the accelerator but this 
type of coupling turns out to be far less effective than 
co-ordinate coupling. 

Using perturbation theory to solve equations (10) 
and (11), we obtain the following expressions for the 
damping decrements 


= + — 2)} (12) 
= — — 2)} (13) 


where g is a quantity which characterizes the degree of 
coupling between the oscillations 


_ [(Ap? 


g 


Here, Ay is the deviation from the resonance condi- 
tion (9), and » is determined by the coupling 
parameter y. If F, and F, are the normal solutions 
for the zero order approximation normalized so that 
Wronskian is equal to —2i, then 


2N Jo 


In the absence of coupling, or for large deviations 
from resonance (g—» 1), we have the equations 


+ (15) 


(16) 


(17) 


from which, in particular, equations (1) and (5) are 
derived. In the presence of coupling (g—» 00), and 
under conditions of exact resonance (9), we have 


Since in a strong focusing accelerator y is small 
5 

(ror instance, ~ equation (18) implies that in this 
n 


case the amplitudes of the radial and vertical oscilla- 
tions on the average remain practically constant—they 
neither die away nor grow. The values of the decre- 
ments under actual working conditions can be cal- 
culated using formulae (12)-(16). For this purpose, 
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it is necessary to fix the tolerance An and to choose 
values for the coupling parameters y and y. » is 
determined not only by y but also by the azimuthal 
extent of the quadrupole lenses which provide the 
coupling. 


4. SUPPRESSION BY DAMPING MAGNETS 

We turn now to the question of the damping 
magnets. Let us consider the general case of an 
arbitrary magnet system in a synchrotron type of 
accelerator for which the equilibrium orbit has 
curvature k and field exponent n, both being periodic 
functions of the generalized azimuth angle @. 


+ =k(9), %,) =m(8) (19) 


In such a system, the equations of motion of the 
particles in the z = 0 plane will have the form 


p” + (T/c)p’ + (1 — n)p =k 


AE’ eV,cos¢ 
1—k = 
( p) E EL 


(20) 


— 2npk) , AE= E—E, (21) 
c \ 
where the differentiation is carried out along the arc 
o of the equilibrium orbit. The quantity I’ (see (2)) 
is a rapidly varying function of the argument and L, 
and £, are the equilibrium values of the orbital path 
L and of the energy E. We will suppose that for an 
equilibrium particle in the median plane the accelerat- 
ing system compensates for the radiation losses. 
Introducing the function y, the periodic solution of 
the equation 

+ — ny = kkp, (22) 

we obtain the damping decrements of the synchrotron 
and betatron oscillations 


Ssynchr 


1 / k k ) \ 
== 


(24) 


Sp bet — J > 


synechr 

It is easy to see that for an accelerator in which the 
equilibrium orbit has a constant radius of curvature 
and for which, consequently, I’ is a constant, these 
equations assume the forms (3) and (5). The case 
k = k(6) for strong focusing was first considered by 
Rosinson™ and later, in a generalized form, by 
ORLOV and Tarasov.‘® 

It follows from equations (23) and (24) that a 
magnet system which damps the radial betatron 


oscillations and which does not at the same time cause 
a build-up of the synchrotron oscillations must 
satisfy the conditions 


(25) 


Here the quantity (y) <1 has been neglected. The 
left hand inequality is the condition for stability of the 
betatron oscillations; the right hand inequality is the 
stability condition for synchrotron oscillations. 

Thus, the damping of the betatron oscillations 
causes a further reduction of the curvature of the 
equilibrium orbit in the focusing magnets. If, for 
constructural reasons, it is desirable to have identical 
fields in all the guiding magnets, then it is more 
convenient to place special damping magnets in the 
straight sections of the accelerator. These can, for 
example, consist of two sectors with opposed magnetic 
fields which fall off rapidly with the distance from the 
centre of the accelerator. 

In view of the criterion (25), we must admit that our 
earlier suggestion’ that damping magnets with n < 1 
would be suitable in a strong focusing magnet is 
erroneous. In fact, damping magnets with such a 
value of n would be effective only for the case where 
= 1, i.e. for weak focusing* 


5. CONCLUSIONS 

We note that the formulae we have derived have 
the peculiar feature that the total decrement of the 
synchrotron and betatron motion is equal to —3}(I°) 
for all cases. If we now consider vertical oscillations 
which have been coupled with the radial motion then 
this total becomes —2(I°). This situation is not 
accidental but follows from the general theorem of 
Liouville-Ostrogradskii® according to which the 
Wronskian of the solution of an n-th order differential 
equation transforms according to 


pp 
W = const. exp (. - | = dx) (26) 


where P,,_, and P,, are the coefficients of the (k —1)th 


and kth derivatives. The coefficient =e which 


determines the damping Wronskian, is associated with 
the energy dependence of the radiation intensity which 
in any magnet system has the form W ~ E* and with 
the damping which is strictly due to radiation and 
which has a decrement equal to —I’/2 for the radial 


should be 


*In the reference cited,'*) the expression ( 
Ne 


replaced by ~ (see equation (8)). 
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and vertical oscillations. Since neither of these factors 
depends upon the nature of the magnet system, the 
accelerating apparatus, oscillation coupling etc., it 
must clearly follow that the damping Wronskian is 
also independent of these factors. In fact, calculations 


n—1 


confirm that the coefficient always equals 31° for 


a system with two degrees of freedom (radial betatron 
and synchrotron oscillations) or equals 41° if the 
system has in addition a vertical degree of freedom 
(coupled radial and vertical oscillations). 

It follows immediately therefore that any arrange- 
ment which increases the damping of one type of 
oscillation must certainly decrease the damping of the 
other type. Since the Wronskian of the solution 
necessarily dies away (implying a decrease of the total 
six dimensional phase space occupied by the oscilla- 
tions) a well chosen damping system will ensure 
damping for all three degrees of freedom. 

Apart from this general result, application of the 
Liouville-Ostrogradskii theorem provides a simple 
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means of finding the damping decrement of the 
betatron oscillations for various versions of the 
damping system. To do this, it is sufficient to deter- 
mine the decrement of the synchrotron oscillations, 
a procedure which is very much simpler. 

A similar approach can also be applied to other 
effects where the rate of energy loss is associated with 
the energy of the particle: for example, the case of 
bremsstrahlung radiation due to the nuclei present in 
the residual gas. 
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A resonance method for localizing and heating a plasma 
by means of a varying electromagnetic pressure* 


(Received 5 August 1958) 


HEREIN we discuss briefly the resonance excitation of volume 
oscillations of a plasma bunch by an amplitude-modulated 
electromagnetic field which produces a uniformly distributed 
pulsating pressure on the surface of the plasma. This problem 
has relevance to attempts to achieve pulsed high temperatures 
and pressures in a plasma such as are necessary, for instance, 
for the intensification or initiation of thermonuclear processes 
when the amplitude of the attainable electromagnetic field is 
limited in magnitude. A modulated isotropic pressure on the 
surface of a quasi-spherical bunch can be realized by subjecting 
the plasma to an intense modulated short wave radiation field, 
the modulation being produced by a magnetic field which varies 
rapidly and randomly in the neighbourhood of the bunch, pro- 
duced either by a modulated superposition of three rapidly 
varying magnetic fields or (for a rapidly moving bunch) by a 
spatially modulated magnetic field which is randomly dis- 
tributed along the path of the bunch, etc. 

For simplicity we assume that the alternating electromagnetic 
field is screened by the plasma electrons and does not penetrate 
into the interior of the plasma. On the surface of the plasma 
there will then be a pressure Pay(t) ~ H*ay(t)/87, where H,, is 
the time average of the magnetic field intensity on the plasma 
surface. 

The excitation produced by the alternating pressure depends 
essentially on the ratio between the effective modulation 
frequency and the characteristic pulsation frequency of the 
bunch. Volume oscillations will be excited strongly and rapidly 
if the effective modulation frequency is close to the quasi- 
acoustical resonance frequency res of radial pulsations of the 
bunch. For a dense plasma the order of magnitude of ?res 
is given by the ratio of the volume wave velocity in the 
plasma to the dimensions of the bunch: res © u/2a) ~ (€7/A)*/ao 
Mc/s, where ¢7 is the thermal kinetic energy of the plasma ions, 
A their atomic weight, a, the radius of the bunch; for instance, 
for ~ 30 eV and a 10 cm, 1 Me/s, which 
demonstrates the practical possibility of exciting resonance 
pulsations. 

We are assuming that the main mass of plasma in the 
bunch takes part in the pulsation simultaneously (as for instance, 
in a uniform deformation, provided the rate of variation of 
external pressure is not too great). Then the equation for the 
excitation of forced pulsations has the form (in dimensionless 
units) (1/z*) . d®z/dr? = 1/(z*”) — fext(r), where z= a(t)/a, 
f = Pext/P) and ~ t. 

This equation can be solved numerically for various forms 
of the modulation function f(r) (for comparison one can point 
to a similar problem concerning the excitation of pulsations of a 
gas-bubble in a liquid by ultrasonic or shock waves). If f(r) is 
a periodic function the oscillations of the bunch are in the nature 
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of beats, since the frequency of the pulsations depends on 
the amplitude of the oscillations, and at regular intervals the 
oscillations are suppressed by the external force. Therefore, 
when one wishes to obtain sufficiently large oscillation ampli- 
tudes it is desirable to vary the period of the external excitation 
as the period of the pulsations varies. Such a synchronization 
can be arranged for in advance, or else it can be ensured by a 
device governed by the pulsations of the bunch. 

Owing to the small surface area of the bunch at the moment 
of maximum compression, and owing to the rapidity with which 
oscillations are excited, the development of instability effects is 
negligible and the influence of the evaporation of plasma particles 
is diminished. Evaporation can occur because the basic 
force causing the bunching, which is the dynamical pressure of 
the radially pulsating plasma does not remove the possibility of 
particles leaving the surface. This effect can be diminished by 
the use of incomplete modulation of theamplitude of theexternal 
field. This justifies the discussion of methods of effective rapid 
excitation of strong pulsations by small changes of a large 
(maximum obtainable) pressure. 

We estimate the order of magnitude of the transformation 
coefficient of pressure, i.e. the ratio of the maximum external 
pressure Pext used, to the maximum obtainable internal pressure 
in dense plasma. We make the rough assumption that the 
process is an ideal one. Equating the work done by the external 
pressure to the change of internal energy of the gas (at the instants 
of maximum contraction and expansion the kinetic energy is 
zero) we obtain 


| 
Pext( Vinax = Vin) = (PmaxVmin Pi Vmax), 


where P, is the internal pressure at the moment of greatest 
expansion, y the ratio of specific heats for the plasma gas and 
V the volume of the bunch. But we have P\ V7.4. = PmaxViin 
so that 


Pmax Ky, — 1 

Kp = —— ~ 
Pext 1 

| 


where Ky = Vmax/Vmin. We assume that Ky > 1, e.g. Ky ~ 30, 
then Kp ~ (y — 1)Ky ~ 20 for y = 5/3 (monatomic gas). 

In addition to mass pulsations it is of interest to dis- 
cuss a sharply pulsed or a high frequency modulation of 
the pressure which leads either to the production of convergent 
spherical waves of high amplitude, or to the excitation of 
resonances in the higher harmonics and to a strong heating of 
the plasma due to the dissipation of these high frequency 
acoustical oscillations. 

It is evident that a similar discussion of the excitation of 
quasi-acoustical resonance oscillations may be performed for 
plasma bunches which are prevented from dispersal in certain 
directions by a strong magnetic field and also for elongated 
forms of plasma bunches for instance for a plane layer, a cylinder 
or a torus of plasma; on their surfaces one can utilize the action 
of pulsating currents produced by varying electric fields. 
However, elongated configurations are unstable against bending, 
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therefore spherical symmetry seems to be more promising, 
since it retains its shape longer. 

One should note that in dynamical conditions of pulsation 
the stability conditions for plasma configurations may differ 
from those of the stationary case and that in certain cases the 
formation of dynamically stable shapes might be possible. 

We note also that in the case of a less dense or strongly 
heated plasma (when ion collisions can be neglected) the rapid 
application of an electromagnetic interaction to the electrons 
of the quasi-neutral plasma will cause an intense radial oscillation 
of the ions, due to the Coulomb interaction of electrons and 
ions. The ions will repeatedly pass close to the centre at high 
relative velocities. This method of ‘super-thermal’ excitation of 
ion oscillations has a curious analogy to the creation of ‘balls 
of yarn’ from charged particles in constant electric fields. 


G. A. ASKARYAN 
M. S. RABINOVICH 


On the behaviour of small plasma bunches in a waye- 
guide and their interaction with the conducting walls* 


(Received 5 August 1958) 


METHODS have been suggested by VeEKSLER'” for the radi- 
ative acceleration of plasma bunches. It is of interest in 
this connexion to elucidate the conditions ensuring the 
detachment and repulsion of quasi-neutral plasma bunches 
from the walls of a waveguide in order to achieve an increase of 
radiative or other dissipative properties and to ensure the 
Coulomb trapping of ions by electrons. These conditions of 
detachment are essential also in the discussion of various 
methods for injecting and accumulating plasma and for 
transporting plasma bunches carrying magnetic fields through 
pipes. In the work by M. L. Levin and AskaryAn,'? the 
radial stability of small bunches near the axis of a waveguide has 
been investigated. In the same paper, the axial stability and 
localization of plasma bunches moving through the neighbour- 
hood of the axis of extended magnetic fields are also examined. 

In the present article we evaluate the radial force acting on a 
small plasma bunch in the simplest types of wave field when the 
bunch is displaced an arbitrary distance greater than its 
dimensions; an estimate is also made of the strength of the 
interaction of the bunch with the conducting walls and it is 
pointed out also that there exist several possible types of pipes 
and reflectors for current-carrying bunches. 

In discussing the behaviour of a bunch in a waveguide, one 
should bear in mind that for sufficiently small induced dipole 
moments of the bunch (for instance for very small dimensions 
of the bunch or small dynamical polarizability) the interaction 
of the bunch with the walls is small compared with the effect of 
the wave field, even in the vicinity of the walls. This follows 
from the fact that the interaction with the wave is proportional 
to the first power of the small dipole moment, while the inter- 
action with the wall is proportional to its square. For such 
small bunches one can evaluate the radial forces at any displace- 
ment from the axis. 
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In a unified notation the expressions for axially symmetric 
H, and E, waves have the form (the left hand terms in the 
curly brackets refer to the Hy wave): 

(Hi, ; E;} 


= {H,; E,}Jo(«r) sin (wt — hz), 


h 
{H,; E,} E,}-J,(«r) cos (wt — hz), 
K 


{E,; Hy} = cos (wt — hz). 
K 

Here H, and E, are the amplitudes of the waves on the axis of 
the waveguide, r is the distance from the axis, « and h are the 
transverse and longitudinal wave numbers (A? + «* = k’). 
These wave numbers are related to the radius of the waveguide 
R by the boundary condition J,(«R) = 0, (« ~ 3-8/R) for the 
Hy wave and J)(«R) = 0 (x ~ 2-4/R) for the E, wave. 

In the H, wave the time averages of radial forces acting on the 
electric (P) and magnetic (M) moments of the bunch are given 
by the expressions: 


\ k2 
= (Py —* 008 pp, 


(. 


(Fy)av (M, M. 


Or ay 
“T JoJo’ cos Pau- 


In these expressions « and / are the coefficients of dynamic, 
electric and magnetic polarizability for an isotropic bunch and 
Ym and Pp are the phase shifts between the electric and magnetic 
moments of the bunch and the field (in particular for a screening 
quasi-spherical bunch of radius a we have « = —2f = a® and 
Pp = Py = 0) J and J’ are a Bessel function of the argument 
« and its derivative with respect to r. (In the following we shall 
use the well known relations Jy’ = —«J,and J,’ = —J,/r + «Jpo.) 
The total radial force acting on the bunch is 


2 


k? 
(F,)av COS Pp 


2 


B Jobs’) cos Pat} 


Near the axis we have = —4x*r, J,J,’ = therefore 
the condition for axial stability has the form 


ak? cos pp + B(k® — 3x") cos py < 0. 


Near the walls JoJo’ = and J, J,’ = (p = R — r), 
therefore the condition for detachment of the bunch from the 
wall by the wave field is 


ak® cos Pp + f(k® — 2x*) cos py > 0. 


For instance, while a bunch in dense plasma is unstable relative 
to the axis of an Hy wave the field of this wave in the neighbour- 
hood of the wall of the waveguide does effect the detachment 
of the cluster from the wall by acting on it with the force 
(Fav = —$a°H,2J,°(k? + «*)p. The analysis of the character 
of the force distribution shows that within the waveguide there 
is an equilibrium radius about which the position of the bunch 
is stable. The bunch is compressed by the magnetic wave field, 
the vector of which alternates or rotates as a result of the phase 
shift between the components H, and H,. 
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Various combinations of wave fields and constant external 
magnetic fields also are possible which have such values along 
the flight path of the bunch that in the co-ordinate frame of the 
bunch the magnetic field wanders, rotates or changes its 
direction and by this means makes possible the localization and 
stability of the moving plasma bunch. 

We estimate the strength of the interaction of a bunch with 
the conducting wall, assuming that the distance between the wall 
and the bunch is greater than the dimensions of the latter, but is 
considerably less than the dimensions of the waveguide. If the 
conductivity of the wall is sufficiently high the field of the surface 
charges and currents that are produced when the polarized 
bunch approaches the wall may be replaced by an image field. 
The longitudinal and transverse components of the magnetic 
image of a varying or moving magnetic dipole are related to the 
components of the magnetic moment of the dipole itself by the 
relation M,,’ = M, and M,’ = —M, while for an electric 
dipole the image vector satisfies P’, = —P, and P,’ = P,. 
The component normal to the surface of the force of interaction 
between the bunch and the walls is 


— Py Yaw 


In the Hy wave only the longitudinal component H, and the 
longitudinal component of magnetic moment are non-zero near 
3 
2, 
increases rapidly as the bunch approaches the wall. Comparing 
the interaction forces of the wave and the interaction with 
the wall for a dense bunch one sees that if p > afa*(4k* + x*)] : 
the displacing force due to the field exceeds the force of repulsion 
from the wall. 
We now discuss the behaviour of a small bunch in the field 
of an E, wave. The average radial forces acting on the bunch 
are 


the walls, so that F,, = This force of repulsion 


(Fav = (P P 
z or r ar 


COS Pp, 
| 


2 


ES COS Py 


The total radial force is 


1 k* 
= 5 Eat (Jobo! + Juss’) 008 pp + 608 

and thus the condition for stability near the axis has the form 


a(k® — 3x*) cos pp + Bk* cos py < 0. 


Near the walls of the waveguide J,’ = —J,°/R> J, and 
therefore the wave field will keep the bunch off the walls under 
the condition that 


ah® cos pp + cos Py > 0. 


In particular for a dense plasma bunch the force of interaction 
with the field is 


(F,)av 


a’ 


and the detachment of the bunch from the wall will occur if 
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k* > 2«*. The magnitude of the force effecting the detachment 
from the wall remains finite even for small distances from the 
wall. 

The force of close interaction of bunch and wall is determined 
by the presence of the electric radial and magnetic azimuthal 
moments whose amplitudes are P, = «E,hJ,/« and M, = 
BE,kJ,/x, therefore the normal component of the force of 
interaction with the wall is 


i.e. repulsion from the wall occurs if f*k* > 2x*h*. Neglecting 
the differences of the squares of the wave numbers for a dense 
bunch we obtain F,/F, ~ (p/R) (p/a)* thus if p > a the inter- 
action with the wall can be neglected. 

It is easy to predict the effect on the processes discussed of 
applying a strong constant magnetic field which effectively 
‘freezes in’ all the polarizabilities of the bunch other than the 
longitudinal electric polarizability. However, for brevity we shall 
not dwell on these and similar effects connected with the non- 
isotropy of the medium or the shape of the bunch. 

In addition to the high-frequency magnetic moment induced 
by the wave field the bunch may have its own slowly varying 
magnetic moment produced, for instance, by residual or 
artificially maintained circulating currents (the attraction of 
such currents weakens the longitudinal dispersal of the bunch) 
or by the plasma diamagnetism in an external constant field. 
This intrinsic moment does not influence the time average of 
the interaction of the wave field with the polarization of the 
bunch and therefore the possibilities of independently realizing 
localization and transverse stability of a bunch are improved. 
However, the field of such a moment may essentially increase 
the force of repulsion between the bunch and the wall as it 
approaches the wall. Therefore a channel with conducting walls 
may serve as a ‘plasma conductor’ for a flux of plasma bunches 
carrying magnetic fields. We mention tentatively yet another 
example of the interaction of current-carrying plasma bunches 
with conducting walls: the localization of an approaching 
current-carrying bunch by concave metallic surfaces. The 
induction currents arising on the surface of such mirrors will 
not only act as brakes on the approaching bunch and inductively 
reinforce its current, but they will contribute also to its radial 
compression (or weaken its dispersal). Owing to the high 
concentration of magnetic lines of force surrounding the ideally 
conducting surface of a mirror, the reflection of a current-carrying 
bunch by a concave mirror will be more effective than by a plane 
mirror. By choosing the shape of the concave surface and the 
conditions for the path of the bunch one can vary the dynamical 
reflection within wide limits and in particular make the instants 
of reflection and maximum contraction coincide. Such con- 
centrating reflectors may be used for pulsed localization and 
heating of moving plasma. 
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A possible non-stationary thermonuclear reactor* 
(Received 2 June 1958) 


THE energy generated in a stationary gas discharge can be 
removed only in the form of heat. Therefore it is of interest 
to investigate non-stationary models that allow a direct trans- 
formation of a part of the nuclear energy of a plasma into 
electrical energy. 

The model proposed consists of a cylindrical or spheroidal 
plasma column performing forced radial oscillations under the 
influence of an external alternating axial magnetic field. In 
this arrangement the temperature of the plasma will oscillate 
around 7,, the temperature at which the energy generated by 
nuclear reactions compensates for the radiation losses. In the 
following we derive a condition for the periodicity of the 
oscillations, and show that for this condition to be satisfied the 
nuclear energy generated in one cycle must exceed considerably 
the radiative energy. The difference of energies must be passed 
to the external winding producing the magnetic field. 

It has been shown” that a plasma cylinder compressed by a 
magnetic field with straight lines of force is dynamically stable. 

Thus it would be more sensible to study it during times 
which are greater than those of its own oscillations. The tem- 
perature 7, necessary for operating a thermonuclear reactor 
using deuterium plasma is of order of magnitude 10°°K so 
that the speed of sound in the plasma ~10* cm. sec~*. Hence the 
proper frequency of a column of about 10 cm diameter is about 
10’ c/s. We shall assume that the frequency with which 
the external magnetic field varies has the order of ordinary 
a.c. frequencies, ~10* c/s. Wecan also replace the equation 
of motion by a condition of equilibrium because the plasma 
oscillations under the action of a magnetic field are very slow 
compared to the proper oscillations. In the following we shall 
confine ourselves to the case when the magnetic field H outside 
the plasma differs little from the external field H,: 


H = —h), 
where h < 1. 
In addition we shall assume that the temperature at each 
instant is the same in the whole column. Under these assump- 
tions the hydromagnetic equations have the following form 


H2(1 — 2h) 
| = 0, (1) 


A(r,v) 
r or 


aH, ah 


a ah 
(2) 
(3) 


The energy equation should be given for the column as a whole 


3 k (2 2( ) 
— am n — nF(e, — 
7 + Tn — & 


— =0. 
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Here n; is the ion density, Z their charge, o the electric con- 
ductivity of the plasma, r*(t) the radius of the column, and 
€ and ¢, are quantities depending on temperature in those 
terms which take into account the losses due to bremsstrahlung 
and the nuclear energy generated (omitting that part of the 
energy which is carried away by neutrons). 

This system of equations must satisfy the following boundary 
conditions 


n,=0 and k=O for r=r* (5) 


Equations (1), (2) and (3) have simple solutions to the 
accuracy required; we shall use these in the following: 


2N; 
(1 — r?/r*?) 


(+ Z)NAT 


h 
H 2p 
e 


(1 — rir"); 


2c* 

— (H,r**)? = — —-+(1 + Z)NAT. (6a) 
dt 

Here N; is the number of ions in 1 cm of plasma column length 
and T is an as yet arbitrary function of time. The temperature 
will be determined later from the energy balance equation so 
that r*(t) is determined by equation (6a). 

It follows from this equation that the time constant for the 
dissipation of magnetic energy is about 1 sec. As we are 
considering plasma oscillations of a considerably smaller 
period (about 10~* sec) we can in the first approximation neglect 
energy dissipation. Then 


(H.r* = ® = const. (7) 
Inserting expressions (6) and (7) into equation (4) we obtain 


(e, — &) = 0. (8) 


dt 9n{1 + Z)Pkt 


For the simplification of further calculations we expand the 
difference e, — &, into a series around the temperature T, and 
leave only the first term 


— & = mT — T.). (9) 


Let ¢* be the oscillation period of the magnetic field and 
H,, be its mean value. We introduce the notation 


H, = H,,(1 + x); 


= t/t*; 


- \ 2/3 


8mN,t*H,, 
+ Z)kD 


K, 


and rewrite equation (8) in the form 


d 


dr (it) 


One should integrate this equation setting d = const. cos 27, 
but this leads to too lengthy calculations. For simplification 


we shall assume that the field varies according to the law 
l+a=-1l+a for 0O<r<} 


l+a=1—a, 


(12) 
for 4<r<l 
where %) = const. This simplification affects the final results 
only slightly although it contradicts the initial assumption that 
the field varies slowly. 
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A solution of equation (11) must be found in the form of a 
continuous function of period 1. It can be written in the 
following form 


u = (1 + + [(1 — «,)-? 


u = (1 — — [(1 — 
«(1 


9 


«(1 


Evidently, if the condition of periodicity is to be satisfied the 
plasma parameters at this point in the cycle cannot be given 
arbitrarily. The relation between them is determined by 
solution (13). 

We can now evaluate the excess energy A produced in a 
cycle. In 1 cm of column length it is 


t* r* 
A= [ dt | n2m(T — T,)2zr dr. 
0 


Inserting here solution (13) we get 


(15) 


One sees that A is always positive, i.e. the work done by the 
plasma against the forces of the magnetic field is on the average 
positive, and energy passes from the plasma to the electric 
network. If one can achieve a situation such that «(1 — a») 
is less than 2 or 3 (which is possible if one uses very strong 
magnetic fields) the excess energy over a cycle will depend only 
slightly on the other parameters and will be equal in order of 
magnitude to the mean energy of the plasma. The electric 
energy obtained in unit time will be proportional to the frequency. 
For x <1 the power generated will not depend on frequency. 


E. LaArisH* 
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The equilibrium distribution of current density 
in straight high-current discharges 


(Received 7 August 1958) 


IN this paper we derive the equilibrium distribution of electronic 
and ionic densities in a straight discharge in the presence of an 


* Institute of Applied Mechanics, Bucharest. 
+ Translated from Atomnaya Energiya 5, 648 (1958). 


additional current flowing along the axis of the discharge 
chamber. 

We assume that in the chamber, which is formed by two 
coaxial cylinders of radii r, and r, (r; < r,), there is a discharge 
current J and that along the axis of the chamber there is an 
additional conductor carrying a current J. We denote the 
electronic and ionic densities by p,(r) and p,(r) respectively 
and the corresponding temperatures by T, and 7;. We also 
denote by f, and /;* the respective ratios of the longitudinal 
drift velocities of electrons and ions to the velocity of light. If 
one then assumes that the pressure tensor is isotropic and that 
the ions are singly charged the equations determining the 
stationary distribution take on the formt 


k a 
plE, — 8. Hg) + - (p.T.) = 0; 
e Or 


1 


k @ 
plE, — — = (piTi) = 9; 
e Or 
- — rE, = 4re(p; — p.); 
r Or 
1 
rH = 4re( pif); PePe) | 


Here k is Boltzmann’s constant and e the absolute value of the 
electron charge. 

We assume that the drift velocities 8, and 8; and the tempera- 
tures T, and 7; are independent of the radius; this appears to 
be completely correct for not very high densities. One can then 
show that if one assumes that it is possible for a charge g to form 
on the axis, given by 

e % 
the non-zero solution of equations (1) and (2) is 


Ar) = pe 
p Pea 


Ar) = pi 
al 


where 


- 


*We note that in all the formulae f, and 8; denote the 
algebraic values of the velocities, i.e. if we assume that J > 0 then 
fp; > O and fp, < 0. 

+ We disregard processes occurring in the neighbourhood of the 
electrode. 


a. 

ex(1—%) — aN 
for 0<7r<} 
e 2 
or $<7r<1. 
for $<7r<1 
| (1) 
4 
(2) 
(14) 
JO 
59/60 A 
ae 
r? } 
(4) 
r? | 4 
+2\2° | 4 
= 
(5) 

and 

x) | ; 6) 
F ( 

Jo — 21 

2ke T. + T, 

e Pi 
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Thus the introduction of the additional axial current J has 
the result that a stationary state becomes possible only in the 
presence of a charge g on the axis; this charge is zero only when 
I= 0or;/f, = —T,/T,. It follows from the expressions (4) and 
(5) that the gas column is charged as a whole and that the charge 
per unit length is 

J Tip. 


e + 7; (8) 


J 
I 


Taking into account the relations (4) and (5) we obtain for 
the current density 
Jo (p + 2)? 


(9) 


+6& 1pP 


Hence it follows that with increasing discharge current its 
distribution across the section changes. 
The current density reaches a maximum value at r = r,,, where 


m p +4 > 


\ So + 4) 
= w 16r,* 


(10) 


(11) 


We discuss some interesting cases in more detail. 

1. J=0., 

In this case it follows from (6) and (10) that the maximum of 
current density is always on the inner wall (r,, =r,). The 
nature of its distribution across the section is determined by the 
quantity p. For weak current (J <J,) the index p is near to 
zero and the current density is almost independent of radius. 
With increasing current p increases and a greater part of the 
current begins to flow in the neighbourhood of the internal 
chamber walls. Finally for high current (J > J,) we obtain 


2 


J 2 
q=4 (12) 


J, = 


ie. practically the whole current is concentrated in a narrow 
region around r = r,. If one assumes that rr, = 0 the distribution 
takes on a delta function character even for J = J). In the 
particular case r; = 0 one gets r,, = 0 and 7; = 0; this result 
was obtained by THONEMANN and Cowuia."" 

2. I =const. < 0 (/ and J opposite in direction). 

For small currents (J < J,) the index p has its smallest value, 
which is —4//J), and the current density increases monotonically 
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with increasing radius. With increasing current p increases and 
the dependence of current density on radius becomes more 
and more pronounced. From the current value J = —I 
onwards the maximum of density moves away from the external 
wall of the chamber and is displaced in the direction towards 
the internal wall. For J > J, — 2/ the nature of the current 
density distribution becomes similar to that in the case J = 0. 

In conclusion we consider the case in which the central 
conductor is a ‘return lead’ and carries a certain part of the 
discharge current, 

= —kJ. 


In this case the current maximum always lies inside the 
chamber and with k varying from zero to 1 it moves from the 
internal wall (r,,, = r,) to the external wall (r,, = r2). For small 
currents (J<J,) p is close to zero and the distribution is 
almost uniform across the section only having a weak maximum 
at 

r= + — 


With increasing current, r,, decreases somewhat, the index p 
increases and the maximum of the distribution becomes more 
and more pronounced. Finally for J > Jo/(2k) 

4k(x + 1) J 


y 2k, 
1 Jo 


and the whole current is concentrated in a narrow region in the 
vicinity of 
1 
fa = ryxPts 
Thus for instance for kK = $ we obtain 
rm = + if 
if J > J,/(2k). 

Thus if the central conductor carries a return current which 
is a kth part of the discharge current, then for sufficiently high 
values of this current the discharge is localized in the chamber 
near r = r,,, this radius depending on k. The current remains 
detached from the walls and forms a thin-walled hollow cylinder. 


L. M. KovryZHNYKH 
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ON THE POSSIBILITY OF ACCELERATING POLARIZED 
PROTONS IN A CYCLOTRON* 


G. M. BuDYANSKY, YU. A. ZAVENYAGIN, N. D. FEDEROV and V. A. KHRABROV 


(Received 20 September 1958) 


Abstract—The probability of spin re-orientation is estimated for polarized protons accelerated in a cyclotron 
in which the field falls off with increasing radius and varies azimuthally. Beam extraction is also considered. 
The depolarization probabilities are shown to be both small. 


1. INTRODUCTION 

THE study of nuclear interaction processes and the 
explanation of the nature of nuclear forces demand 
experiments with polarized particles. At present 
polarized particles are obtained by scattering and 
therefore the beam intensity of such particles is 
small. Experiments involving the study of double or 
triple scattering of polarized particles are difficult to 
perform and are sometimes quite impossible owing to 
the smallness of the effects to be measured. In con- 
nexion with the development of a source of polarized 
ions) the question arose whether it is possible to 
accelerate and extract these ions from a cyclotron. If 
such acceleration is feasible the need for the first 
scattering is removed and, given a good source of 
polarized particles, one could obtain high intensity 
beams of these particles. We give below an approxi- 
mate discussion of the acceleration and extraction of 
polarized particles from a cyclotron. 

In generally accepted notation the Schroedinger 
equation for the spin function S has the form‘? 


ih = —(HM)S. (1) 


The spin function S is represented by a 2 x 2 matrix, 
so that equation (1) can be written in the form 
dS, ivH, iu 
—= = S, + — (H, — iH,) 
dt h 1 h ( y) 2 | 
dS, 
dt 
where « = yeh/(2mc); (for a proton y ~ 2:8). 

If initially (at t = 0) the projection of the spin on 
the x-axis is positive (S,(0)=1; S,(0)=0), the 
probability of finding particles with spin of the 
opposite orientation at time ¢, i.e. the depolarization 
probability, is determined by the expression P(t) = 


2 
(2) 


(H, + iH,) Sy — 


* Translated from Atomnaya Energiya 6, 306 (i959). 


If H, and H, vary harmonically, 
H,, = H, cos ot, 3) 
H, = H, sin ot, | 


solution of (2) gives the following formula for the 
depolarization probability* 
g* sin? 


v 


P(t) = 


1 + — 2qcosd 


| 


sin? (1 + — 2q cos 


tan? = H,/H, = 2A. 


The quantity » entering in these expressions is the 
spin precession frequency in a field of intensity Hp: 

v= 2uH,/h. (6) 
Since the angular velocity of revolution of ions in a 
cyclotron is w, = eH,/(mc), we have vy = yw,. One 
usually has A = H,/(ZH,) <1 and tan? sin wd 
ev 2A, so that after some transformation equation (4) 
can be put in the form 


4A? 
[(w/yo,) — 1P + 4A? 


At resonance we have 


< sin? | 


Oz? = (8) 
so that the probability amplitude for depolarization 
becomes unity and 

P(t) = sin? (9) 


* In BLOKHINTSEV’s book the factor q* is omitted in the formula 
for P(t). 
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2. DEPOLARIZATION OF PROTONS ON 
ACCELERATION 

Using the above formulae we determine the 
depolarization probability for protons accelerated in 
a cyclotron whose magnetic field decreases with 
radius and varies azimuthally. The field components 
H,, H, and Hy are not explicitly functions of time (in 
the absence of field fluctuations due to the power 
supply). They depend on time only through the 
co-ordinates r, # and z, which vary as the particles 
are accelerated. 

Let us put 


H, = —Hy [1 — + A(r) cos kd], 


where 6(r) takes into account the radial variation of 
the magnetic field while A(r) describes the azimuthal 
inhomogeneity. 

If the departure from the mean plane of the 
magnetic field is small we have 


oH, ds dA 

sam, 2 

He =~ = Hook AM sin ki). 


Going over to Cartesian co-ordinates according to the 
formula 
H,, = H, cos? — H, sin#, 
H, = H, sind + H, cos? 


and introducing the notation 
N = (kA/r + 


M = }(kA/r — dA/dr), (13) 


we obtain 


dé 
H, = ZH cos k} — 


— Neos (k — + Mcos(k + no], 
(14) 
dr 


+ Nsin (k — 1)0+ Msin (k + no], 
Owing to the vertical oscillations of the particles in 
the cyclotron we have 
Z = Z,, COS W,f, (15) 
where z,, is the amplitude of these oscillations and is 
a function of radius while w, is the frequency of 


vertical oscillations. For free oscillations in the de- 
creasing magnetic field, we have 


= Vnw,, (16) 


where n = —(r/H,)(dH,/dr) is the logarithmic index 
of field variation with radius. Since in a cyclotron 
we have m < | the quantity w, is always smaller than 
the frequency of revolution @,. One can take it that 
on the final radius we are in the range 
nw0-1—02; ow, (0:3 — 0-5)o,. 


In the region of small values of r equation (16) is 
inapplicable. Here the vertical oscillations are 
essentially determined by the electric field of the 
dees. In general one can put w, = p/w, where 
p <5. 

Taking into account the vertical oscillations and 
putting # = w,t the expression (14) may be written 
in the form 


dd 
H, [cos (1 = P) Wel 


+ cos (1 + p) w,t] 

— N[cos (k — p — 1) ,t 
+ cos (k + p — 1) ,1] 

+ M[cos (k — p + 1) @,t 


+ cos (k-+p + Deval, 
H, = 42,,Ho0 = [sin (1 — p) w,t 


+ sin (1 + p) 

+ N [sin (k — p — 1) @,t 
+ sin (kK + p — 1) @,f] 

+ M [sin (k — p + 1) @,t 


+ sin (kK + p + 1) @,f]}. 


Spin reorientation can be caused only by a per- 
turbing field whose vector rotates about the same 
direction as that around which the spin precesses. 
In the co-ordinate system we have chosen this is the 
case when the components H, and H, of the perturbing 
field are of the same sign. Consequently the terms 
in (17) containing the coefficient N may be neglected in 
the following discussion. In agreement with equation 
(8) resonance is reached for 


l+p=y (18) 
or 


kKtpt+l=y. (19) 


In a cyclotron condition (18) is never fulfilled because 
p <1 and for protons y is 2-8. Let us estimate the 
depolarization probability for a proton, for instance 
for p = 0-4. According to (5) we have for this case 
A = }z,,(d6/dr). Putting 6 = b(r/RY’, b = 0-02, B = 
10, z,, = 3 cm and r = R = 70 cm (the final radius), 
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we obtain A = 3 x 10-*. The depolarization prob- 
ability amplitude thus proves to be very small 
(P ~ 5 x 10°). 

The resonance conditions (19) may, however, be 
satisfied in a cyclotron. In that caseep=y+k+1. 
Since k is an integer and p a positive quantity not 
greater than about 0-5 the resonance value of p can 
be attained only for k = 2,(p = 0-2). 

In ordinary cyclotrons the amplitude of the second 
harmonic of the azimuthal field variation (k = 2) is 
very small (~0-1 per cent of the main field), while 
in cyclotrons with azimuthal field variation one has 
k > 2. Nevertheless let us examine to what extent 
this resonance might be dangerous. According to 
formula (9) the maximum value of the probability of 
proton depolarization at resonance (w= y,) is 
attained for 

wAt = (20) 
i.e, at the instant 
t= T7/4yA, (21) 


where T is the period of the particle revolution and 
is approximately equal to the period of the HF 
power on the dees. The amplitudes of the field 
components at resonance are determined from (17) 
and are of the form 


H, = 32,HooM = 32mHo(A/r — dA/dr). 
If A = a(r/R)* we get 
A = = — 


(22) 


For « = 2 the quantity A proves to be zero and ¢ 


becomes infinite. Thus when the particle passes 
through the dangerous resonance zone, there is no 
re-orientation of the spin. For another law of fall-off 
(x= 1) we get A= az,,/4R. Taking z,—3 cm 
R= 70 cm and a = 10-* we obtain A ~ 10-4 and 
t ~ 10° T. In cyclotrons the total number of periods 
of high frequency voltage during the acceleration of 
a particle is 50-100. Therefore for « = 1 also there is 
no danger of a change of spin orientation. As the 
values of A obtained are small, it is evidently un- 
necessary to consider other laws of variation of A(r). 

If one takes into account terms of higher order in 
the expression for the components of magnetic field 
this should not lead to any noticeable increase in 
the probability of depolarization, in spite of the fact 
that new frequencies appear in equation (17). In 
fact the amplitudes of the additional harmonic terms 
will be very small in comparison with those already 
taken into account. This will ensure the smallness of 
A, the quantity which determines the permissible 
time for a particle to stay in the varying magnetic 
field. Therefore the permissible number of periods T 
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in equation (21) increases and the probability of 
depolarization decreases. 

If the source is mounted in the centre of the magnet 
this produces a displacement of the orbit centre 
which can be taken into account by introducing a 
first harmonic (k = 1) in the azimuthal inhomogeneity. 
The quantity A(r), (see equation 10), will in this case 
be small as in the example examined above and there- 
fore its influence on the depolarization may be neg- 
lected. 


3. DEPOLARIZATION OF THE PROTONS 
ON EXTRACTION OF THE BEAM 


When the beam is extracted the particle is moving 
in a strongly inhomogeneous magnetic field. Calcula- 
tions and experiments have shown that in the deflecting 
field the ions perform about one vertical oscillation 
independently of the initiai conditions (the distance 
from the median plane, z, and the initial phase at entry 
into the deflector). The ions pass through the median 
plane roughly in the region of maximum magnetic 
field gradient (see Fig. 1). 

The radial component of the field H, may be 
represented by the approximate expression 

_OH, OH, 


= 


3 
or or (23) 


Zp sin 27l/l,. 


Fic. 1.—Variations of the field intensity H,, of its radial 

derivative dH./dr, of the vertical position co-ordinate z and of 

z(dH,/dr) along the path / on the mean trajectory of an ion 

in the deflected beam. (/ = 0 corresponds to entry into the 
deflector system.) 


Vol. 
x 
59/60 
| 
| 
~ 
ar 
ly 
\ 
\ 
+ 
/ OW, ae 
\ or 
/ 
\ 


152 


Since / = vt, we have H,(/) = z(0H,/0r) sin xt where 
K = 2n0/I,. 

During the time in which the particle traverses the 
path /, from the entry into the deflector (radius r,) to 
the final point of the path (exit from the chamber, 
radius r,) the instantaneous value @ of the frequency 
varies within the limits 


The quantity v/r; is equal to the frequency of 
revolution of a proton before its entry into the 
deflector (w,), while r,;~2r; so that the angular 
velocity @ at exit is between w, and 0°5 w,. For an 


estimate of the depolarization we use the field com- 
ponents 


OH, 
H, = H, cos ¢t = Zp -_ sin Kt cos @t, 
r 


(24) 
H, = H, sin = Zo sin «t sin @t. 
Therefore the expressions for the components of 


the perturbing field involve the frequencies 
2 =K+9, (25) 


in which the quantities « and w, are comparable. 
The spin precession frequency vy = yeH,/(mc) varies 
during the process of extraction between the limits 


(26) 


Comparing the relations (25) and (26) we may note 
that in the extraction of the particle there may be 
one or two points (if for t = 0 we have « + w, < yw,) 
in which the frequencies Q, , are equal to the frequency 
of spin precession (resonance points). 

For a very exaggerated estimate for the amount of 


y(eH,|me),_,,. 
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depolarization we assume that the resonance takes 
place not at the points noted but in a broad region 
of values of / (from / = }/, to / = 3/,). The time of 
passage of the particles through this region is 
t=1,/(2v). We take the magnitude of the field 
intensity to be equal to some mean value Hy = 4H; 
(H, is the field at / = 0) and the frequency Q to have 
its maximum value Qmax = « + @,. Therefore in 
agreement with expression (9) the probability of spin 
re-orientation proves to be equal to P = sin? QmaxAt. 

For the cyclotron of the Atomic Energy Institute 
of the U.S.S.R. Academy of Sciences one has for 
proton acceleration up to 12 MeV: v=0-l6c, 
H, = Oc, w, = 75 10° sec, = 16 
1, ~ 300 cm and t=3 x 10-® sec. The quantity 
A = z,(0H,/0r):}H, for 


OH,/Or ~ 200 Oe 


proves to be ~0:03. For the chosen values of Qmax 
and t we have P = 0-03. In actual fact ¢ is considerably 
smaller than the value assumed earlier and the 
depolarization of protons on extraction from the 
cyclotron is many times smaller than these estimates 
would give. 

To obtain polarized ions in the central region of 
the cyclotron many methods can be proposed. The 
choice of the method most effective in ensuring a 
beam of accelerated polarized ions of maximum 
intensity can be made only after a special investigation. 
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NON-LINEAR THEORY OF SLOW PLASMA WAVES* 


YA. B. FAINBERG 


(Received 3 September 1958) 


Abstract—The propagation of electromagnetic waves in a narrow plasma waveguide is examined in a non- 
linear approximation. The dependence of the phase velocity on the amplitude is derived, and consideration 
is given to the problem of frequency multiplication. The amplitude of the second harmonic is calculated. 
Owing to non-linear effects a new possibility arises of varying the phase velocity of the wave by means of a 
variation of the amplitude and of ensuring radial and phase stability in accelerators and also of a certain 
modification of the methods of amplifying and generating micro-radio waves. 


1. INTRODUCTION 


It is well known that the dielectric constant of a 
plasma is e = 1 — (Q/@)? and that therefore the phase 
velocity V,, of waves propagated through unlimited 
plasma is greater than c, the velocity of light in vacuo. 
Only waves whose frequency is m > Q can be propa- 
gated through a plasma because for w <Q the 
dielectric constant e of the plasma is negative. 

A bounded plasma‘ has entirely different dis- 
persion properties. In a plasma waveguide with 
cylindrical boundaries (a plasma rod or a channel 
inside a plasma) one can have wave propagation at 
frequencies 0 << w < Q/1/2, while the phase velocity 
of wave propagation V,,, may be less than c. The 
dispersion law and the topography of the field in a 
plasma waveguide are determined from a linear 
theory of wave propagation in such waveguides. 
However, with increasing field intensity and increasing 
wavelength the linear approximation becomes inap- 
plicable. Therefore the question arises of studying 
non-linear propagation problems for micro-radio 
waves in plasma waveguides. The non-linear theory 
in the one-dimensional case has been studied by 
AKHIEZER and LyuBARSKy™) and by Sen‘. In the 
present paper we examine a particular two-dimen- 
sional case. 


2. PROPAGATION OF PLASMA WAVES IN THE 
HYDRODYNAMIC APPROXIMATION 

Since strong electromagnetic fields are of greatest 
interest we shall start from the hydrodynamic approxi- 
mation, i.e. we shall neglect the temperature of the 
plasma (7 = 0) as well as the distribution function. 
The waveguide properties of plasma show themselves 
even at small densities. Collisions in the plasma may 
therefore be neglected. 

We consider the propagation of electromagnetic 


* Translated from Atomnaya Energiya 6, 447 (1959) 
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waves in a plasma in the case when the wave propaga- 
tion is not associated with a variable component of 
the density (ep_ = 0). Then the system of equations 
describing the plasma wave propagation is 


Ch 

—+(VV)V = 

or 
Here V is the velocity of the plasma electrons. It is 
assumed that the ions are stationary. Since p_ = 0 
we assume that g=0. It then follows from the 
Lorentz condition that 


div A= 0. (3) 
The equation of continuity then has the form 
div V = 0. (4) 


We shall seek to solve the equations for all the 
quantities in equations (1)-(4) in the form R(r)f(z — V2), 
where z is the direction of wave propagation and V the 
phase velocity. 

Using equation (1) we obtain for the component 
A, the equation 


1d / 
| 


where pg is the equilibrium electron density. 
We introduce the dimensionless quantities 


where (2? = 47e’n/m is the square of the Langmuir 


| 
RS 
: 
ia 
1 @A 
ah pv, (1) 
4 
| 
@A, 1 @4, 
or oz? or? c 

A A Q Q ae 

mc V 

V, 


154 


frequency of plasma electron oscillations. We re- 
write equation (5) in the form 
and 
B=V/c 
We use equations (2) and (4) and obtain 
Or 2 02, Oro ag Or 
Passing from the variable » = z — Vt = (V/Q) 
(zy — 7), Which has the dimensions of length, to the 


dimensionless variable 1) = zy) — 7 = 92/V we seek 
to determine all quantities as functions of the form 
R(ro)f(Z9 —7). We write equations (5) and (6) as 


1 0 
ro OF + R(ro(l — 
0 
= —B,? (7) 


3. PROPAGATION IN THEIR PLASMA 
WAVEGUIDES 

It is an extremely difficult mathematical problem to 
solve the system of equations (7) and (8) in a general 
form. In the following we shall consider thin rod- mae 
plasma waveguides, i.e. we shall assume that ry? << 1. 

Although such an assumption restricts the region nat 
applicability of the solutions to be obtained it allows 
one to clarify the basic question of the difference in 
the propagation of electromagnetic waves in a limited 
and an unlimited plasma. In this sense the assumption 
that ry is small is the most appropriate because with it 
the properties of the bounded plasma must be most 
pronounced. 

Since the radius of the plasma rod is assumed to be 
small we can restrict ourselves to the first terms of the 
power series expansions of R(r9) and V,(r9). 


R’(0 
= RO) + + 


Volto) = Vol0) + + 
Then 

1 OR 

r 

ro Oro \ Oo 
For ro =0 the quantity Vo, is finite. It therefore 
follows from equation (7) that R’(0) = 0. According 
to equation (7) the dependence of V,(r9) has the same 


)= R’(0) + 2R"(0). 
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form as that of R(ro) so that 


1 OR 
ro Org or, = 2R"(0) = const. 
Thus 
R(ro) = RO) + R’ 
(9) 
2 
VoAro) = Vo{0) + 


J 
Keeping in equation (7) terms of zero order in ro, we 
obtain 


+ 
= V,.{0) VoANo)s 
or 
dy 3 (1 B?) + (10) 
where 
k2— 2R’(0) 


R(O) 


If in particular R(r9) ~ Jo(ro) i.e. if the dependence on 
ro is the same as in the linear approximation, we 
obtain, taking into account that 


the relation 


Ing 
= (11) 
Hence it follows that Vo.(ro) ~ Jo(ro). Using the 
expressions (8) and (9) we obtain 
OV, 
Vo, —1 = — 1 + O(r,2) 
dV 
Vo(0) — 1] 
d 
+ O(r,?) = £ R(0). (12) 
dno 


Thus for thin strands of plasma the equation of 
motion up to terms of order ry” has the same form as 
for a homogeneous motion. 

Integrating equation (12) we obtain 


VoANo) = 1 — VC, 2fR‘(0). (13) 


Using the expressions (10) and (13) we obtain the 
following equation for determining /: 


d2 
(14) 


The solution of equation (14) may be obtained in a 
general form in terms of elliptic integrals. 

We consider first slow waves (¢ = (V/c)? <1). 
Then equation (14) takes on the form 


In order to solve equation (15) we use the method for 
solving non-linear equations with a small non-linear 
term worked out by BoGoLtyuBov. We seek the 
solution in the form 


f=acos yp + eu,(a,y) + + ..., (16) 


where the u, are periodic functions of period 27 
while the quantities a and ‘’ are determined by the 
equations 
da 
— = ¢,A,(a) + &A,(a), 
dn 
d (17) 
=k, + eB,(a) + &*B,(a). | 
J 


To make our definitions of u;, A; and B; unambiguous 
we subject the functions u, to the conditions 


27 


u(a,y) sin py dy = 0. 


[ u(a,y) cos py dy = 0, 

/0 
This means that the quantity a is the total amplitude 
of the first harmonic in the oscillation. 

Inserting the function (16) into (15) and using 
equation (17) we obtain 


Pf 
; +kf=e sin y — 2k,aB, cos p 


dy? 
a 
aA 
+ Ta — + 2k,aB,) cos y 


dB, 
+ + Ay a) sin 


+ 2k, Ay 

+ 2k,B, +k? + Ku +... 


The right-hand side of equation (15) has the form 
eF,(f) + e*F,(f). Therefore keeping in equation (16) 
terms up to e? inclusive we obtain 

eF,(f) + e*F,(f) = cos y) 
+ &[F,(a cos y) + u,(a,p) + F'f(a cos (19) 
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Equating terms of the same order in ¢ and performing 
calculations analogous to those performed by BoGo- 
LYUBOV and MITROPOL’sKY‘® we find 


Jn COS ny 


20 


where the g,, are the expansion coefficients in the 
Fourier series for F,(f): 


Fi(f) + > 4,{a) cos ny. 

n=1 
Owing to the even character of the function F, the 
coefficients of sin my are zero. The quantities A, and 


B, in equation (17) are determined by the relations 


2k,aB, —— 0, A; 0. (21) 


The relation A, = 0 is explained by the absence of 
terms in sin y in the expansion of the function 
F,(f) (F, depends only on cos y owing to the conserva- 
tive character of the system). The relations (20) and 
(21) determine A,, B, and u,(a,y). Inserting the 
values of A, and B, into (17) one can find a and y 
accurate to terms proportional to «. 

To determine Ag, B, and u,(a,y) one must compare 
coefficients of terms proportional to e?, on the right 
hand sides of equations (18) and (19) and one must 
use the relations (20) and (12) determining A,, B, and 
u,(a,y). Performing the necessary calculations we get 


2k,aB, = 0, Ay 0, 
1 q,‘? cos np (22) 


J 


u(a,y) = 4 
where 


1 yp) ay 


| 4 
| u,(F,'f + 2B,k,) cos yp dy + 2 
J0 


& 
n=2 da 


F(a cos y) dy +- 
7 


2 , 4q;° 
k2 da ka 


q,) =— "F(a cos y) cosny dy 
7 


4. | u,(a,p)F,'f cos ny + 

7 
These relations determine the function u,(a,y). To 
find the amplitude of the first harmonic in a and the 
phase y up to terms of second order one must insert 
A, and B, into (17) and then solve this equation. 


= 

g(a) 
ae 

a 
lol. : 

4 
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According to (22) we have B, = —gq,")/(2k,a). Con- 
fining oneself to the first term of the sum appearing in 
the expression g, we obtain 


1 
2 F,(acos y) dy — 


ki* da k,*a 
Taking into account the fact that F, = k,?f/2 — 
(1 — /(C, + 2f)) we obtain 


1 1 
@) ——|—27+ VC, E(k) |— = 
=| 7+VG, w| 3 
240 dq 4q,° 


The quantities go, g, and gy have been defined above. 
Let us now solve equation (15) accurately to terms of 
order e«. To do this one must insert into (17) the 
quantities A, and B, from (21). Taking into account 
that in the case considered 


F(f) = —k?f — (1 — VG, + 2f), 


we obtain for a and y the equations 


(23) 
dn 

‘dy\* 


+ VC, + 2a cos py cos ay} (24) 


0 


It follows from (23) that up to terms of first order in ¢ 
inclusive the amplitude of the first harmonic is 
independent of 7. Owing to the conservative nature 
of the system considered this conclusion is valid 
including terms of any order in e. Thus a = const. 

One can show that after a series of transformations 
and calculations the integral on the right-hand side of 
equation (24) is equal to 


4vG 


ya [oa — DKK) — (25) 


Here k? = 2ya/(1 + ya), y = 2a/C, and K(k) and 
E(k) are respectively the complete elliptic integrals of 
the first and second kind. Thus we obtain for py the 
equation 


X [(ya — 1) K(k) — 


E(k)] 


/ 

V1 

ya 


Equation (26) involves the arbitrary constant C, 
which may be determined by the following considera- 
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tions. The velocity of a plasma particle can be found 
in general from the relation V, = 1 — »/(C, +2/). 
If the plasma as a whole is at rest the mean velocity 
(averaged over an oscillation period of 7) is zero, i.e. 


V.dy | “vi + yf dy =0. 
0 


(26’) 
Using the first approximation for f we obtain 
(7 
VQq==— [ V1-+ yacos dy. 
27 Jo 
Since 
V1-+ ya cos y dy = 4(1 + 
/0 
we have 
VqQ= (27) 


+ yay’? 


For a moving plasma strand V, = Vo, the velocity of 
the strand while the constant C, is determined by the 
condition 


1 1 


4. THE DISPERSION LAW IN THIN PLASMA 


WAVEGUIDES 
We consider now the particular case of a sinusoidal 
wave. Then py = wt — k3z = —nw/Q and equation 


(26) takes on the form 


[(va — 1) K(k) — E(k)}. (28) 
This is the dispersion law for the problem we are 
considering. In the non-linear treatment the phase 
velocity of the wave propagation depends not only 
on frequency but also on the amplitude a of the waves. 
Let us examine equation (28) in more detail for 
ya<1. We then have k<1. Using the series 
expansions for K(k) and E(k) for small values of the 
variables we obtain 


(5) = 
Q, 
The constant determined by equation (27) is Cy = 
1 + a?/8. Thus the dispersion law (29) takes on the 


form 
w\2 y2 V2 37? 
@\* _ ps (1- 
(<) r e 


ke (i++ + ya). (29) 


For a — 0 it goes over into the linear dispersion law 


@ 


2 Q2 
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where k, is determined by equation (1) of the papers 
by SCHUMANN”) or FAINBERG.'? 

As one would expect, the non-linearity has led to a 
dependence of phase velocity on amplitude. Another 
consequence of the non-linearity is the appearance of 
harmonics, i.e. a deviation of the wave form from the 
sinusoidal. This deviation is determined to first 
order in ¢ by the function u,(a,y) which allows one to 
find the true form of the wave. 

Let us determine the amplitude of the second 
harmonic. (One can find higher harmonics by similar 
methods.) According to relation (20) the amplitude 
of the second harmonic is a, == —qs/3k,? where 


=7 


[ V1-+ ya cos pcos 2p dy. 
7 
After a certain amount of calculation we obtain 
[ ya cos y cos 2y dy 
/0 
{4(1 — 
— (4 — 3y?a*)E(k)}. 


ya) K(k) 


15m 


x {4(1 — ya) K(k) — (4 — (30) 


< 1 we find, using the expressions (27) and (30), 


64 a 
aa = 


31 
15x (1 + GI) 


With the aid of equation (26) and the relation (20) the 
problem of the propagation of electromagnetic waves 
in plasma waveguides is completely solved to the 
order e. 

In solving equation (14) the quantity «= p*? = 
(V/c)? was assumed to be small. Let us now solve 
this equation without the assumption that /* is small, 
but assuming instead that 2//C;<1. We re-write 
equation (14) in the form 

d*z k? 


Assuming that z/C, < 1, performing a series expansion 
and dropping terms higher than of third order, we 
obtain 
26? 
73 


a—VC) + 


(32) 


Assuming the quantity 


to be small we seek the solution of (32 
e. Then 


) up to terms in 


dn 
We determine the constant C, from the condition 
(26’). In our case this condition has the form 


1 
VG | Ji 4+ = cos pdy = 
#0 Cy 


Since a/C, is assumed small we have C, = 
Therefore equation (32) assumes the form 


Using (21) we obtain 


O(a?). 


const, 
(2) 
dyn} 
"2" a3 cos® 


2 


Taking into account that z = 


a* cos* y dy. 


2f we obtain finally 


dy)? 
> 


For a sinusoidal wave we have 


(s) 


For small 
equation (30). 


this dispersion law goes over into 
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Abstract—The present paper is a coherent account of various aspects of longitudinal oscillations in one and 
two component plasmas. A discussion is offered of dispersion equations, conditions necessary for the 
growth or decay of oscillations, the physical mechanisms of growing or damping, and the possibility of 
arbitrary steady-state solutions. The physical situation is described in terms of Poisson’s equation and the 
Boltzmann equation, while the mathematical description is in terms of solutions of an initial-value problem 
in the small amplitude (linearized) approximation. Some general results are derived for an arbitrary un- 
perturbed velocity distribution of electrons and ions. From these expressions the customary results for a 
stationary plasma in thermal equilibrium can readily be obtained. For simplicity, one dimensional motion of 
a simple one component plasma is treated in detail; appropriate generalizations for two or more component 
plasmas (electrons and ions) are, however, indicated in text. Collisions between particles and non-linear 
effects are not considered, nor are the effects of external electric or magnetic fields. 


1. INTRODUCTION 
THE possibility of oscillation in a plasma due to local 
separation of charge and the consequent restoring 
forces has been known for a long time. Various 
aspects of the phenomenon have been treated by 
different workers, and the essential characteristics 
established (TONKS and LANGMUIR, 1929; VLAsov, 
1945; LANDAU, 1946; Boum and Gross, 1949). The 
basic frequency of oscillation for a simple plasma in 
which only one species of particle (charge e, mass m) 
oscillates is 


Be 
m 


(1.1) 


where ty is the number of particles per unit volume. 
There is actually a slight dependence of the frequency 
on wave number, but for long wavelengths (large 
compared to the Debye length) the frequency is 
practically given by (1.1). 

The fact that plasma oscillations can, under certain 
circumstances, be damped even in the absence of 
collisions was first explored by LANDAU (1946). He 
showed that an initial small disturbance in an 
electronic plasma in thermal equilibrium oscillates 
with the plasma frequency (1.1) but is damped with a 
damping constant: 

3 
exp ( 


Im (@) 
) 8 


* This paper, apart from minor revisions, appeared originally as 
an unpublished PRL Report GM-TR-0165-00535, December 3, 
1958. 

+ Present address: Department of Physics, University of Illinois, 
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where k is the wave number of the disturbance and c is 
the root mean square thermal velocity. The damping 
is small for small numbers, but becomes 
appreciable for wave numbers of order the Debye 
wave number, kp This implies that the 
organized motion of plasma oscillations cannot be 
sustained for wavelengths shorter than the Debye 


wave 


@,/C. 


length, a conclusion that can be obtained on other 
grounds. BOHM and Gross (1949) point out that the 
physical mechanism of the damping described by (1.2) 
is the trapping by the electric field of particles moving 
at approximately the phase velocity of the wave, with a 
consequent exchange of energy between particles and 
plasma oscillations. 

VAN KAMPEN (1955) and BERNSTEIN, GREENE and 
KRUSKAL (1957) show that, in contrast to the seemingly 
general results (1.1) and (1.2), it is possible to hay 
Steady-state plasma oscillations of arbitrary wav 
Indeed, large 


e 
e 
number and arbitrary frequency. 
amplitude oscillations of arbitrary wave form can be 
created (BERNSTEIN ef a/., 1957). The difference 
between these arbitrary solutions of the plasma 
equations and the standard results (1.1) and (1.2) lies 
in the initial preparation of the plasma. A sufficiently 
clever distribution of particles trapped in the potential 
wave and of untrapped particles allows the creation of 
an arbitrary steady-state solution. The customary 
behaviour of a plasma, according to (1.1) and (1.2), 
results if the initial disturbance is chosen in a less 
careful way. 

Recently, BUNEMAN (1958) has pointed out that 
relative motion of the electrons and ions in a plasma 
can give rise to growing plasma oscillations, and that 
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these growing waves provide a mechanism for loss of 
translational energy by the particles. In the presence 
of an applied electric field the accelerated motion of 
electrons relative to ions will, in principle, be stopped 
by this generation of growing plasma waves. Such an 
energy loss provides a mechanism for an electrical 
resistivity of a plasma, even in the complete absence of 
collisions. Presumably this mechanism will govern the 
resistivity of a plasma at high temperatures where the 
collision resistivity falls to very small values. * 

The present paper attempts to give a coherent 
account of the various aspects of longitudinal plasma 
oscillations, including a discussion of dispersion 
equations, conditions necessary for the growth or 
decay of oscillations, the physical mechanism of 
growing or damping and the possibility of arbitrary 
steady-state solutions. The mathematical description 
is in terms of an initial-value problem in the small 
amplitude approximation. Some general results are 
derived from an arbitrary unperturbed velocity 
distribution of electrons and ions. From these 
expressions the customary results for a stationary 
plasma in thermal equilibrium can be readily obtained. 
Collisions between particles are ignored. For a 
discussion of the effects of collisions on plasma 
oscillations the reader may consult the papers of 
BHATNAGAR, Gross, and KROoK (1954) and Gross and 
Krook (1956). Non-linear effects are not treated, 
except for mention of the steady-state solutions of 
BERNSTEIN, GREENE, and KRUSKAL (1957). 


2. ELEMENTARY DISCUSSION 
As an introduction to the ideas involved a simple, 
nonrigorous derivation of the plasma frequency will 
be given. The equations governing a simple plasma 
are the Boltzmann equation :t 


Ox m dv 
and Poisson’s equation for the average electric 
field E: 


(2.1) 


(2.2) 


OE 
= = 4re(ny — | f dv) 
Ox 


where f(v, x,t) is the distribution function of the 
particles (charge —e, mass m) which can move 


* A crude argument shows that the resistivity due to generation of 
plasma oscillations should be roughly proportional to the reciprocal 
of the plasma frequency (1.1) and independent of temperature; 
whereas the collision resistivity (Spitzer L. (1956) Physics of Fully 
Ionized Gases, p. 83, Interscience, New York) is independent of 
density and varies with temperature approximately as T~*/?. 

+ For a derivation of the collisionless Boltzmann equation as a 
first approximation to the rigorous system of equations describing 
the motion of a plasma, see KADOmTSEV (1957). 
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relative to a stationary background of positive charge 
having charge density em). One-dimensional motion 
has been assumed for simplicity and collisions are 
ignored. 


The simplest description of a plasma is in terms of the 
hydrodynamic approximation. The spread in velocities due to 
thermal motion is largely ignored, and the plasma is described 
by the hydrodynamic variables, particle density, average velocity 
and perhaps pressure, all assumed to be single-valued functions 
of space and time. The hydrodynamic equations can be written 
down directly or obtained by taking the first few velocity 
moments of the Boltzmann equation (2.1). For a one-com- 
ponent, one-dimensional plasma, let n(x, 1), v(x, t), p(x, t) be the 
particle density, mean velocity and pressure respectively. Then 
the zeroth and first moment equations are the continuity 
equation: 

on 


+ = 0, 


or x (2.3) 


and the equation of motion (for particles of charge —e): 


ad 1 
4 


E = 0, 
dt nox 


(2.4) 


while Poisson’s equation is: 


0E 
— + 4ne(n — ny) = 0. 
x 


(2.5) 

If the particle density and velocity have small fluctuations n, 
and v, around their equilibrium values of n, and zero respectively, 
the hydrodynamic equations can be linearized to yield: 


-0 


=— + 4ren, - 


Ox 


where we have dropped the pressure term from the force 
equation. Differentiation of the first equation with respect to 
time and substitution from successive equations gives an 
equation of motion for the density fluctuations: 


or? m 


ny = 0 


(2.7) 
This shows that in the simple hydrodynamic approximation the 
plasma can undergo oscillations with the plasma frequency (1.1) 
(Tonks and LANGMUIR, 1929). 

If the pressure gradient term in (2.4) had been retained in 
(2.6) and an equation of state specified, (2.7) would have 


2 


contained a term in 5 = which would give a dependence of 
x 


frequency on wave number (i.e. a dispersion relation). Since 
one of our main concerns will be the effects of finite thermal 
velocity spreads, we will not pursue the hydrodynamic approx- 
imation further, but will return to the collisionless Boltzmann 
equation and discuss the dispersion relation in terms of it. 


Starting with (2.1) and (2.2) small amplitude 
(linearized) equations are obtained by assuming that 


|| 
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the distribution function can be written f= fy + f,, 
where fy = fo(v) is some unperturbed velocity dis- 
tribution corresponding to my particles per unit 
volume and f, = f,(v, x, t) is a small modification in the 
distribution. In the absence of external fields the 
electric field E is proportional to f, and so the 
linearized equations of motion become: 


v a = (2.8) 


(2.9) 


With the assumption that /, and E are proportional 
to exp (ikx — iwt) equation (2.8) can be solved for f, 
in terms of E: 

eE Of, 
i(kv — w)m 
This can be substituted into (2.9) to yield the relation: 


k2 lv 
(2.11) 


(2.10) 


where w,? is given by (1.1) and the function G(v) is 
derivative of the normalized velocity distribution: 


(2.12) 


The relation (2.11) is called a dispersion relation 
because in principle it yields the frequency w as a 
function of k for any given velocity distribution /o(v). 
There is a difficulty, however, in that for real w and k 
the integral is undefined because of the singularity in 
the integrand. If in an arbitrary manner we interpret 
the integral in a principal value sense, there will result 
a well defined relation w = w(k). As an illustration 
consider that f,(v) is a Maxwellian distribution, or 
something like it, so that the integrand in (2.11) falls 
off rapidly for large positive or negative velocities. 
Furthermore, consider a small enough wave number 
that w/k is large compared to the dominant velocities 
in G(v). Then the denominator can be expanded and 
(2.11) becomes 


k2 
~~ 


Dp 


(2.13) 


Using the definition (2.12) it is easy to show that the 
solution for w is approximately 


(2.14) 


where (v?) is the mean square velocity of the distri- 
bution /,(v). This is the well-known dispersion 


equation for plasma oscillations (VLAsov, 1945; 
LANDAU, 1946; BoHM and Gross, 1949). For small 
wave numbers, the frequency is essentially given by 
(1.1). For wave numbers approaching the Debye wave 
number kp = @,/(v?)”*, the frequency rises to 2w,, 
but the expansion begins to break down. 

The derivation of the dispersion equation (2.14) is 
hardly rigorous since we arbitrarily specified that a 
principal value should be taken in (2.11) for the 
otherwise undefined integral.* To obtain (2.14) in a 
more rigorous manner, and to see the possibility of 
damping as expressed in (1.2), a more detailed 
specification of the problem must be made. We 
chose to make this specification in terms of an initial- 
value problem, as was done by LANDAU (1946). The 
formalism will be outlined in the next section. 


3. INITIAL-VALUE PROBLEM 

In order to gain a greater understanding of the 
plasma oscillation phenomena we will consider a more 
specific problem. We will imagine a plasma with 
certain equilibrium properties specified by the 
distribution function /fo(v) subjected at ¢= 0 to an 
initial small disturbance specified by f{(v, x, t = 0). 
The linearized plasma equations (2.8) and (2.9) will 
then be solved to find the behaviour of the plasma as a 
function of later times. In this way we will be able to 
separate clearly effects which are general properties of 
the plasma itself from effects which are specific to the 
form of initial disturbance. Again, for simplicity we 
will treat in detail the one-dimensional motion of a 
simple one-component plasma in the complete absence 
of collisions. The appropriate generalizations for two- 
component plasma (electrons and ions) will be in- 
dicated along the way. 

The small fluctuating part of the distribution 
function f,(v, x, t) and the electric field E(x, 1) will be 
Fourier analysed in space and time in a manner 
appropriate for an initial-value problem. Their 
Fourier amplitudes are defined by: 


dt i(kx x, t)| 
E(w, k) 


dx e 
J 


(3.1) 


‘io 


and the reciprocal relations: 


(A, x, 


sof Files 
\(Ew, k) | 


el(kz 


(3.2) 


* The specification of a principal value amounts to ignoring the 
effects of trapped particles. See Boum and Gross (1949) and 
Sections 7 and 8 below. 
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where the contour W is chosen in the upper half-plane 
parallel to the real «-axis, above any poles in f{(v, «, k) 
or E(a, k). 

If the linearized Boltzmann equation (2.8) is 
multiplied by exp (—ikx + iw?) and integrated over 
space and time it can be cast in the form: 


dx Ec x, the ikx 
f=0 


oc 


- | dx | anor 
0 «0 

ra} 


m Ov 


0. (3.3) 


With the assumption that ~ is in the upper half-plane 
the first term becomes the negative of the spatial 
transform of the initial disturbance /,(v, x, f= 0). We 
define this initial transform as O(v, k): 


| dx e~** f(v,x,t=0). (3.4) 


x 


M(v, k) 


Then with the definitions (3.1) for the transforms of 
fi(v, x, t) and E(x, 1), equation (3.3) can be solved 
for fi(v, @, k): 
e Of, 
wo, k) = + —-— k)}- 
Ail, i(kv — w) \ m Ov 
(3.5) 


We note that (3.5) differs from our previous expression 
(2.10) by the presence of the initial value term @(v, k) 
and the interpretation of @ as a complex variable. 

An equation for E(m,k) can be obtained by 
substituting the result for f,(v,@, k) into Poisson’s 
equation (2.9): 


] E(o, k) 


k 


= 47re 


(3.6) 
v—— 


« k 
We now define a very important function H(k, ~) 


k2 Gv 
= de 


(3.7) 


where G(v) is given by (2.12) and w,? is defined in (1.1). 
Then equation (3.6) can be written: 
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The solution for the electric field E(x, t) is then the 
transform of (3.8): 
O(v, k) dv 
3 | dk day —iot 
TO, JW H(k, (@/k)) 
(3.9) 


E(x, t) = 


This is the basic result for the electric field, at times 
t > 0, due to an initial disturbance /(v, x, t = 0) 
whose spatial Fourier transform is ®(v, k). 

If the distribution function f,(v, x, f) is desired, it isa 
simple matter to substitute (3.8) for E(@, k) into (3.5) 
and perform the necessary integrations over dk and 
dw. The electric field has more direct meaning and we 
will concentrate on it. 


For future reference we record the generalization of these 
results to a two-component plasma (electrons of charge —e, 
mass /m, average density 7, and ions of charge +e, mass M and 
equal density). If fv) and fv) are the electron and ion 
equilibrium distributions respectively; G,(v) and G,(v), their 
corresponding normalized derivatives (2.12); and ®,(v, k) and 
®(v, k), the appropriate Fourier transforms of the initial 
disturbances (3.4), the equations (3.7), (3.8), (3.9) are valid 
provided one makes the following replacements: 


> @,.2 GAv) + @,? Gv) (3.10) 


D(v, k) > O,(v, k) — k) (3.11) 


where «,,” is given by equation (1.1) and ,,? = (m/M)o,,’. 
For an electrically neutral plasma made up of electrons and 
several different types of ions, equations (3.10) and (3.11) have 
obvious generalizations. 


4. STRUCTURE OF THE EXPRESSION FOR 

E(x,t) AND THE DISPERSION EQUATION 

The initial-value problem of the preceding section 
has the solution for the electric field E(x, 1) given by 
(3.9). Since the time dependence is of primary 
importance, we rewrite (3.9) to exhibit the time 
dependence of one spatial Fourier component at a 
time: 


= dk E(k,t) (4.1) 


{ Ov, k) 
v — (w/k) 
H(k, («/k)) 


2e 
E(k, t) = 


| dw e~ i (4.2) 
w 

The temporal behaviour of the plasma disturbance 
is determined by the structure of integrand in (4.2). 
We note that it is made up of two parts—one part 
depending on the equilibrium properties of the plasma 


(x, defined by and one part depending 


on the initial conditions [the integral over O(v, k)]. To 
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Fic. 1(a).—-Complex frequency plane with Laplace transform 
contour W and poles of integrand of equation (4.2). 

see clearly how characteristic frequencies can emerge 
from (4.2), let us consider how we might go about 
evaluating the integral. The path of integration W is 
shown in Fig. l(a). It is chosen to lie above any poles 
in the integrand. Because of the exponential time 
dependence (f > 0), the natural thing is to close the 
contour, as shown by the dotted semicircle, and 
express the integral in terms of a sum of the residues 
of the poles of the integrand. 

To do this we must have the integrand defined over 


the whole complex plane. The definition of H(k, ) 
given by (3.7) is valid only in the upper half-plane. 
Consequently, we must define it below the real axis by 
analytic continuation. Assuming that this has been 
done, the expression for E(k, f) can be written: 
k) 


k 


- en! Residue 
Hik, — 
k | 


10,” m 


a o 
m 


(4.3) 


where the sum over m symbolizes the contributions 
from the various poles of the integrand shown in 
Fig. l(a). If the integrand has a pole in the upper 
half-plane, there will be in the sum an exponentially 
increasing term which will dominate the solution after 
sufficiently long times. If there is a pole on the real 
axis, there will be a steady-state solution of that 
frequency; if all the poles are in the lower half-plane, 
there will be only exponentially decreasing solutions. 
We see that the possibility of damped or growing or 
steady-state oscillations of the plasma is governed by 
the poles of the integrand of (4.2). For a ‘reasonable’ 
k) 
lv 


initial disturbance (@v, k) the integral } ————— « 
J v —(a/k) 
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will not have poles in the complex plane and the time 
dependences of E(k, t) will be determined completely 


by the zeros of The equation 


H| k, 0 (4.4) 
k 

is often called the dispersion equation since it yields in 

principle a solution for the frequency o(k) as a 

function of wave number k. We note that, with the 

definition (3.7) of H, equation (4.4) is formally 

identical with equation (2.11) of our elementary 


discussion. The difference lies in the fact that (3.7) 
serves to define H{k, =| only in the upper half of the 


complex w-plane. In order to find the zeros of H in 
the whole complex plane, we must determine its 
analytic continuation into the lower half-plane. The 
function defined by (3.7) is certainly not analytic 
across the real axis, as can be seen most easily by 
recalling that* 


| 
in — u) (4.5) 
o v—u 
k 


where P means Cauchy principal value. This shows 


that H, defined by equation (3.7), is discontinuous 
across the real axis, with a jump equal to 


~ 


AH H(~ u ic) 


2miG(u) (4.6) 


With (3.7) as the definition of H(m) for Im (wm) > 0, it 
is clear that the analytic continuation into the lower 
half-plane can be accomplished by the following 
definition: 


H(o) 
— | for Im (@) > 0 | 
| oO, 
| v ~~ | 
k 
| ad 2niG(—) for Im(@) < 0} 
k | 
| | 


(4.7) 


In both integrals the dv integration is along the real 
v-axis from —oo to +-00. Equation (4.7) defines H(«) 
over the whole complex plane for the purposes of the 


* We assume for definiteness and convenience that k is positive. 
For k negative the argument can be suitably revised. 
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Fic. 1(b).—Complex velocity plane with contour C for the 
definition of H(@) as an analytic function of @. 


dispersion equation (4.4). Following LANDAU (4.7) 
can be compactly written in terms of a contour 
integral in the complex v-plane: 


k? G(v) dv 
v—— 


k 


(4.8) 
a 


where the contour C is shown in Fig. 1(b). For @ in 
the upper half-plane the contour is along the real 
v-axis. 

In the next section we will examine some general 
characteristics of the zeros of H(m) and their depen- 
dence on the equilibrium properties of the plasma 
through G(v). The existence of poles in the integrand 
of (4.2) which depend on the initial conditions will be 
discussed in Section 8 where the possibility of plasma 
oscillations of arbitrary frequency and wave number 
is explored. 

5. GENERAL RESULTS 


The roots of the dispersion equation (4.4) are the 
characteristic frequencies of oscillation of a plasma 
whose properties are described by G(v). The dis- 
position of these roots in the complex -plane 
determines whether these are damped, steady-state or 
growing oscillations. Certain general conclusions can 
be obtained about the location of these roots without 
specifying G(v) in complete detail. In this section we 
will consider some of these general properties. 


A. A single-humped velocity distribution cannot support 

growing oscillations 

First of all we will show that if the equilibrium 
velocity distribution f,(v) (or its generalization for a 
multi-component plasma implied by (3.10)) has a 
‘single hump’ there can be only damped oscillations in 
the plasma. More specifically we imagine fj(v) to 
vanish at v = + © and to have a peak at some finite 
velocity V such that G(v) is positive for all v less than V 
and negative for all v greater than V, with a zero at 


Fic. 2.—Single-humped distribution of velocity and _ its 
normalized derivative G(v). 
v=V. Then we will show that H(m) +0 for 
Im (@) > 0. The general behaviour of f,(v) and G(v) is 
shown in Fig. 2. 

To prove the assertion made above we consider the real and 
imaginary parts of H(w) for w/k = x + iy with y > 0. Then 
the definition (4.7) implies 

(v — x)G(v) dv 
(v 


- x)? + y? 
dv 


— xf + y*. 


Re (H) (5.1) 


Im (H) = —y 
In order to have a root in the upper half-plane both real and 
imaginary part must vanish simultaneously. Suppose that for 
fixed positive y a value of x can be found so that Im (H) = 0. 
From the form of (5.2) it is apparent that this can always be 
done. We can now ask whether Re(H) = 0 for the same 
choice (x, y). To show that this is impossible we note that if 
Im (H) = 0 we can add any multiple of it to the right-hand side 
of (5.1) without changing the value of Re (#). In particular 
we choose to add (V — x)/y times Im (H) to (5.1). Then by a 
change of variables from v to v’ = v — V in the integral, we 
obtain 
v’G(v’) dv’ 
te 
By breaking up the range of integration into v’ < 0 and v’ > 0, 
and using the property that G(v’) > 0 for v’ < Oand G(v’) < 0 
for v’ > 0, equation (5.3) can be written: 
|v’G(v’)| 


Since the integrands of both integrals are non-negative every- 
where the integrals themselves are necessarily non-negative and 
Re (#) cannot vanish. 


This completes the proof that iff (v) is a single humped 
curve there can be no roots of the dispersion equation 
in the upper half-plane. Fortunately the above 
argument cannot be used to exclude roots in the lower 


Re (H) (5.3) 


0 
Re (A) = a [ 


lv’G(v’)| 


dv’ (5.4) 
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half-plane as well because the real and imaginary parts 
of H have added contributions from |- 2niG(2) | 


as shown in (4.7). As a final remark, we note that the 
converse theorem (a plasma with an equilibrium 
distribution function having more than one hump will 
support exponentially growing oscillations) is not true 
in general. In Section 9 we will discuss examples to 
illustrate this point. 


B. General result for Im (w) provided Im (w/k) is small 


We now consider a general problem in which the 
velocity distribution f,(v) is such that the dispersion 
equation has roots near the real w-axis. The criterion 
of nearness to the axis is that Im (@/k) is small com- 
pared to the characteristic spread in velocities involved 
in G(v). Within this limitation a general result will be 
obtained for the imaginary part of the frequency in 
terms of G(v) and the real part of the frequency. 


For definiteness we first consider - 0. Then with 


x + iy, the dispersion equation (4.4) is 
ke 


H = dv. (5.5) 


We are interested in small (but not vanishing) y. In Appendix 
1 it is shown that the Dirac expression (4.5) can be generalized 
to non-vanishing ¢ and, in particular, that the integral in (5.5) 
can be expanded as a power series in y: 
| P| G(v) dv ni G(x) 
v - y 


[G(v) dv 
+y | —nG(x)| +... (5.6 


where only the first term beyond the y — 0* limit is exhibited. 
With this expansion the real and imaginary parts of H can be 
written: 


Re (H) 


+ + (5.7) 


Wy 


"G(v) dv 

2 P| v) d 

Im (H) = — 7G(x) — yP 

It is easily verified that with the definition of H given in (4.7) 

for Im (m) < 0, these results hold equally well with y now a 
negative number. 

To lowest order in Im(m@), the zero of H(m) occurs when 


dv 
O(y*). (5.8) 


k? Gv) 
— P| dv (5.9) 
v—x 
and 
Im (w) akG(x) (5.10) 
m(#) = 
“G'(v) dv 
v-—x 


Equation (5.4) is a dispersion equation for the almost real 
frequency (actually for Re (@) = kx) of the sort considered in 
Section 2, while (5.10) is a result for the small imaginary part of 
w. To cast this in a more compact form we will express the 
integral in the denominator in other terms. Consider the 
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dispersion equation for the complex root w = k(x + iy): 
G(v) 


dv . (5.11) 


This equation determines w = w(k). Differentiation of both 
sides with respect to k yields: 
2k d [a(k)| 
( dv, (5.12) 


dk| 


a 


and an integration by parts leads to the result: 


2k d [a(k)] 5.13) 
k 


In the limit of (w/k) becoming real, the integral becomes a 
principal-value integral plus a delta function contribution 
according to (4.5). The principal-value integral is just the 
integral in the denominator of (5.10). To lowest order in 
Im (cw), it is sufficient to neglect the delta function term and write 
"G'(v) dv 2k 
P 
o-—-<X d (atk) 
* 
(=; 


(5.14) 


where w(k) is assumed real. 


Substituting (5.14) into (5.10) and carrying out the 
differentiation we obtain a general expression for 
Im (@): 

k dw 


Im(w) ~ 5 o(— “a(2) (1 ==). (6.15) 


On the right-hand side, the symbol « stands for the 
real part of w found from the dispersion equation (5.9). 
Equation (5.15) is, of course, only valid if the right- 
hand side is small compared to w.* BOHM and Gross 
(1949) obtained an approximate damping constant 
equivalent to (5.15) with w = «w,. 


6. LANDAU DAMPING 
As an illustration of our general results of the last 
section we consider the example treated by LANDAU, 
the behaviour of stationary electronic plasma in the 
thermal equilibrium subjected to an initial disturbance. 
For such a plasma the equilibrium distribution is 
Maxwellian, and the effective velocity derivative is: 


9 


G(v) . (=) exp | 4 (6.1) 


‘ 
V <¢ 


where c is the r.m.s. thermal velocity in one dimension 
(c? = kT/m). 

In Section 2 we have already obtained an approx- 
imate solution to (5.9) for the real part of the frequency 
as a function of wave number, namely (2.14): 

=~ w,? + 3k%c?. (6.2) 


* It should perhaps be emphasized that there are in general several 
roots of the dispersion equation. Equation (5.15) gives the imaginary 
part of the frequency only for roots which happen to lie close to the 
real axis. 
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For the imaginary part of the frequency we first note 
that it is negative according to the theorem about 
single-humped distributions. Provided the damping is 
small, we can apply (5.15). With (6.2) for « it is easy to 
show that (5.15) becomes: 


(72) (Fe). (6.3) 


This is essentially the LANDAU damping constant (1.2). 
The only modification is that m? appears in the 
exponent instead of w,”. This means that the some- 
what more accurate result (6.3) is a factor exp (+- 3/2) 
= 4-48 smaller than the LANDAU result (1.2). 

The behaviour of the real and imaginary parts of 
the frequency is shown in Fig. 3. We note that the 
damping constant vanishes exponentially for long 
wavelengths so that such plasma oscillations are 
essentially steady-state. However, if the wave number 
is as large as one-half of the Debye wave number 
(kp = @,/c), the damping constant is of the order of 
0-15@,, and the oscillations are effectively damped out 
after six or seven periods. 

For larger wave numbers (kK ~ k ,) the approximate 
results obtained so far fail to hold. Explicit numerical 
solution of the dispersion equation is then necessary. 
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Fic. 3.—Real and imaginary parts of the frequency as a 
function of wave number for a stationary one-component 
plasma in thermal equilibrium. The frequency is given in 
units of w, (1.1), while the wave number is expressed in units 
of the Debye wave number (@,/c). The dotted curves 
represent approximate formulas derived in the text. 


With a Gaussian or sum of Gaussians for f,(v) the 
tables of FADDEEVA and TERENT’EV (1954) can be 
employed (the details are presented in Appendix 2). 
The results of the calculation are shown in Fig. 3 as 
the solid curves. The real and imaginary parts of the 
frequency become equal at k = 2:32k,. For wave 
numbers larger than this critical value it becomes 
meaningless to speak of plasma oscillations in any 
ordinary sense. 


The asymptotic behaviour of the dispersion relation in the 
region of large wave numbers can be found by utilizing the fact 
that the imaginary part of the frequency is much larger than the 
real part. Then the dispersion relation can be expanded in 
inverse powers of Im (@/k). Its real and imaginary parts become: 


k2 
— Im [G(x — iy)] 


l 


2x + | (6.4) 


where @ = (x — iy)k and <v"> is the average value of v" for 
the equilibrium distribution /,(v). With the assumption that 
y is large while Im (G) is not, (6.4) is approximately: 


0 = 27 Re [G(x — iy)] 


2 


k 
— + 27 Im [G(x — iy)] ~0 (6.5) 


Re [G(x — iy)] ~0 
Using the specific Maxwellian form (6.1), the second equation 
xy 
in (6.5) reduces to (c/y)* (=) tan i ) For small(c/y), this 
xy 


equation is satisfied by xy ~ n7c* (n = 1, 2,...). Restricting 
our attention to the smallest root (see Appendix 2), the first 
equation in (6.5) yields y implicitly: 


ke\* 
\ 
e y J 
Equations (6.6) are the results for the real and imaginary parts 


of w for large wave number first obtained by LANDAU (1946). 
An approximate solution of (6.6) is: 


Re (@) 


Im (w) ~ —ke 


The limiting expressions (6.7) show that both the real and 
imaginary parts of w increase with increasing k but that the 
ratio of the imaginary to real parts increases logarithmically 
with k. These asymptotic forms are also plotted in Fig. 3 
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As mentioned earlier, in this region of large wave 
number the damping is so great that the concept of 
oscillations in a plasma loses its validity. Organized 
collective motion cannot be maintained for wave- 
lengths small compared to the Debye length. It is 
more appropriate instead to describe the behaviour of 
the plasma in terms of the individual particles, taking 
full account of the collisions. It is perhaps fortunate 
that the simple theory of plasma oscillations without 
collisions itself shows that oscillations can exist only 
for long wavelengths. It is clear that if it had 
predicted real oscillations at short wavelengths the 
result would be suspect because of the neglect of 


collisions. 


7. PHYSICAL MECHANISMS FOR THE 
DAMPING OR GROWING OF 
OSCILLATIONS 

In Section 5 we derived a general result (5.15) for 
the imaginary part of the frequency in terms of the 
properties of the equilibrium distribution through 
G(v). In the present section we will discuss the 
physical mechanism (‘trapping’) which causes the 
damping or growing of plasma oscillations implied 
by (5.15) and give a semi-quantitative derivation of 
(5.15) based on physical arguments. In addition to 
the ‘trapping’ mechanism, there exists another 
physically different process (‘bunching’) by which 
plasma oscillations can grow or decay. In the hydro- 
dynamic approximation only the bunching mechanism 
occurs. Bunching will be discussed qualitatively at the 
end of this section. 

In a plasma with a certain low level of plasma 
oscillations present there is a definite (small) amount 
of energy in the organized motion of oscillation and 
a much larger amount of energy in disorganized 
thermal motion. For a steady-state oscillation the 
division of energy between organized motion (plasma 
energy) and disorganized motion (particle energy) 
stays constant. If the oscillation is damped or growing 
there must be an increase of the particle or plasma 
energy at the expense of the other. As pointed out by 
Boum and Gross, one mechanism of this energy 
transfer is the trapping of particles by the electric field 
of the oscillation into the moving potential troughs. 

If we think of a small amplitude plasma wave of a 
certain wavelength and phase velocity it is evident that 
only particles moving with velocities approximately 
equal to the phase velocity can be caught in a stable 
position by the wave and be carried along by it. If the 
velocity difference between wave and particle is too 
great the particles will slide over the crests and troughs 
without any change in energy on the average. To be 
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more specific, consider a simple electronic plasma 
with an equilibrium velocity distribution f,(v). At 
t = 0, a plasma wave is established with electric field 
E(x, t) = Ey sin(kx — wt). The wave travels with a 
phase velocity = 

In the co-ordinate system moving along with the 
wave, particles with a laboratory velocity approx- 
imately equal to wu will be slowly moving and will 
experience a time independent force F(x) eE, 
sin kx. For small displacements this approximates a 
linear restoring force. The particles will tend to begin 
oscillating with a frequency: 


m 


provided their relative velocity is not too great. Since 
the change in potential energy from peak to valley in 
the wave is AV = 2eE,/k, the maximum relative 
velocity Av is roughly 


(7.1) 


A 


m( Av)? ~ 


Particles with velocities differing from the phase 
velocity by more than Av will escape from their initial 
cycle of the wave and run over the wave crests. 
Equation (7.2) represents some sort of average over 
the various initial positions in x at which a particle 
may be found. 

We see that of all the particles in the distribution 


Sov) those with velocities in the range (u — Av) - 


v<(u-+ Av) will be caught by the wave and 
carried along with it. The trapping time is of the 
order w,,. since the particles presumably need to 
undergo roughly one cycle of oscillation before they 


know that they have been caught. In this process of 


trapping the particles undergo a change in energy. 
Before trapping, each particle of velocity v had an 
energy jmv*. After trapping its energy is 
$m[u* +- (v — u)*], where the first part is the energy 
in the absence of oscillation about equilibrium and the 
second term is the energy of oscillation. The energy 
change of the particles per unit volume due to trapping 
can be calculated: 


+ (v — — v*] de. (7.3) 
Av 


> 


AE 


If we expand f,(v) around v = vw it is easy to show that 
AE is approximately : 
AE — $mu( Av)*ngG(u) (7.4) 


where my is the number of particles per unit volume 
and G(u) is defined by (2.7). The result (7.4) is 
qualitatively reasonable; for example, if there are 


a 
4 
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more particles moving slightly faster than the phase 
velocity than are moving slower [G(u) > 0], the 
trapping will tend to slow down more particles than 
it speeds up and there will be a net decrease in total 
energy. 

The energy change (7.4) is a change in energy of the 
particles. This must be equal and opposite to the 
change in energy of the plasma oscillations. Since the 
change occurs in a time interval of order @;,) we can 
write the order of magnitude equation for the rate of 
change of plasma energy: 


dU 
— AE 


(7.5) 


where 


U = E,2/87 (7.6) 


is the energy per unit volume in plasma oscillations. 

With the definitions (7.1) and (7.2) the expression for 

AE can be written in terms of U so that (7.5) becomes: 
dU | 


8V2 (w 4 | 
— ~ | w|—]} | UV. 
dt 3 o| k) 
For fields varying as exp (—im1f) the coefficient of U 


on the right-hand side of (7.7) is identifiable as 
2 Im(@). Consequently we find: 


(7.7) 


(7.8) 


Im(w) 2 


k , 


This is essentially the result (5.15) apart from 
numerical factor of order unity and the factor 


k dw 
1—— =}. This last factor is necessary to make 
dk; 


(5.15) invariant under Galilean transformations. Its 
absence in our present physical derivation can be traced 
to the fact that in writing down equation (7.5) for the 
energy change in the plasma we ignored the possibility 
of energy flow. This is only valid if our ‘laboratory’ 
frame of co-ordinates is chosen so that the group 
velocity of the wave Ey sin (kx — wt) vanishes. In 
this frame (7.8) agrees with (5.15). For a multi- 
component plasma it can be readily seen that the same 
physical arguments yield (7.8) with the appropriate 
generalization of G(v) given by (3.10). The derivation 
of (7.8) shows that the slow damping or growing of 
oscillations can be attributed to energy exchange 
between plasma and particles due to trapping of the 
particles by the wave. Our discussion may be thought 
somewhatartificial since we postulated thata travelling 
wave was applied to a plasma so that the particles 
suddenly had to adapt to a new environment. This is 
a legitimate initial-value problem, and it presumably 
has more general application since collisions (although 
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ignored here in describing the plasma oscillations) will 
tend to feed particles into and out of a velocity band 
near the phase velocity with random phases relative to 
the moving wave. 


Although the discussions in this report deal with the linearized 
theory of infinitesimal amplitude plasma oscillations it is 
worthwhile to remark on the range of validity of our arguments 
when we imagine the amplitude of oscillations to increase 
more and more. For the preceding arguments on energy 
exchange to hold, there must be very little energy in plasma 
oscillations relative to the particle energy content. Otherwise 
the plasma will take out or supply large enough amounts of 
energy so that the ‘equilibrium’ particle distribution will be 
distorted significantly. The criterion for validity is that the 
trapping time @;,;, shall be long compared to the damping (or 


growing) time [Im (@)]"?: 
®ose |Im (7.9) 


This sets a limit on the size of the electric field of the plasma 


oscillations: 
E. Ss Emax 


(@,\ 4 ‘w\ |? f 
(z) 
ek \k k J 
The most severe limit comes from the shortest wavelengths. 
With k equal to the Debye wave number (kp = @,/c), Emax 


becomes 
CG 


where 
(7.10) 


Emax 


(7.11) 
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This sets an upper limit on field strength* such that the potential 
energy change from peak to valley of the wave is of the order 
of, or perhaps much less than the thermal energy (depending 
on the dimensionless factor involving |G|*). For waves of 
larger amplitude the linearized theory fails and it can be inferred 
that such waves may involve appreciable numbers of trapped 
particles and will behave in more complex ways than found here. 


The trapping mechanism for growth or decay 
depends on the presence of particles travelling at or 
near the phase velocity of the wave, that is, it depends 
on a distribution of velocities of the plasma particles. 
There exists another, often dominant, process for 
instabilities of plasma oscillations. This process can 
be called bunching and does not depend on a finite 
spread of velocities. It is familiar to electrical 
engineers in the description of klystrons, travelling 
wave tubes, etc., and is best discussed within the 
hydrodynamic approximation. 

The bunching process can be understood by con- 
sidering one or more beams of charged particles 
moving with certain mean velocities together with a 
harmonic plasma wave of definite phase velocity. The 
particles move over the potential wave alternately 
gaining and losing speed as they go. If a steady-state 


* If the wave is damped the limiting value is the initial value of the 
field, whereas for a growing wave the limiting value is the field 
strength beyond which the small oscillation approximation fails. 


situation exists, the continuity equation (2.3) shows 
that the product (mv) is constant. Hence a velocity 
modulation leads to a density modulation in space 
(bunching). Provided the resulting charge density is 
consistent with the potential wave, the steady-state 
will continue. 

One characteristic of bunching is that growing 
oscillations exist only for wave numbers within some 
definite range, usually less than some maximum value. 
To see how such a sharp cut-off can occur, we consider 
an over-simplified situation with a single beam of 
electrons (charge —e, mass m) of equilibrium density 
Ny and mean velocity vp in the rest frame of a plasma 
wave described by a small potential d(x) = ¢5 cos (kx). 
From Poisson’s equation the charge density necessary 
to maintain the potential is 


k2 
7.12 
Py ( ) 


Using conservation of energy to determine the velocity 
modulation and the continuity equation to convert to 
a density modulation, we find that the charge density 
due to bunching is 


o,? 
Pap = — d. (7.13) 


mv," 


We note that p, is independent of wave number while 
pp is proportional to k*. It seems clear that bunching 
can produce more than the necessary charge density to 
maintain the wave provided k is less than some 
maximum value. Thus growing will occur only for 
k < kyyax = ,/Uo. The electrons are moving too fast 
to give sufficient bunching for shorter wavelengths. 
The above argument is actually fallacious since 
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Fic. 4.—Charge density due to bunching in a two-stream 
plasma as a function of phase velocity of the plasma wave 
(—v,) for fixed velocity difference V between the streams. 
The two horizontal lines represent the charge density necessary 
to maintain the wave for two different values of wave number. 
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with only one stream of particles we can always find a 
reference frame where (7.12) equals (7.13) for any 
value of kK. This means that there is always a steady- 
state solution whose frequency in the rest frame of the 
particles is just @,, a result already found in Section 2. 
To remedy this flaw in the argument we consider 
the more realistic two-stream problem by adding a 
stream of ‘ions’ (charge --e, mass M) of the same 
mean density and having mean velocity Vg = vy — V. 
Then the charge density due to bunching becomes: 


wo? 1 m 


i 7.14 


For fixed relative velocity V the quantity 47p,/¢ 
(7.14) is sketched in Fig. 4 as a function of vy (the 
negative of the phase velocity of the wave in the rest 
frame of the electrons). Typical horizontal lines 
representing (47p,/¢) (7.12) for two values of wave 
number are also shown. It will be seen that for & large 
enough there are four real roots to the equation 
Pp = pp, but for small k two of the roots disappear. 
This means that there are instabilities, as can be 
inferred by noting that pp > pp. The maximum wave 
number k,,,,. for which growing waves occur is given 
by the minimum of (7.14) as a function of vp, i.e. at 
= MV,%. This yields the result: 


The two-stream instability will be discussed in detail 
in Section 9 where the effects of thermal motion will be 
included. The hydrodynamic limit is illustrated there 
in Figs. 5(e), (f), and (g). 


8. ARBITRARY STEADY-STATE PLASMA 
OSCILLATIONS 

In the preceding sections we have described plasma 
oscillations in terms of an initial-value problem and 
have seen that a plasma will support growing or 
damped waves with a definite relationship between wave 
number and (complex) frequency for a given equi- 
librium distribution function. For the simple plasma 
in thermal equilibrium the characteristic plasma 
frequency , (1.1) and LANDAU damping (1.2) were 
obtained. On the other hand, VAN KAMPEN (1955) has 
shown that steady-state oscillatory solutions with 
arbitrary k and w can be found to satisfy the plasma 
equations of motion. BERNSTEIN, GREENE and 
KRUSKAL (1957) show how to construct arbitrary 
large amplitude wave forms of any given phase 
velocity by causing just the correct distribution of 
electrons and ions to be trapped in the finite amplitude 
potential troughs. In this section we wish to establish 
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the relationship between our previous results and the 
apparently contradictory solutions with arbitrary k 
and w.* We will see that VAN KAMPEN’s waves are 
contained in our initial-value problem along with the 
more customary solutions.t The difference, as in- 
dicated by the work of BERNSTEIN, GREENE and 
KRUSKAL, lies in the initial disturbance applied to the 
plasma. Sufficiently clever initial conditions on the 
number of trapped and untrapped particles will allow 
the creation of a plasma wave of arbitrary k and @. 
Less ingenious initial conditions will lead to the usual 
behaviour of the plasma after a short transient period. 
First a brief outline of VAN KAMPEN’s approach will be given 
for a simple plasma. He writes down the usual expression 
(2.10) for the linearized amplitude /(v, @, k,) for arbitrary 
and @: 
cE of, 
i(ke av 


fi (8.1) 


m dv 


Then he observes that for real k and w the factor ; is not 


defined in the neighbourhood of the phase velocity (@/k). In the 
initial-value problem the Dirac replacement (4.5) is appropriate 
for almost real @, but VAN KAMPEN chooses to replace (8.1) 
by the expression: 


1 eE Of, 


ikm ov 


where the function A(k, m) is to be determined so that Poisson’s 
equation (2.9) is satisfied for the arbitrarily chosen & and @. 
A simple calculation shows that A(k, @) is given by: 


k? * Gv) 


"| — dv. (8.3) 


ase. 
1k,0) 

The plasma oscillation represented by (8.2) and (8.3) 

is a perfectly acceptable solution of the linearized 
problem. It shows that steady-state waves of arbitrary 
frequency and wave number can be established in a 
plasma. That plasmas usually show less arbitrary 
behaviour can be traced to the fact that the distribution 
function (8.2) represents initial conditions which are 
perhaps difficult to establish. The first part of (8.2) 
shows that the disturbance at velocities away from the 
phase velocity is made to depend on the properties of 
the equilibrium distribution. The principal value 
symbol means that the velocity distribution is not 
altered at exactly the phase velocity. The delta 
function term in (8.2) specifies the disturbance to the 
equilibrium velocity distribution exactly at the phase 


* We restrict the discussion to small oscillations. WAN KAMPEN’S 
solutions can be shown to be a limiting case of the finite amplitude 
solutions of BERNSTEIN, GREENE, and KRUSKAL. 

+ For a detailed mathematical discussion of the equivalence of the 
initial-value problem and the VAN KAMPEN treatment, see CASE 
(1959). 
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velocity. The gap implied by the principal value 
symbol and the delta function are mathematical 
idealizations in the linearized theory. For a small but 
finite amplitude wave, particles in a small velocity 
range Av (7.2) around the phase velocity are trapped 
by the wave, while particles outside this interval 
cannot be trapped. For a wave of negligible amplitude 
it is clear that the first term in (8.2) represents the 
initial excess distribution of untrapped particles, while 
the delta function term specifies the numbers of 
trapped particles. Consequently we see that VAN 
KAMPEN’Ss steady-state solution is achieved by care- 
fully choosing the numbers of trapped and untrapped 
particles according to (8.2) and (8.3). 

To obtain the linearized equivalent of the arbitrary wave 
forms of BERNSTEIN, GREENE and KRUSKAL, it is only necessary 
to superpose a set of VAN KAMPEN’s waves all having the same 
phase velocity: 

flv, x,t) = § dk flv, = ku, k) (8.4) 
where f, (v, @, k) is given by (8.2) and u is the phase velocity. 
If the arbitrary potential is ¢(x) in the rest frame of the wave 
form, then using (8.2) and (8.3) equation (8.4) for the required 
electron distribution can be written: 


fi(v, x) d(x) 
m v 


O(v)P | a | 


(8.5) 


There remains the question of obtaining VAN 
KAMPEN’s solutions from the initial-value problem of 
Sections 3 and 4. The steady-state solution (8.2) can 
be written, apart from constants, as: 


G(v 
__ i ( ) 
Mg 


| ky 
= 


where H(w/k) is defined by (3.7) and (4.7). We have 
labelled the arbitrary parameters as ko, @». To show 
that (8.6) is contained in the initial-value formalism it 
is sufficient to prove that the initial disturbance 
implied by (8.6) gives rise to steady-state oscillations of 
the correct frequency. We saw in Section 4 that the 
time behaviour of the oscillations was determined by 
the residues in the complex w-plane of the function: 


“D(v, k 


| 
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O(v, k) = 


x 


dx e x,t=0) (8.8) 


is the Fourier transform of the initial disturbance. In 
the discussion below equation (4.3) the emphasis was 
on poles of Z(@) caused by zeros of the function H(@). 
Now, however, there are singularities in the numerator. 
With (8.6) evaluated at t = 0 in (8.8) we find: 


k) 2mi O(k — ko) 
ko ky/ + (8.9) 
lv —— — ie 
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This leads to the function Z(@): 
= Ok — ky) ———. (8.11) 
o Mg 
—— — ie 
k ko 


We see that the only pole remaining in Z() is one at 
® = Wg, with residue 27i 0(k — ky). Thus the electric 
field will oscillate with a frequency 
required. A simple calculation using equations (3.2), 
(3.5) and (3.8) gives the distribution function (8.6) 
with the correct time dependence. Equation (8.10) 
shows that the initial distribution is so chosen that all 
the poles apparently present in Z(@) from the vanishing 
of its denominator are eliminated by zeros in the 
numerator. In addition the initial disturbance provides 
a pole in Z(@) at just the right place to yield a steady- 
state solution. If the initial disturbance deviates from 
its carefully chosen form, then the time behaviour of 
the plasma is again governed by the dispersion 
equation (4.4) and the character of the oscillations is 
determined by the equilibrium properties of the plasma, 
not by the initial perturbation. 


Wo, as 


9. CRITERION FOR GROWING PLASMA 
OSCILLATIONS 


It has been known for a long time that under 
certain circumstances plasmas will support growing 
oscillations. Examples are the well-known double- 
stream amplifier (BOHM and Gross, 1949; HAEFrF, 
1949: NERGAARD, 1948; PreRCE and HEBENSTREIT, 
1949), described qualitatively in Section 7, in which 
two electron streams with very narrow spreads in 
velocity move through each other with parallel but 
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different velocities, and the generalization of this 
proposed by BUNEMAN (1958) in which electrons and 
ions undergo relative motion. Generally these 
examples are discussed in terms of the hydrodynamic 
approximation in which the velocity distribution /,(v) 
is a sum of delta functions. Then the solution of the 
dispersion equation reduces to finding the roots of a 
finite polynomial in @. For most practical purposes 
the idealized problem is an adequate representation. 
But under some conditions it is useful to know some- 
thing about the actual problem in which realistic 
velocity distributions occur. 

For instance in the double stream amplifer the 
idealized solution implies that there are complex roots 
for @ with positive imaginary part (growing waves) as 
long as there is a velocity difference between the two 
streams, no matter how small that difference becomes. 
In an actual system, however, the beams will have a 
finite velocity spread. For velocity differences smaller 
than some velocity of order the spread of the beams, 
the velocity distribution /(v) will become a ‘single- 
humped curve’ in the sense of Section 5. The theorem 
proved there shows that then growing waves cannot 
exist. It may be of practical interest to establish this 
minimum velocity difference. It is of particular 
relevance for BUNEMAN’S discussion of the conductivity 
of a plasma since he suggests that the relative motion 
of electrons and ions accelerated in opposite directions 
by an applied electric field allows the plasma to support 
growing plasma oscillations which absorb energy from 
particles and so provide a mechanism for resistivity. 
For a hot plasma there is a considerable spread in 
velocities and consequently an appreciable threshold 
of relative velocity between electrons and ions below 
which the plasma cannot support growing waves. 
This will presumably complicate BUNEMAN’s 
mechanism for plasma resistivity. 

In this section we will discuss the criterion for 
growing waves in a plasma and will illustrate it with 
simple examples. It will be convenient to think of the 
equilibrium velocity distribution as initially a ‘single- 
humped’ distribution which is then distorted in shape 
until plasma oscillations with growing exponents are 
possible. In terms of the roots of the dispersion 
equation (4.4), all the roots will be initially in the 
lower half of the complex w-plane. As the equilibrium 
velocity distribution is changed into a more com- 
plicated double (or multi) humped curve the roots 
move upward until some root lies on the real axis. 
Further suitably chosen distortion puts one or more 
roots in the upper half-plane and the realm of growing 
oscillations has been reached. The critical case is a 
root on the real axis for some wave number k. The 
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conditions for a root on the real axis can be found by 
specializing equations (5.7) and (5.8) to y = 0: 


2 
Re (H) = = 


Im (H) = —7G(x) = 0 J 
where x = w/k is the real phase velocity. The second 
equation in (9.1) shows that G(x) = 0 i.e. the phase 
velocity of the wave is at a position of zero slope of the 
distribution function. This is, of course, consistent 
with our general result (5.15) for Im(@). For a single- 
humped distribution the integral in the first equation 
of (9.1) is always negative so that Re (H) + 0, as was 
shown explicitly in equation (5.4). If we imagine a 
suitable distortion of the initial distribution the 
integral will become less and less negative until it 
finally vanishes. Then (9.1) will have a solution for 
k =0. Further modification can give roots on the 
real axis for k >0. For any chosen k value the 

criterion for the onset of growing waves is: 


Gv ke 
On 


With G(x) = 0 the integral is not a principal value 
integral, but is an ordinary well-behaved integral. 


dv = 0 
(9.1) 


G(x) = 0. (9.2) 


It is of some interest to establish the connexion between our 
criterion (9.2) and the condition for instability of servomech- 
anisms, known in electric circuit theory as NyQUuIST’s criterion.* 
In the upper half of the complex «/k plane, the function H(@/k) 
given by (4.7) is an analytic function with certain zeros, which 
characterize the plasma oscillations, and with no poles or other 
singularities. Consider the contour C in the z = @/k plane 
shown in Fig. 5(a). 
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Fic. 5(a).—Complex z = @/k plane and the contour C on 
and inside of which H(z) is analytic and perhaps possesses 
zeros. 


The contour consists of the real z-axis and a circle at infinity 
in the upper half-plane. Along the real axis, the real and 
imaginary parts of H(z) are given by the left-hand sides of 
equation (9.1). On the great circle H is constant and equal to 
(k*/w,*). If we now define w = H(z), each point on the contour 
C corresponds to a point in the w-plane. Consequently the 
curve C can be mapped into a closed curve D in the complex 


* The author is indebted to Dr. B. D. Friep for pointing out the 
relevance of Nyquist’s theorem to the present problem. 
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Fic. 5(b).—Map of the contour C on to the complex plane 
w = H(z). This is called a Nyquist diagram. 


w-plane. Such a mapping is shown schematically in Fig. 5(b). 
From equation (9.1) it is easy to see qualitatively how the 
contour D will look. In particular, the one shown in Fig. 5(b) 
corresponds to a single-humped velocity distribution (Fig. 2). 

The behaviour of the contour D in the w-plane is the basis of 
the Nyquist criterion for instability. As a simple consequence 
of Cauchy’s theorem the number of zeros of H(z) inside the 
contour C is given by: 


1 H(z 
Je 


He 


In terms of w and the contour D this is transformed into 


1 dw 

Ori 
By Cauchy’s theorem, if the closed contour D encircles the 
origin one or more times, Np will not be zero and H(z) will have 
roots in the upper half-plane, i.e. growing oscillations. This 
is Nyquist’s theorem (Nyquist, 1932) and the plot of the curve 
D is called a Nyquist diagram. Fig. 5(c) contains a series of 
schematic Nyquist diagrams for a fixed value of wave number, 
along with corresponding G(v) curves. The sequence of G(v) 
curves represents a set of velocity distributions progressing 
from a single-humped distribution through to a distribution 
with two well-separated peaks. The first three Nyquist diagrams 
imply no growing oscillations for that particular wave number, 
while the last indicates instability. 

We see from equation (9.4) or Fig. 5(c) that the critical 
condition for passing into or out of the region of growing waves 
is that the curve D pass through the origin of w i.e. the real and 
imaginary parts of H(z) vanish for some real z = x. This is 
just our criterion given by equation (9.2). 


(9.4) 


As a first illustration of equation (9.2) we consider a 
simple electronic plasma of two streams of electrons of 
the same density with equal and opposite mean 
velocities u. The velocities in each stream are smeared 
out by an amount characterized by the parameter A. 
We will assume that the distribution function f,(v) has 
the following form: 


1 A l 1 
(9.5) 
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Fic. 5(c).—A series of Nyquist diagrams and the correspond- 


ing derivatives of the velocity distribution function. The 
first three diagrams indicate no growing oscillations, while 
the last one shows a growing instability. 


Our problem will be to find the minimum velocity 
difference [2u(k)] such that growing waves can occur 
for fixed wave number k. For u < A/\ 3, equation 
(9.5) represents a single-humped curve. Consequently 
we expect a larger value of wu to be necessary for 
growing oscillations, even for vanishing wave number. 
From the symmetrical form of f,(v) it follows that 
G(x) =0 only for x =0. Then the other part of 
equation (9.2) reduces to 
v= 
v On 
With equation (9.5) for /(v) the integral is an elemen- 
tary one. The result is: 
2 -2 
(9.7) 
(u? + A*? 


Clearly, for vu < A the left-hand side is negative and no 
growing waves can exist. u = A is the critical velocity 
such that waves with zero wave number begin to grow. 
This is appreciably greater than the velocity for which 
the distribution becomes a double-humped curve. For 
u > A there is a range of wave numbers from k = 0 
up to some k = k,,,, for which growing oscillations 
occur. The left-hand side of (9.7) has its maximum 


value of 0-25/A? at u— 3A. Consequently the 


(9.6) 
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Fic. 5(d).—Range of wave numbers (0 < k < kmax) for 
which growing oscillations can occur as a function of mean 
velocity difference for two streams of electrons with resonance 
shaped velocity spreads. The mean velocity difference (2u) is 
given in units of the resonance parameter A and the maximum 
wave number is expressed in units of the equivalent Debye 
wave number (@,/A). 


largest wave number to have growing oscillations is 
k = 0-5w,/A.* Fig. 5(d) shows how k,,,, varies as a 
function of the velocity difference (2u). For very high 
velocity differences (9.7) yields k,,,. =‘ 2w,/u, a 
result that is well known for double-stream amplifiers 
(HaAerFF, 1949) and is independent of the detailed shape 
of the distribution (9.5). 

At this point we might mention an observation by 
Gell-Mann that the distribution (9.5) is so simple 
that it is just as easy to solve the dispersion equation 
(4.4) directly for the complex roots. The reader may 
verify that the results summarized in Fig. 5(d) follow 
from the explicit solution of the dispersion equation. 

As a second illustration, typical of thermonuclear 
problems, we consider a two component plasma or 
‘electrons’ with mass m and ‘ions’ with mass M, 
present in equal density m»). Then the appropriate 
G(v), according to (3.10), is: 


For a plasma of two groups of electrons, M = m. 
In (9.2) the plasma frequency ~,* is now the electronic 
plasma frequency w,,”. The electrons and ions will be 
assumed to have Maxwellian velocity distributions 
with r.m.s. thermal velocities (in one dimension) c, and 
c,; and mean velocities u, and u,, respectively. Then 
G(v) becomes 


v 
G(v) ( 


* Since A is equivalent to the thermal velocity, «,/A is the effective 
Debye wave number for this distribution function. 


G(v) = (9.8) 
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where = 0; = Mc; are the kinetic tempera- 
tures. 

Again our aim is to find the minimum velocity 
difference V = (u, — u,) such that growing waves can 
occur, and to map out the range of & values with 
growing oscillations as a function of V. With the new 
variables 


v— 
Wy = 


(9.10) 


e 


G(v) becomes 


I 
G(w,, Ws) = —— 


V 


with the relation between variables: 


V = ¢,W, + = 


9 


M0, 


(9.12) 


For the case of equal temperatures, the condition 
G(x) = 0 in (9.2) is clearly satisfied by w, = w. = w.* 
Then the velocity difference is V = (c, + ¢,)w. With 
(9.11) for G(v) the integral in (9.2) can be put in the 
form: 


© texp (—f?/2) dt 
= 
t— wy, 


2/9 


where = k®c,?/m,,”, and w,, are evaluated at 
The integrals in (9.13) are similar to the one 
Equation (9.13) can 


v= x. 
evaluated in Appendix 2.7 
consequently be written: 


0, 
Wo" y(—2 
0; V2 


(9.14) 


where the function Y(x) is defined by 


Y(x) = exp (7°) dt. (9.15) 


exp (—x°) 
x /0 
The properties of Y(x) are discussed in Appendix 3. 
For equal temperatures and w, = w, = w, equation 
(9.14) can be solved for w as a function of K®. With 
(9.12) the range of wave number for which growing 


waves exist can be found for any velocity difference V. 


* There are other solutions to G(x) = 0 besides w, 
are of no importance in the present problem. 

+ The difference is that the variable z in Appendix 2 is now real and 
the integrals are principal value integrals. The only change is that 
the imaginary part of (A2.7) for J(z) should be omitted. 
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Fic. 5(e).—Same as Fig. 5(d), but for an electron-‘ion’ plasma 
with mean velocity difference V and Maxwellian velocity 
distributions at equal temperature. The velocity difference is 
shown in units of the sum of the electron and ‘ion’ r.m.s. 
velocities (c, + c,). The dotted curve represents the hydro- 
dynamic value of Amax (9.18) for an electron—proton plasma. 


The numerical solution for k,,,, versus V is shown in 
Fig. 5(e). The minimum velocity difference for the 
existence of growing waves is V = 1-308(c, + ¢,). For 
an electron-proton plasma this is 1-34c,, while for two 
electron groups it is 2°62c,.5 The largest range of 
wave numbers occurs at V = 2°155(c, + c,;), where 
Kmax = 9°755 w,,/c,. For very large velocity differ- 
ences, the maximum wave number for which growing 
waves occur is: 


V2(1+ (9.16) 


k ; 
M/ 


ma 
For m = M this reduces to the result found for the 
two electron groups (9.5). 

BUNEMAN (1958) has discussed the dispersion 
equation for an electron-ion plasma in the hydro- 
dynamic approximation, and has found the complex 
roots for w as a function of k. His dispersion equation 
can be written in terms of our variables as: 


(9.17) 


t This value can be compared to the result 2-0 A for the 
distribution (9.5). 
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where w, and w, (defined by (9.10)) are in general 
complex.* Equation (9.17) is a quartic equation 
which has either 4 real roots or 2 real and 2 complex 
roots. The boundary between these two sets of roots 
defines the wave number Xk,,,,, for a given velocity V. 
It is just this result that was found in equation (7.15). 
For the extreme cases m = M and m< M, (7.15) 
yields the following hydrodynamic values for k,,,. as 
a function of V: 


(m= M) 
kD 


<M 
uM (m< M) 


(9.18) 


For m= M, the hydrodynamic result agrees with 
(9.16); but for m << M, it is roughly 1/V 2 times the 
value given by (9.16). For the electron-proton plasma, 
BUNEMAN’S limit (9.18) is plotted in Fig. 5(e). 

The discrepancy between (9.18) and (9.16) can be 
traced to the absence of the requirement G(x) = 0 in 
the hydrodynamic approximation. With delta function 
velocity distributions G(x) is automatically zero almost 
everywhere. The hydrodynamic upper limit on wave 
number can be shown to be less than or equal to the 
‘true’ value (9.16). The case of equality occurs for 
m= M, where G(x) happens to vanish at the 
appropriate solution of (9.17). In the range of wave 
numbers between k‘”). given by (9.18) and k,,,.. given 
by (9.16), the frequency « will be almost real since G(x) 
vanishes in the hydrodynamic approximation and is 


| | 
Oe 04 06 O81 2 
kV ibe 


Fic. 5(f).—Real part of the frequency in units of (@,,? @,,)'* 
as a function of wave number in units of (@,,/V) for an elec- 
tron-proton plasma with a mean velocity difference between 
components of V and equal temperatures. The three curves 
correspond to the different values of V?/c,* indicated. 


* Equation (9.17) can be obtained from the complete dispersion 
relation (essentially (9.13)) by expanding the functions in powers 
of w~*, retaining the lowest order terms, and neglecting all 
exponentials. 
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exponentially small for Maxwellian distributions with 
a large velocity separation. Consequently, for prob- 
lems in which the velocity spreads are small compared 
to the separation of the peaks, the hydrodynamic limit 
(9.18) is generally a more useful criterion for k,,,. 
than (9.16). For small velocity separations, however, 
the more general result [(9.14) or its equivalent] must 
be employed. 

To illustrate the transition from the region where 
thermal effects are crucial to the region of the hydro- 
dynamic approximation we consider in detail the 
solution of the dispersion equation for a plasma of 
electrons and protons at equal temperatures. The ions 
are assumed to have zero mean velocity and the 
electrons a mean velocity V. The dispersion equation 
is then just the appropriate generalization of (9.13) and 
can be solved numerically with the help of the tables of 
FADDEEVA and TERENT’EV (1954) or suitable asymptotic 
expansions. The real and imaginary parts of the 
frequency for the root corresponding to growing waves 
are plotted in Figs. 5(f) and 5(g) for two values of the 
ratio of the relative velocity to electronic thermal 
velocity (V?/c,2 = 10, 30). For comparison the hydro- 
dynamic approximation (V?/c,2 —> 00) is also shown. 
Two points are worth mentioning. One is that, while 
the relatively hot plasma (V*/c,2 = 10) gives results 
appreciably different from the hydrodynamic approx- 
imation, for V?/c,2 > 30 the thermal effects consist 
chiefly in displacing the curves towards slightly higher 
wave numbers without change in shape. The second 
point is that in the region of wave number between the 
hydrodynamic upper limit (9.18) and the ‘true’ upper 
limit (9.16), indicated by the vertical arrow, the 
imaginary part of the frequency is very small for 

2/c,2 > 30. This verifies explicitly the general state- 
ment of the preceding paragraph. 

In terms of the two physical mechanisms for 


Im a/ (fiche 3 
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Fic. 5(g).—Same as Fig. 5(f), but for the imaginary part of the 

frequency. The vertical arrow indicates the ‘true’ value of 

Kmax (9.16), while the upper end of the V’?/c,? © curve is at 
the hydrodynamic value (9.18). 
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growing oscillations, bunching is dominant for 
relatively cold plasmas. Only in the upper region of 
wave numbers does trapping enter, giving the very 
small contribution to Im (@) in the hydrodynamically 
forbidden band. For hot plasmas the distinction 
between the two mechanisms disappears because the 
spread in thermal velocities is comparable to the mean 
velocity difference of the components and the possible 
phase velocities of the oscillations. 
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APPENDIX | 
The analytic function /(z) of the complex variable z is defined 
by the integral along the real v-axis: 


(Al.1) 


where f(v) is a real function of v such that the integral exists 
for finite z. As z approaches the real axis from above or below 
the Dirac relation (4.5) allows us to express /(z) as follows: 


lim 
Im (z)—> 0 + 


I(z) = dv + (A1.2) 


where x = Re (z). 

We wish to generalize the limiting case (A1.2) to obtain a series 
expansion in powers of y = Im(z). For definiteness we assume 
y > 0. First we consider the expansion of /(z) around the point 
Z= Zo: 


I(z) = — 20) + — +... (Al.3) 
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The derivative of J(z) is 
fo) 


PAS 


Integration by parts transforms (A1.4) into the result: 


I’(z») | dv. (Al.5) 
0 


~ 


Similarly the nth derivative I'"(z9) can be expressed in terms of 
the nth derivative of f(v): 
f' "(p) 
dv. 


I™ | 


Jd —@ 


(A1.6) 


If we now consider z, approaching the real axis from above the 
Dirac expression (A1.2) can be used to write (A1.6): 


v x 


lim P| dv + wif" (x). (A1.7) 


Tm (29) + 0° 


Consequently /(x + iy) can be expanded using (A1.3) and (A1.7) 
as follows: 
"(nes 
I(x + iy) | fr) | A(1.8) 
The first term in (A1.8) is just the Dirac result (A1.2). Further 
terms give corrections for non-zero values of y. In the lower 
half-plane we write z = x — iy. Then the proper expansion is 
obtained by taking the complex conjugate of (A1.8). One virtue 
of the expansion (A1.8) is that the real and imaginary parts of 
I(z) can be exhibited explicitly. 


APPENDIX 2 


With the Maxwellian G(v) given by (6.1) the dispersion 
equation (4.4) is: 


1 vexp(—v*/2 
| v exp ( O12) 


V 2m iz exp (—z*/2) 
v—z 


0 = K* + 
(A2.1) 


where z = w/kc, K = kc/m,, and it is assumed that z has a 
negative imaginary part. With a change of variable t = v — z, 
the integral can be written: 


2/9 
vexp (—t 2) 
1 
exp {—(t + 2)'/2}dt. (A2.2) 
Vie t 
Then the first term in (A2.2) integrates to unity, and J becomes: 


I= 1 + zexp (—z*/2) J(z) (A2.3) 


4 
V 20 


To evaluate J/(z) we note that 


dJ(z)_ 


where 


+ zt)}dt. (A2.4) 


exp {—(t#/2 + zt)} dt = —exp (+ z*/2). 


dz V20 


(A2.5) 


Also 


J(0) = | — exp (—t?/2) dt. (A2.6) 


= 
Vol 
1 
1959/ 
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In this last integral the path of integration is just above the real 
axis, as can be checked from the change of variable t = v — z. 
With the Dirac definition (4.5), J(0) can be written as a principal 
value integral minus (zi) times the integrand evaluated at t = 0. 
The principal value integral vanishes, so that 


J(0) = ff. 
2 


Then J(z) can be written as 


J(z) exp (y?/2) dy. 


The dispersion equation (A2.1) is therefore 


2 
0= K?+1 + exp (19) dt). 
2 Va Jo 


(A2.8) 
The remaining integral is readily identified as the error function 
of complex argument. The tables of FADDEEVA and TERENT’EV 
(1954) tabulate the function W(z) defined as the Hilbert trans- 
form of a Gaussian: 


W(z) 


1 
= | exp (—z? 
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\ 
(1 exp (7°) at] (A2.9) 
Va Jo 
The range of z covered is x,y > 0, x, y = 0(0-02)3 and 
x, y = 3(0-10)5, with the real and imaginary parts of W(z) 
tabulated to six places. In terms of W(z) the dispersion equation 
(A2.8) becomes 


z W(2/V 2). (A2.10) 


The numerical solution can be found using the tables by first 
determining the value of x for which the imaginary part of 
(A2.10) is satisfied for a chosen value of y, and then solving the 
real part of (A2.10) for the corresponding value of K*. The 
problem of needing W(z) for negative y while the tables are for 
positive y can be handled by noting that if (x, y) satisfy the 
dispersion relation then (—., y) is also a solution (corresponding 
to a wave moving in the opposite direction). Then the relation 


W(—z) = 2 exp (—z*) — W(z) (A2.11) 
allows one to obtain W(z) for the required negative y values. 
The numerical results for the solution of (A2.10) are shown in 
Fig. 3. 

A remark needs to be made about other roots of the dispersion 
relation besides the one shown in Fig. 3. To show that such roots 
exist it is sufficient to examine the form of W(z) for large values 
of z(y > 0). With the integral definition (A2.9) it is easy to 
obtain the asymptotic expansion: 


1 3 (2n — 1)!! 

(A2.12) 

The presence of the exponential in (A2.11) together with the 


form (A2.12) implies oscillatory factors in the dispersion relation 
(A2.10) and the presence of an infinite number of roots. Only 
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(A2.7) 
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the root with smallest imaginary part is of interest since it is on 
the branch which reduces to the plasma frequency (1.1) and 
Landau damping constant (1.2) at vanishing wave number. 
Other roots lie on branches which have damping constants that 


do not vanish even at k = 0. These are of little importance since 
they are presumably damped out rapidly compared to the char- 
acteristic time 

APPENDIX 3 

The function Y(x) defined by 
Y(x) = exp (—x*)] exp (1°) dt 
x 


(A3.1) 


is related to the error function of imaginary argument and to 
the imaginary part of W(z) (A2.9) for real z. Four-figure tables 


Fic. 6.—The function w* ¥(w/¥V 2) plotted as a function of w. 
of Y(x) have been computed at Space Technology Laboratories, 


w 
Inc. for x = 0(0-025)10*. In Section 9 the function w? } (— 
V2 


is employed. Fig. 6 shows a plot of w* Y{——]for the range 
5 
y= 


0 < w <4. Some useful expansions are: 
Small w 


w w? (—1)"w? 
v2 3 15 (2n + 1)!! | 
Large w 


[w I 3 15 (2n — 1)!! 
wy (— l+—+— —+...+-— 
v2 we w* w® wn 


Expansion around wy 1-308 


w l 
we > (w Wey +... | 
v2 Wo - 


(A3.4) 


*A short table of x exp (x*) ¥(x) is given by JAHNKE F. and 
Empe E. (1945) Tables of Functions (4th ed.) p. 32. Dover Publ., New 
York. 
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Abstract—The properties of longitudinal plasma oscillations in an external electric field are investigated. In 
a completely linear approximation, it is found that the direct-current electric field introduces essentially no 
new effects. A quasi-linear approximation is also considered, in which couplings between different plasma 
modes are neglected while the space-averaged distribution functions are assumed to be approximately 
independent of time. In this case, a Maxwellian distribution function is found to be always unstable against 


the growth of very long wavelength oscillations. 


1. INTRODUCTION 


In the course of an attempt to understand in more 
detail the possibility, suggested by BUNEMAN (1958), 
that long-range co-operative effects in the form of 
growing plasma waves may provide a new mechanism 
for plasma resistivity, we have studied the dispersion 
equation for longitudinal plasma waves in the presence 
of an external electric field. While we have not, as yet, 
succeeded in achieving a quantitative understanding of 
BUNEMAN’S mechanism, the results concerning the 
effect of an electric field on plasma waves are self-con- 
tained and may be of value also in other investigations. 
We consider a plasma composed of electrons and 
ions and assume that the distribution function (in 
phase space) for each species obeys a collisionless 
Boltzmann equation, with electromagnetic fields 
whose sources are the plasma charge and current 
density. Since the two-stream instability which BUNE- 
MAN considers involves only longitudinal plasma 
waves, we neglect the magnetic field due to the plasma 
current. We also assume that no external magnetic 
field is present. The problem is then essentially one- 
dimensional, and we have for the electron distribution 
function, f(x, v, ft), 
ot dv 
The ion distribution function, F, satisfies the same 
equation with e/m—» —e/M. The external electrical 
field E,(t) is a given function of time, while the self- 
consistent plasma field, E, is determined from Poisson’s 
equation 


(1) 


(2) 


Ox 
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If E, = 0, the linearized form of these equations can 
readily be solved. The resulting dispersion equation 
(JACKSON, 1958) predicts Landau damping (LANDAU, 
1946) if the unperturbed distributions have no relative 
mean velocity and gives growing waves if the mean 
velocities differ by more than « times the electron 
thermal velocity (for 7; = T,), where e is a number of 
order one whose exact value (JACKSON, 1958) depends 
upon the form assumed for the unperturbed velocity 
distributions. It is the aim of the present paper to 
generalize these field-free results and to examine the 
effect of an external electric field upon the plasma 
waves. 

With the usual separation of finto a space averaged 
part, fp, and the fluctuations, /,, around that, we find 
thatinastrictlylineartheory fy must be time-dependent. 
Consequently, the equation for f, does not have 
harmonic solutions and there is no dispersion equation 
in the usual sense. This is discussed in Section 2. 
In Section 3 we consider briefly the consequences of 
assuming /, to be time-independent, as might be appro- 
priate in a quasi-linear theory which takes account of 
the effects of the fluctuations upon f) but neglects 
the coupling among the fluctuation modes. In this 
case a dispersion equation of the usual sort can be 
derived and leads to growing waves with a Maxwellian 
fy even in absence of a relative electron-ion drift. We 
conclude that either the quasi-linear approximation 
with time-independent / is inherently inconsistent or 
else that it demands a special form for fo, different 
in character from a Gaussian. 


2. THE LINEAR THEORY 
It is convenient to make a Fourier expansion of 
the x dependence of the distribution functions, 


K(x, v, t) = nofo(v, t) + 2 Sv, t) exp ikx 
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with similar expansions for F and for 
E(x, t) = SE,(t) exp (ikx). 
k 


Reality of f,E requires f,* =f_,, etc. The space 
averaged density of both ions and electrons is indicated 
by mp, and fy is normalized to 1. (The & spectrum is 
made discrete by using periodic boundary conditions 
with a period L so that the allowed k values are 
multiples of 27/L.) The equations for the Fourier 
amplitudes are then 


CMe € 
= — — (3) 


k 
dv 
eE, Of, 


Noe 


Mm 


ikE, = | — 


In the linearized approximation we drop the right- 
hand sides of equations (3) and (4). Then equation 
(3) is solved by taking f to be an arbitrary function of 


t 
u =v + (e/m) | E(t’) (6) 


Introducing wu and ¢ as independent variables in place 
of v and f, we can write equation (4) as 


Of. re Uf, 
ot 0 m du 


with a similar equation for F,. 

Since the coefficients are time-dependent, the solu- 
tions of equation (7) are not plane waves and we 
cannot find a dispersion equation in the usual sense. 
However, we can solve equation (7) by using an 
integrating factor, 


(7) 


t) = exp {— ikfut — 


dt E(t’) exp {ik[ut’ — (8) 


where 


f(t) = (e/m) | — 


The electron density is then 


n{t) = duf,(u, t) = exp {ikd(1)}\i fin 


x | dr —t'). folk(t — 


x exp {—ikd(r’)} + fAlkt, O]} (9) 


where the bar denotes a Fourier transform with 
respect to u, 


-| du exp {—iuO} fy(u) (10) 


0) = | du exp {—iu} f,(u, 0), 


and an integration by parts has been used to transfer 
(d/du) from fg to exp[iku(t’ —1)]. Substituting 
equation (9) and a similar expression for ion density 
into Poisson’s equation, equation (5), we obtain finally 
an integral equation for E,(7). 


p 


( 


— 


exp lik(d — + 


<exp [—ikm(¢ 
(4rei/k) [exp (ikd)f,(kt, 0) 
~ikmd/M) F.{kt,0)} (11) 


- 4rnye*/m is the electron plasma fre- 


— exp ( 


where w,” 
quency. 

In absence of the external electric field, 6 = 0 and 
the integral equation is of the convolution type. A 
solution is readily obtained by means of Laplace or 
one-sided Fourier transforms, 


Ao) D(m) 


(12) 
where R() is the transform of the right-hand side of 
equation (11) and D(w) is the transform of 


fo(kt) + (m/M)F 


The necessary and sufficient condition for stability of 
the oscillations is that the denominator of equation 
(12) have no roots in the upper half-w-plane. This 
problem and the properties of D(@) have been care- 
fully discussed by JACKSON (1958). 

The integral equation is also simple if only electron 
fluctuations are considered. In the limit m/M—0 
we have again a convolution equation, this time for 
the quantity E exp (—ik¢). Since ¢ is real, the stability 
properties are identical with those in absence of an 
external field. 

For the case where neither m/M nor E, vanishes, 
equation (11) is rather formidable. For any given 
initial conditions, the right-hand side of equation (11) 
is known and one could at least obtain a numerical 
solution. To determine the stability properties, 
however, it is necessary to decide whether equation 
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(11) has solutions with unbounded E for any initial 
conditions. This information is readily obtained from 
the usual dispersion equation but we do not know a 
general technique for extracting it from the integral 
equation. Some progress can be made by rewriting 
equation (11) in terms of a formal operator repre- 
sentation, as follows. We solve equation (7) by 
formally inverting the differential operator, 


h. = + ik(u — | E. 


Lat du (13) 
The density is then 
moe 
mik ° Lk ot 
where the function g is defined by 


du(u — x — ie) 
du 


n, = duf,, = E, 


(15) 


the singularity in the integrand for real x being 
defined in the manner appropriate to an initial-value 
problem. Substitution of equation (14) and the 
analogous expression for ion density into Poisson’s 
equation gives the operator form of equation (11), 


o,” 


(16) 


where G is defined as in equation (15) with the ion 


distribution, Fy, in place of fo. 
If fy is Maxwellian, 


exp (—u?/a?) 


= 


then 
= a*Z'(E/a) 


2() 
where Z(x) is the ‘plasma dispersion function’ which 


is always encountered in an analysis of plasma 
oscillations linearized about a Maxwellian distribution 


Z(x)=7 d0(9 — x — ie)! exp (—6?) 


= 2i exp exp (—q") dq 
= exp (—x*) — 2x Y(x), 
Y(x) being real for real x, 
Y(x) = exp (x exp (q*) dq. (18) 
0 


(For some useful properties of Y and Z, see JACKSON 
(1958)). Even in the low-temperature limit (a — 0) 
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equation (16) is complicated, for the asymptotic form 
of Z’ is (see Appendix) 


Z'(x) > —20iV rx exp (—x*)+ x? for |x| 
(19) 


where o = 0, 1, or 2 according to whether Im(x) is 
positive, zero, or negative. For the corresponding g 
it follows that 


g(é) > — 2ioV exp (—&/a®) for |é| oo. 
(20) 


Instead, we shall use the simpler function, 
(21) 


ia)? 


= + 
which corresponds to the choice of a resonance shape 
distribution function 

S(u) = + (22) 


For the case where the two species have equal 
velocity spreads and equal masses (m = M, a = A), 
the equation for £,, is then 


l 


The ia term in the denominators, which represents 
Landau damping for our particular /j, can be elimi- 
nated by the substitution 


E,{t) = exp (—akr)y(t). (24) 


Then equation (23) becomes 


Rationalizing the denominators in equation (25) and 


setting 


y= Pn (27) 


we have finally a fourth-order equation for %, 


(a2 + = (28) 


We now specialize to the case of a constant external 
field. Since electrostatic instabilities tend to be more 
serious for the longer wavelengths, we first study 
equation (28) in the limit of very small k. An explicit 
definition of the ‘small k’ regime can be obtained by 
imagining that the external field is switched off at 


| 
Vol 
| k ot 
17 k* 
id . 


time 7, leaving the two species with velocities +V = 
+eE,t/m. The differential equation (28) can then be 
solved with an exponential exp (iukt), where u is the 
root of 

2(u? + = (k?/m,?) (u2 — 


The correction to the kK = 0 solution, u2? = —V?, is 
small provided kKV/m,<1. Thus, we consider k 
as ‘small’ if 

k mw,/eE,t. (29) 
If we define 


s=kt and ~=eE,/km 


then the only explicit occurrence of k is in the factor 
k® on the right side of equation (28). In the limit of 
small & we then have 


Me = — — 
(a? + = 2(7*s? — = 0 
whose general solution is 
n = (30) 


where Z,,, denotes any Bessel function of order 1/4. 

The character of the small & solution is now clear. 
For some choice of initial conditions, the Bessel 
function in equation (30) will involve at least some 
of the Hankel function of second kind, so that 7(s) 
will grow exponentially 


exp (Ps*/2 (31) 
for 


It follows from equations (27) and (24) that y will 
have the same growth character as 7, while £, will 
grow only when the increasing exponential in equation 
(31) exceeds the Landau damping, i.e. 


ps*/2 > as. (32) 


These results can most conveniently be summarized 
in terms of three characteristic times: 


T = mo,/eE,k, 


the time for the field to produce particle velocities 
of w,/k; 
1g = VT/o, = VmleE,k, 


the time at which the Hankel function begins its 
exponential growth (corresponding to 7s* = 1); 


ty = 2maleE, = 2(ka/w,)T, 


the time at which equation (32) is satisfied and also 
the time required for the field to produce a relative 
drift velocity of order a. 

For given k, it follows from equation (29) that 
the solution of equation (30) is valid only for ¢ < T. 
Thus, there are three possibilities. 
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(a) If the values of a and E, are such that 


or 
eE,/kma® < 1 < (33) 


(where kp) = w,/a is the Debye wave number), then 
the Hankel function growth starts at a time (¢,) when 
its rate is less than the Landau damping. Later on, 
(at r,) but still before t = T, the relative drift velocity 
exceeds a and E, begins an exponential growth which 
continues at least until time 7. 

(b) If 


tg<t,<T, or 1 < eE/mka® <(kp/k (34) 


then even though the relative drift velocity exceeds a 
at time f,, growth of E is postponed until the later 
time (f,) when the Hankel function attains its asymp- 
totic character. This result is at first surprising; in the 
case E,= 0 a drift velocity greater than a leads to 
growth, so that one would here expect growth at a 
time of order f,. However, the energy exchange be- 
tween particles and wave which constitutes the phy- 
sical reason for growth of the wave (JACKSON, 1958) 
cannot occur in a time less than that required for a 
particle to traverse one wavelength, and this time is 
just ¢,.* Hence we have the double condition for 
growth in presence of an electric field: ¢ must be 
great enough for the external field to produce a 
relative drift velocity greater than the thermal speed 
and also to accelerate the particles through a distance 
of at least one wavelength. 
(c) If 


that is, if 


k > kp or eE/mka® > (kp/k?* (35) 


then we can only conclude that no growth of E&, 
occurs before a time 7. Whether it occurs subse- 
quently can only be determined by dropping the 
restriction to small k or small ¢. 

In the opposite limit of large k or large t, we expect 
that an approximate solution should follow from 
setting the right-hand side of equation (28) equal to 
zero. Noting equation (27) we then have 


9 


=0 (36) 


whose general solution is y = + ¢ ) exp (—iys?/2) 
where c, and cy are constants. Thus, y has no ex- 
ponential growth and the Landau damping, exp (—as), 
prevails. The physical reason for the absence of 
growth is simply that at times greater than 7 the 


* The time for a particle to go a distance 1/k in virtue of its 
thermal velocity alone is greater than r, when the inequality equation 
(34) holds. 
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electric field has accelerated all particles to velocities 
greater than the phase velocity of plasma waves, 
w,/k, leaving no particles to be trapped by the waves. 
We see that the general characteristics are just those 
to be expected from consideration of the field-free 
case, the only new features being the requirement that 
growing waves occur only if there is time to accelerate 
a particle through one wavelength, and that after 
long times (t > 7) waves of a given k stop growing 
and decay by Landau damping. It seems reasonable 
to expect a similar behaviour in the case m ~ M and 
also for other choices of fo, but we have not explicitly 
demonstrated this. 


3. A QUASI-LINEAR APPROXIMATION 


We now adopt a different point of view. Instead 
of assuming the fluctuations to have an amplitude 
small enough to permit complete linearization, we 
suppose that as a consequence of BUNEMAN’S mechan- 
ism a kind of quasi-equilibrium is established in 
which fy and Fy are nearly time-independent. This 
can come about only if the amplitudes of the fluctua- 
tions have increased to a point where the right-hand 
side of equation (3) approximately balances the term 
containing E,. In fact, we would require f, and Fy 
to have such shapes as to lead to little growth of the 
f,, While also demanding that the f,, have a velocity 
dependence which enables the nonlinear term in 
equation (3) to cancel the E, term. It is far from clear 
whether the equations have any self-consistent solu- 
tion of this character. As a first step in studying this, 
however, we have examined the consequences of 
assuming that 

(a) fy is independent of time, 

(b) the nonlinear terms in equation (4) can be 

neglected, 
(random phase approximation). At worst, this can 
be regarded as an approximation to the problem 
discussed in the previous section, valid over times 
short compared to that in which fy changes appre- 
ciably 


t< (de vfy)/eE,. 


Thus, we study the linear system 


ofr cE, Of, me 


om“ 
with a similar equation for F, and with 


= do — f,)- (38) 


We shall assume that E, is independent of time. The 
general solution of equation (37) (obtained, for 
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example, by straightforward application of the 
method of characteristics) is then 


t 
JLo, = (x. £) [ are) (v + Ar, 
m/ Jo dv 


+ exp {—ik(vt + At?/2)} f,(v + At,0) (39) 


where 
A = eE,/m. 


T=t-— 


The electron density is 
= | dof) = (n, £) av E,{t’ [folkr, t’) 
m/ Jo 


exp (ikAr®/2) + f,(kt, 0) exp (ikAr?/2)] (40) 


where the bar denotes the Fourier transform, defined 
as in equation (10). Upon substituting this and an 
analogous expression for ion density into Poisson’s 
equation, equation (5), we obtain again an integral 
equation for E,(¢), 


t 
E,{t) + dt'E,(t') (fo (kr, t’) exp (ikAr?/2) 
0 


-+- Fy(kr, t') exp (—ikmdr?/2M] = X(t) (41) 
where 
X(t) = (4me/ik) (F,(kt, 0) exp (—ikAt?m/2M) 
— f,{kt, 0) exp (ikAt?/2)] (42) 
depends on the initial conditions. 
When f/f, is independent of time, the integral 


equation (41) is of convolution type, and the solution 
by Laplace transform is immediate. With 


E,(@) = [ exp (iw?) (43) 


and a similar definition for X(m) we have 
= {1 + @,7[r(@) + R(@)]}* 


where r and R are transforms of the kernels of 
equation (41), 


(44) 


r(@) = a fy (kt) t exp {i(wt + kAt?/2)} 
0 


= (—i/k®) “do £0) exp {i(u0 + 208/2k)} 
(45) 


with 
u = ok. 


| 


R(@) is defined in an analogous fashion. In inverting 
equation (43), 


oo exp (—iwt) X(@) 


the integral is to be carried out along a contour which 
passes above all of the singularities of the integrand. 
Aside from poles of X(@), which depend upon the 
particular initial conditions chosen, the poles of the 
integrand will occur at points where the denominator 
vanishes. 


D(w) = 1 + @,7[r(@) + R(@)] = 0. (47) 


(46) 


If equation (47), which is just the dispersion relation 
for this system, has roots in the upper half-plane, 
then £,(t) will grow exponentially at large times, 
i.e. the oscillations will be unstable. 

To gain some familiarity with the dispersion 
equation (47), we investigate its properties for the 
particular case of Maxwellian distributions for /o 
and Fy. We choose a frame in which the drift veloci- 
ties are -+-V and we assume both species to have the 
same temperature, 


to 


exp {—(v — V)?/a,?} 


V 7a, 


+ 
F, = a,” = (m/M)a,*. (48) 
V 7a, 


The Fourier transform of fo is 
f,(0) = [ae exp = exp {—[a,°0?/4 + iV6]} 
(49) 


and the function r required for the dispersion equation 


is 
r(@) = [ dof) exp {i(ud + 26?/2k)} 
du Jo 
—V 
(50) 
k* du ayy 
where 


= V(1 — 2id/kay?), u = 


and Z is the ‘plasma dispersion function’ defined in 
equation (18). (The reduction of the integral in 
equation (50) to the Z function requires just some 
completions of the square in the exponent.) The 
dispersion equation (47) is then 


1 
= (w,2/k2a,2) | — Z’ + 
(51) 


where 
= 
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The dimensionless parameter 1/(2A/ka*) is just the 
ratio of the velocity increment produced by the field 
in a distance 1/k to the thermal velocity. In the 
limit A = 0, equation (51) reduces, as it should, to 
the dispersion relation given by JACKSON (1958). 
For 440 but A/ka,? <1 the properties are quali- 
tatively similar to the zero field case. However, 
for A/ka,**> 1, the character is quite different. 
In particular, we find that growing waves occur for 
arbitrarily small values of the drift velocity V, and, 
in fact, even in the limit M/m — oo where the ions are 
very heavy and do not participate in the oscillations. 

Consider the latter case, i.e. an electron plasma 
with a background of heavy positive ions to provide 
charge neutrality. We want to know whether the 
the dispersion equation, which now simplifies to 


k?a* 


=0 (52) 


has any roots with Im(u) > 0. The use of a Nyquist 
diagram, as described by JACKSON (1958), enables 
us to answer this without the necessity of evaluating 
equation (52) for complex wu. Unfortunately, even if 
u is real, the argument of Z’ is complex because of 
fu, and the separation of Z into real and imaginary 
parts is simple only when the argument is real, pure 
imaginary, or proportional to therefore 
exploit the fact that in the large field limit, A/ka? > 1, 
#” is nearly pure imaginary. Introducing the velocity 


¥ = VAl2k = V eE,/2mk (53) 


(we shall assume that both k and E, are positive) we 
have 


V + 1 
— 2y/ay —ill ia®/8y* (54) 


If we neglect the a?/y” term, then 


—1) — x in x 


where C and S are the Fresnel integrals 


C(x?) + iS?) = [exp dt, x>0. (56) 
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For small or intermediate values of x = u/2y, the 
representation equation (55) is a good approximation 
for large y/a. However, in the asymptotic region 
(x < —1) it is not correct; the real part of yu? causes 
a damping of the linearly divergent, oscillatory 
character predicted by equation (55). To show this, 
we use the large argument asymptotic form* of Z, 


Z'(x) = {—4i V nx exp 


where the term in brackets is to be included if, and 
only if, Im(x) < 0. Including the a?/y* correction to 
in equation (54) we then find 


( u a® {u | a 


au / 


3 au 2 | 
exp {—i(u/2y)} + +5 (=) 4 


(57) 


We see that if —u/y is large compared to | but still 
small compared to y/a, then the first term of equation 
(57) dominates. It is just the asymptotic form of 
equation (55). For —u/y large compared to y/a, 
however, the first term becomes exponentially small 
(due to the fact that y” is not pure imaginary) and the 
second term (which is itself tending towards zero) 
dominates. The first term in the brace of equation 
(57) is proportional, in magnitude to 


V 72x exp (—a?x"/4y") 
which has a maximum at 
x = V 2y/a, 


the maximum amplitude being 


2(y/a) V 2z/e. 

We can now sketch the form of the real and imagi- 
nary parts of 1/u?Z’(u/ua) as functions of u (Fig. 1) 
and hence the form of the Nyquist plot, i.e. the map 
of the real u-axis in the plane of w~*Z"(u/ua) (Fig. 2). 
As we go from u = +00 towards u = — oo along the 
real u-axis (the opposite direction from that indicated 
by the arrows in Fig. 2), the image point starts from 
the origin, moves outward in a gradually-widening, 
clockwise spiral until it reaches a radius of order 
(a/y) x (27/e)'/*, then quickly spirals back into the 


* A discussion of the asymptotic form of Z is given in the 
Appendix. 
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Fic. 1.—Real and imaginary parts of u-?Z‘(u/am) vs. 
x= 


origin. The dispersion equation (52) will have roots 
in the upper half-plane (leading to growing waves) 
if this spiral includes (at least once) the point k*a?/a,?. 
This will happen if 

y kp: 


(58) 
In order for the large field approximation to be valid, 
we must simultaneously have y >a. This, combined 
with equation (58), gives as a condition for instability 
(k/k p)*nma? < E,? <nma*(k p/k)*, (59) 

a condition which can always be satisfied, for non- 
vanishing £,, at a sufficiently large wavelength. 
This is not a physically reasonable result, since it 
predicts that an electron plasma with a Maxwellian 
distribution will have some exponentially growing 
waves no matter how small the applied electric field. 
When the ions are assumed to have a finite mass, it is 
not surprising that the same disease manifests itself 
and one finds growing waves for an arbitrarily small 
relative drift velocity. The reason for this difficulty 


= o,/a. 


Fic. 2.—Schematic Nyquist diagram for the dispersion 
equation, equation (52). (The arrows correspond to traversal 
of the u-axis from — « to + 00.) 
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may be that the original hypothesis is inconsistent; 
there is no solution for which the random phase 
approximation and the approximation of nearly 
constant fy are both valid. At any rate, if a solution 
of the indicated character does exist, then the present 
results show that f) and Fy must have forms very 
different from a Maxwellian distribution. 

As a final point, we recall the remark, made at the 
beginning of this section, that the present analysis 
should describe the completely linear problem of 
Section 2, at least during a time in which fy does not 
change appreciably. The results found here—in- 
stability for any external field—will agree with those 
of Section 2 only if we can show that the growth rate 
is small compared to eE,/ma, the rate at which / 
is changing. Such a demonstration can, in fact, 
be given so that the results of the two sections are not 
inconsistent. 

CONCLUSIONS 

On the basis of the linear analysis of Section 2, 
we conclude that at least for the special distributions 
treated there, and probably for more general ones 
as well, the presence of an external electric field 
causes no significant changes in the stability character 
of the linearized plasma waves. If the field is very 
strong, then it may produce a separation of electron 
and ion mean velocities greater than the electron 
thermal speed (thus satisfying the field-free condition 
for growing waves) before it has carried a particle 
through one wavelength of the oscillations. In that 
case, growth is delayed until the particles have gone a 
distance of order 1/A and thus had chance to exchange 
energy with the plasma waves. 

From the results of Section 3 it appears that if a 
solution of the complete equations in which f, and 
F, are nearly constant in time exists, it must involve 
either an f, and Fy, with non-Maxwellian shapes or 
else must be affected in an important way by the 
nonlinear terms in equation (4) which couple one 
mode to another. 
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APPENDIX 
The plasma dispersion function is defined by 
dO exp (—6*) 


= (Al) 
— z) 


Az} = 
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for Im(z) > 0. For Im(z) < 0, Z(z) is defined to be 
the analytic continuation of the function from the 
upper half-plane of z to the lower half-plane. By 
expressing ( — z)' as a Fourier integral,* equation 
(Al) can be transformed to 


*iz 
Z(z) = 2iexp(—z*)}| exp (—?*) dt (A2) 
a representation valid for both signs of Im (z). 
For real z, it is convenient to separate the real and 
imaginary parts of equation (A2), writing it as 
Z(x) = 1V 7 exp (—x*) — 2x Y(x) (A3) 
where 


Y¥(x) = xt exp (—x*) exp (*) dt (A4) 


( 
is real. JACKSON’s small and large argument expres- 
sions for Y, which we reproduce here, 


> x<l 
| 
Y(x) = 7 1 (A5) 


then give corresponding expressions for Z(x). 
However, a little care must be exercized in obtaining 
asymptotic expressions for Z(z) when z is not real. 
We require the following result, due to Stokes (Wuit- 
TAKER and WATSON, 1952): Lemma. The asymptotic 
expansion of the error function has the form 


exp (—z*) 
ex dt~ +4/2/2 
| P V 2z 
where the upper sign is to be taken if —7/2 < argz - 
7/2, the lower sign if 7/2 < argz < 3m/2. 
Proof: Integration by parts shows that the two 
integrals 
“exp (z* — 
1*(z) (A7) 
v2 
satisfy the recursion relation 
— (n + (A8) 
From equation (A8) it follows that 
time 
Is = =|-— xm 
29" 
(n + 4)! 


where 


A,, = (—1)" (n— 


* This was suggested by E. S. WEIBEL. 


2 
= 
eat 
59/6C 
a 
ar 
a 
J 
va 


198 


To establish the validity of equation (A9) as an 
asymptotic expansion, we must show (WHITTAKER 
and WATSON, 1952) that 


~2n+1 T 
n 


(A10) 


We choose a path of —. for J;* in equation 
(A7) which starts - t = z= x + iy and runs parallel 
to the real axis to + 00 + iy. (The contribution from 
the vertical strip of length y at +00 vanishes.) With 
t = s + iy we have 


exp {z? + iy)*} Sas 
exp {x? — s? + 2iy(x — 5)} 


If x > 0, then x < sin the integrand for /,” and so 


l 


From equation (A8) we have 


1 |z| > 


(All) 


which with equation (A11) gives 


|< for x > 0. (A12) 


Therefore, 


i> 0 for —>0o, x> 0. 


> (A13) 
x <0. | 
To establish the lemma, we note that from equations 


(A9) and (A13), 
exp (z? — dt =~ 55 A 


0 


Similarly, 


72n+1 


190 for |z|—> ©, 


for x >0,where ~ denotes an asymptotic expansion, 
while for x < 0 we write 


Ip =| exp — 1°) dt exp (2? — 1°) dt 


= exp(z?) + Ip exp (z) + 


72n+1 
20 
(A14) 
Thus 
exp (z? — 1) dt ~ exp (z)] + 


72n+1 
(A15) 
where 
A, = (—1)"a — 
and the bracketed term is included if x < 0, omitted 
ifx > 0. This completes the proof, since (A6) follows 
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from (A15) by using 
[exp — dt = 


exp (z? — dt. 


However, the form equation (A17) is actually more 
convenient for our purposes. 

Thus, with z = ié we have from equations (A2) 
and (A14) 


Z(z) = 2iexp (| exp (—?*) dt 


== 2i exp — dt 


Z(z) ~ [2i exp A, (—1)"/z2"+* (A16) 
sane the bracketed term is included if Re (z wea = 
m(z) < 0, and is omitted if Re (z/i) = Im (z) > 
Im (z) = 0 it would appear that both 
(A13) are satisfied and that it is equally correct to 
include the bracketed term in (AI5) or to omit it. 
This is in fact the case, for with z real and z—> ©, 
the error committed in stopping at any term 1/z?"*1 
is greater than exp (—z*). Nevertheless, it is important 
for dispersion applications to know the correct form 
of the imaginary part of Z(x), even if it is negligible 
compared to the real part. We see from equation (A3) 

that for z real, 
Im (Z(x)) = exp (—x?*) 
while comparison of equations (A3) and (A16) shows 
that 
Re(Z) = —2x¥(x) ~ 

giving the asymptotic expansion for Y(x) quoted in 
equation (A5). 

To summarize, for |z|—» 00, Z has the asymptotic 
expansion 
~ (n—})! 1 


n=0 


where o = 2 if Im(z) < 0, o = 1 if Im(z) = 0, and 
o = Oif Im(z) > 0. 

Of course, it should not be inferred from (A17) 
that Z(z) has a discontinuity at the real axis, since it is 
by definition an analytic function. The signiizance 
of the equation is rather as follows. For —y = x > 1, 
the term ciy/z exp (—z?) may be quite large and must 
be included. For y > x > 1 no such exponential 
term should be included. For |y| < x things are more 
complicated. Right on the axis (y = 0) the entire 
imaginary part of Z comes from the exponential. 
In a sufficiently close neighbourhood of the axis, the 
exponential will still provide a larger contribution 
to Im (Z) than will the first NV terms of the series, but 
the size of this neighbourhood shrinks as x increases. 


Z(z) exp (—z?) (Al7) 


lim 
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Abstract—The motion of a one dimensional oscillator with time dependent restoring force is investigated. 
We consider «(r) having one singularity for finite ¢ and such that 


d 
—W t 
dt 


and consider the asymptotic behaviour of « times the square of the amplitude. The ratio of this quantity 
evaluated at two times, f, and f, averaged over an ensemble is, in the limit |r,|, |r] 2, an adiabatic invariant 


0 


in the sense that this quantity is not changed by multiplication of @ by a slowly varying function of ¢. This 
permits replacement of the actual «(r) by a, presumably simpler, (7) if their ratio, w/o is non-singular. 

Since the orbit equation for a charge in a time-dependent axisymmetric magnetic field is 
reducible to that of a one-dimensional oscillator it possesses such an invariant. This problem is examined in 


some detail, particularly for the model field «(r) 


energy gained by a charge under a reversal of the magnetic field. 


These solutions provide explicit estimates for the 


1. INTRODUCTION 

IN the analysis of charged particle motion in time- 
dependent fields the notion of adiabatic invariance 
plays a prominent and useful role. When the fields 
vary slowly in time these invariants provide a concise 
specification of all the physically important properties 
of the orbits. Recently, considerable effort has been 
put into clarification of the nature of these invariants 
by BERKOWITZ and GARDNER (1957), HERTWERK and 
SCHLUTER (1957), KRUSKAL (1957), KULSRUD (1957) 
and LENARD (1959). Roughly speaking, it is found 
that for an almost-periodic system whose Hamiltonian 
changes slowly in time, the action integral is an 
approximate constant of the motion. If one seeks to 
exhibit the change in action as expansion in powers of 
a ‘slowness parameter’ which measures the fractional 
change in the external forces during a period, it is 
found that these corrections vanish to all orders. * 

The problem is much more complicated when the 
Hamiltonian varies rapidly. There exist no simplify- 
ing features which connect the instantaneous value of 
(say) the particle energy with the external parameters, 
but the motion depends in a complicated way upon 
the initial conditions and the detailed time history of 
the forces. The subject of this paper is the study of a 
simple system under the action of forces which vary 
rapidly for a finite time, but whose motion becomes 


* The paper of VAN VLECK (1926) contains an extensive discussion 
of the early work on adiabatic invariance, including a simple proof 
of ‘invariance to all orders.’ See particularly Section 63. 


asymptotically periodic. First a class of problems of 
this type is exhibited for which closed expressions for 
the orbit can be obtained. A study of the asymptotic 
forms of the orbits reveals a property of the motion 
which is unchanged by addition of a slowly varying 
perturbation and leads to an extended adiabatic 
invariant. 

Consider the motion of a one-dimensional harmonic 
oscillator with time-dependent restoring force. The 
motion is given by 

¥ + w(t) x = 0. (1) 


If the change in @ during a cycle is small; i.e. if 


_ >) 
dt 

the solution of (1) is approximated by 
x(t) = Z(t) sin | | ot’) dt’) (3) 


where Z*(t)w(t) is slowly varying. It has been shown 
by KuLsrRuD (1957) that the quantity Z°(f)(t) is 
invariant to as many orders in the ‘slowness param- 
eter’ as w(t) has continuous derivatives, so that 
this product defines an adiabatic invariant. 

What is sought here is some extension of the idea of 
adiabatic invariance which is applicable to singular 
«(t). (For the purposes of this discussion «(r) will be 
considered singular wherever w~‘(f) is not continu- 
ously differentiable.) In the next section solutions of 
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(1) are exhibited for a class of singular w(t). It is 
found that if w(t) is slowly varying at times f, and f, 
but not necessarily in the interval, there exists a 
simple relation between the amplitudes of the motion 
at these two times. The ratio of these amplitudes 
turns out to be a simple functional of w(t). The result 
Suggests a restatement of the adiabatic invariance 
concept which may be roughly formulated in the 
following way. (A more precise formulation will be 
given in Section 3.) Consider the motion of an oscil- 
lator with frequency w(t) such that at times 4, and f, 
w satisfies @/w* << 1. Suppose another function (ft) is 
known, which also has this property, and for which 
the particle motion is known. We inquire to what 
extent our knowledge of this model system is useful 
in describing the actual motion. What is found is that 
if for the model orbit the ratio of the amplitudes at ¢, 
and f, is known, the corresponding ratio for the actual 
orbit is related to it only through the instantaneous 
values of w and wy at t, and f, provided that  /m is 
slowly varying throughout the interval. If the model 
field, my), is constant we recover the well-known 
adiabatic theorem, that for slowly varying w the 
amplitude is a function of w alone. By reformulating 
the question in this way, however, we are enabled to 
study situations in which @/w is not always small. 
For example, suppose @ is a reasonably smooth 
function of time which passes through zero during 
the motion, so that @/w? is unbounded. Suppose, 
however, that we can find an @,(t) which has a zero 
of the same order as @, and such that @ /@ is slowly 
varying. Then the knowledge of the orbit under 
@ (t) enables us to infer a relation between the initial 
and final amplitudes of the actual orbit even though 
near « = 0 the adiabatic approximation fails com- 
pletely. The essentially new feature of this viewpoint 
is that the quantity under consideration is not a /ocal 
property of the motion (amplitude, energy, etc.) but 
an integral property, the ratio of amplitudes at two 
times, which is a function of the entire history of 
c(t) in the interval. 


2. EXACT SOLUTIONS 
Consider equation (1) with w(t) of the form* 


w(t) = kt*, 


w(—t) = +a(f). 
This w is singular at tf = 0, but 


lim 
= 0. 


(5) 


* The case x = 1/2 is familiar from the WBK connexion formulas 
in quantum mechanics. 
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The solutions are expressible in terms of Bessel 
functions of fractional order. A fundamental system 
of solutions, normalized to unit Wronskian is 


u(t) = (vkt™*) 
of) = , (vkt*+) 
1/(2x + 2). 


The singularity in q(t) is reflected in the branch point 
of v(t) at the origin. In connecting the solutions for 
positive and negative f, care must be taken to use the 
correct analytic continuation (WATSON, 1952), and it 
is in fact here that all the non-adiabatic effects manifest 
themselves. 

The general solution of equations (1) and (4) is, of 
course, expressible as x(t) = au(t) + bv(t) with con- 
stants a and b to be determined from the initial 
conditions imposed at fy. To study the solutions for 
large |r| we replace the Bessel functions by their 
asymptotic forms finding that uw and v reduce to the 
form (3) and 

lim |eo(t)| Z°(t) = (a + 2by cot wv)? + B® (7) 


« 


(6) 


= 


where 
if >0 


n=1 if t/tg.< 0. 


The term 2by cot zy arises from the continuation of 
v through the origin.* 

The constants a and b are easily obtained from the 
initial conditions, and will in general be strongly 
dependent upon the value of f). Let us consider, 
however, an ensemble of systems all having the same 
initial x and xX but started at various times close to 
ty and then average over a period m~‘(f9). In the limit 
|to| > 00 we find (a? b®) = and 
ab) = 0, where ( ) indicates the ensemble average. 
Equation (8) then gives the simple result 


Kio}: 
\ eee 
It, \ Z°( to) / 


+ 2» cot? zy». 
(8) 


The first relation defines K which is a functional of 
w(t). 

The interesting property of K{w} is that it depends 
upon (t) only through the parameter » and not upon 
the coefficient, k. » describes the nature of the singu- 
larity att = 0. In the limit « — 0 we find, of course, 
K{w} = 1. The case of greatest practical interest is 
that with « = 1 where vy = 1/4 and K = 3. 


+ Similar continuation formulae for a somewhat more general 
class of problems have been given by GOLDSTEIN (1928). 


We note in passing that while the sign of w does 
not appear in the above discussion it does not follow 
that for the related problem of a charge in a magnetic 
field the sign of the field is of no consequence. Indeed, 
the sign of @ plays a crucial role as will be seen in 
Section 4. 


3. AN EXTENDED ADIABATIC INVARIANT 

Consider the class of «(t) satisfying condition (5). 
Let a member of this class, w(t), have at most one 
singularity, which we, for convenience, choose to be 
the origin of time. Let another (1) be well approxi- 
mated by , in the sense that (t)/@(t) is regular at 
t= 0 and slowly varying everywhere, and in the 
limit all derivatives of (t)/@(t) vanish.* 
Assuming K{@ »} to be known, we seek to express 
K{w} as K{m } plus a power series in a slowness 
parameter, «, which measures the rate of change of 
Mo/@. 

Let x(t) be written in the form 


x(t) = (9) 
where W, Xo, y are to be defined in due course. 
Equation (1) becomes 


= 0 (10) 


where the primes indicate differentiation with respect 
to y. We now introduce a function ¢(y) which is 
defined by 


dt’) = M(t), 


and then choose x9(y) to be a solution of 


Xo (vy) + iY. Xo (y) + Xo(y) = 0. (11) 
The definitions of g and x» are so constructed that if 
® = Mg equation (10) is trivially satisfied by y = 


wt’) dt’ and W= constant. Our problem is 


now to find functions of y(t) and W(t) which satisfy 
equation (10) for general «(t). 

The following development is a straightforward 
extension of the technique of KULSRUD and will be 
sketched rather briefly. Eliminating x,” from equa- 
tions (10) and (11) we equate separately to zero the 
coefficients of x, and x,’ to obtain 


W + — (12) 
2Wy + Wi — Wa'/q = 0. (13) 


* Clearly we may equally well compare the orbits at two finite 
times f, and f, if at both times all derivatives of w,/a@ vanish. We 
consider the case |f,|, |¢,| > 00 only to retain the notation of the 
preceding section. 
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Equation (13) may be integrated at once to give 


roe 
—— = constant. (14) 
q 
Assuming @ ,/@ to be slowly varying, let « represent 
a characteristic rate of change so that @»/@ is a func- 


tion of t = et. Equation (12) may be rewritten 
aw 
—— + — *)W (15) 
dr* 


We solve equations (14) and (15) by the substitution 


W(r) = de"W,(7); W(t) = (0) (16) 
n 
with yo = | w(t’) dt’, y,(0) = 0, 
) 


W (7) = 


It is also convenient to expand g() in a Taylor series 
about y = yo; 

(Voy — Yo) 
J0 
2 


m=0 m ! 


m 


(17) 


We postpone for later discussion any questions con- 
cerning the convergence of this expansion. 

The procedure is now to substitute expansions (16) 
and (17) into equations (14) and (15) and equate 
separately to zero the coefficients of successive powers 
of «. While the general expression for the coefficients 
is quite complicated and will not be written down, the 
pattern of solution is clear. Examining the coefficient 
of «” in equation (15) we find that, because of the 
choice of Wo, yo, the highest order W,, which appears 
is r=n-—2. Hence, if all W,, y, are known for 
r <n, equation (15) provides an explicit expression 
for y,. Substituting into equation (14) gives W,,, and 
by this method the complete expansion is obtained. 
Observe that in each step we obtain y,, and W,, in 
terms of the first m derivatives of @,/m. Since as 
|t| > co all these derivatives tend to zero by hypothesis 
we have asymptotically W= W ); y = yp + con- 
stant. It follows, therefore, that if x(0) and x(0) are 
specified, the quantity lim = lim 

« t|— « 
is the same for both w wid die to as ave. orders in ¢ as 
(@,/@ has continuous derivatives. 
Thus far, we have proved that, given x and xX at 
t=0, lim o(f)Z*(t) is invariant under smooth 
a 
chants ‘of w(t). However, if the initial conditions 
are to be specified at fg 4 0 the quantity y(f9) is an 
essentially unknown function of w(t). Hence, while 
a fundamental system of solutions for both «(t) and 
w(t) is known, the particular linear combination 
appropriate to the initial conditions is not. This 
difficulty is circumvented by averaging over initial 
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phases. Given an orbit for w,(t) belonging to initial 
conditions x(t»), X(t9) we may find another time fy’ 
such that ty )Z*( = 
(t))Zo°X(to) in the limit as |t|—> co. Since for large 
|to|, to and 7)’ differ by a constant phase, we average 
over initial phases to obtain K{@} = K{wo}. 

This completes the proof except for the question of 
convergence of expansion (17). From the definition 
of q we see that if w» is singular at tf = 0 there is a 
corresponding singularity in q(y). For the simple case 
of a sign change in «, g is a double-valued function 
of y and hence has a branch point at the origin. Hence, 
to insure convergence, we must verify that |y(‘) — 
yo(t)| < |(0], since the origin is assumed to be the 
only singularity of @». For each sign of ¢, 9(t) has 
a definite sign so that g is a definite function of y. 
By hypothesis @ /@ is also smooth, so that @ must 
also be definite on each half axis, and from equation 
(14) it follows that y has the same sign as yp. Hence, 
the expansion converges whenever |} |< < 2| yo]. When 
this inequality fails (and there seems to be no reason 
for it to hold) we must modify the expansion. From 
equation (14) we see that y/y» is bounded, so that there 
exists a constant M > 0; such that the Taylor expansion 
of g in powers of (y-My,) converges. It is easy to 
verify that if equation (17) is modified in this way no 
change is required in the remainder of the argument. 

The theorem on extended adiabatic invariance may 
be stated as follows: Let w(t) and (1) satisfy 
equation (5), w(t) have at most one singularity on 
the real axis and 


lim 2" 


= 0; then K{w} — K{w,} = 
dt” 


to as many orders in ¢ as @»/@ has continuous deriva- 
tives. In this sense the quantity K{@} is an extended 
adiabatic invariant. 


4. APPLICATION TO CHARGED PARTICLE 
MOTION IN AN AXISYMMETRIC 
MAGNETIC FIELD 


The previous discussion related only to the one- 
dimensional harmonic oscillator with time dependent 
restoring force. We now consider a related two 
dimensional problem in which these results are applic- 
able. It is well known that the motion of a charge in 
a slowly varying field is such that its magnetic moment 
is an adiabatic invariant, or alternatively, that its 
energy is proportional to the field strength. However, 
if the field changes rapidly and particularly if it 
changes sign the particle is subjected to violent 
acceleration and large energy changes are possible. 
With the aid of the extended invariant it is possible to 
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obtain a simple connexion between the initial and 
final energies of an ensemble of charges experiencing 
a sudden change in magnetic field. 

Consider an axisymmetric system with magnetic 
field, B, in the z direction and independent of r out to 
the largest radius explored by the orbit under consider- 
ation. The equations of motion are 


Po = mr* (0 + 5) = constant (18) 


w 


where w(t) = eB(t)/mc. Equation (18) expresses the 
conservation of the generalized angular momentum, 
Po, While (19) gives the radial motion. In the subse- 
quent discussion it will be convenient to describe the 
orbit in terms of an instantaneous guiding centre 
co-ordinate, R, and cyclotron radius, 4. These are 
most conveniently defined in terms of the vector 


and 
(19) 


F= R-+ i, where @ is in the 


relations = 


direction of B. In these variables, equation (18) may 
be written 


= constant. (18a) 
We remark here that equation (18a) is a rigorous 
consequence of the axial symmetry of the system and 
does not depend for its validity upon any approxima- 
tions used in solving equation (19).* 

Solution of equation (19) is facilitated by a trans- 
formation which eliminates the non-linear term. Let 


{Po dt’ \ 
= 0 
u(t) = r(t) cos lm J, 20) (20) 
which reduces equation (19) to 
(21) 
The inverse to (20) is 
r(t) = w(t) + m WAP) (22) 


Transformations (20) and (22) reduce the general 
orbit problem to that of p, = 0. 

The required integral in equation (22) may be 
carried out at once in terms of the solutions of (21). 


* Note that the equation of motion may be put into covariant 
form simply by replacing ¢ by the proper time. Then in the asymp- 
totic region the total energy is related to the cyclotron radius by 
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Let yu be a solution of (21) satisfying the appropriate 
initial conditions, and let u*(t) be another solution 
which is linearly independent of mw, but otherwise 
arbitrary. The Wronskian W{y, u*} is time indepen- 
dent and it is easily verified that 


dt’ 4 | ur(t) 

A convenient choice of mw* is given by y*(to) = 0, 
fi+(to) = 1. Then W{u, w+} = ro, and equation (22) 
becomes after squaring both sides 


= w(t) + (Ps . (23) 


mr 

In the asymptotic region, where w(f) is slowly 

varying, « and u* reduce to trigonometric functions. 
Writing 


M(t) Z(t) cos (254) 


t 
where, again, y = [ exe ar. Equation (23) becomes 


. 


> R%(t) + — 2RA cos(y + y) (24) 


where 


4 


cos (y + y) = cos (y + ¢,) + 


(24a) 


x cos (vy + ds). (24b) 
mr 
Since « and w* are solutions of equation (21) with 
specified initial conditions, the results of the previous 
section apply separately to Z, and Z,. It follows at 
once that 


tim / + #0) \ 


L{o} = (25) 


is an extended adiabatic invariant. In the case 
w = kt* we have L{w} = 1 + 2n cot® a. 

[For fields such that w(t) > 00 as |t|—> 00, if r(t9), 
F(ty) are fixed and we examine equation (24a) in the 
limit |fo| > 00, it is found by explicit calculation that 
the phase dependent terms cancel exactly, so that the 
ensemble average in equation (25) is not required. 
This cancellation is not accidental but has a simple 
physical meaning. If rg and are fixed, but is 
allowed to increase without bound, the cyclotron 


3 


radius, A, tends to zero while the kinetic energy remains 
finite. This is to be contrasted with the linear harmonic 
oscillator, where the amplitude of the motion is 
greater than ry and the energy tends to infinity as 
(ty) grows without bound. If a more general class of 
initial conditions is to be considered, i.e. if we allow 
rand F to be functions of fp so that the initial amplitude 
does not vanish in the limit |fo] > 00, then the phase 
average is essential.] 

Given an ensemble of charges started with the 
same R and A, Liw} connects the average value of 
R® and /* in the asymptotic regions. Combining with 
equation (18a) gives (R*) and (A*) separately at the 
final time. Notice that while the sign of @ does not 
appear in the adiabatic invariant, it does enter through 
P»- To illustrate the importance of the sign consider 
the case m = kt*. We find for w(—t) = o(t) 


(RA) = + cot? my) 


4?) cot® wv] (26a) 


(4?) = |e, [(R2) cot? xv + (A2) (1 + cot? 


while for m(—1?r) ot), 


(Rf [ R? cot® 


(26b) 


(1 cot® 


Af) = lo [ R?) (1 + cot® wv) cot® zy]. 


We see that changing the relative signs of @(—1) and 
c(t) has the effect of interchanging the roles of R, and 
2, An interesting special case is that of « = 0, 
c(t) = —@(—t) = constant, so that R; = /,, R, 
4;. This result is obtainable by elementary methods 
from the impulse applied during the instantaneous 
field reversal. 

A case of practical interest is that of « = 1. For 
charges injected at rest, 4; = 0 and the final (non- 
relativistic) energy is given by (E, mw,R?, With 
readily obtainable fields an ion may be accelerated to 
tens of kilovolts, and an electron to relativistic 
energies.* To illustrate the effect of the non-adiabatic 
acceleration, the case w(t) = @f was investigated in 
detail. Considering a particle injected at time fy with 
r to) = = 0, and were found in 
terms of solutions (6) by fitting the initial conditions, 
and then |c|R? and |«|A? are readily determined in the 
asymptotic region from equations (18a) and (24a). 
In Fig. 1 is plotted the asymptotic value of |«|A? in 
units of @'/*r,? as a function of the reduced injection 


time += @'/1,. For 7 >1 the entire motion is 


* Compare with the description of the ‘Megatron’ by FINKEL- 
STEIN (1958). The only difference between the two calculations is 
that here the betatron condition is not satisfied. 
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Fic. 1.—Plot of final value of w/? in units of ry2'/* as a function of the reduced injection time rt = f,"/* for linear 


field variation, w = tr. 


Initial conditions are r= ry and 7, = 6, = 0. Dashed line indicates asymptotic result from 


equation (26b). 


adiabatic and not much happens. When 7 <1 the 
charge is injected during the non-adiabatic interval 
and the final energy begins to rise. Finally, if 7>< —1 
the asymptotic forms (26) are a good approximation 
and the final /? increases linearly with |r|. The 
physical meaning of this result is simply that, if 
t << -—| the particle, being tied to a field line, moves 
radially outward until t ~~ —1. Then it is subjected 
to a strong electric field proportional to r and hence 
proportional to ro, until tr ~ +1. From then on the 
particle gains energy by adiabatic acceleration. 

The apparent paradox of the asymmetry of results 
(8), (25), etc. with respect to interchange of initial and 
final times requires some comment. A consequence 
of these results is that the final energy of the ensemble 
is always greater than the initial energy, which is 
inconsistent with the time reversibility of the orbits. 
It is easy to verify, however, that this is due to a 
phase-bunching effect, in which an ensemble uni- 
formly distributed in phase does not remain so. Hence 
the appropriate initial ensemble for the time reversed 
problem is not uniform but must depend upon the 
initial phase. 

In any application of the above results it must be 
kept in mind that the magnetic field has been assumed 
constant over the volume explored by the test particle. 


This is a very severe restriction, since it excludes the 
study of plasmas with large diamagnetic currents. 
Furthermore, the presence of physical boundaries to 
the system limits the class of possible orbits. Since 
those particles which gain the most energy are those 
which at the time of field reversal are far from the 
cylinder axis, the walls set an upper limit to the 
energy gain. To find the maximum energy gain we 
examine that orbit which just grazes the wall; particles 
started at too large an initial radius are effectively lost. 
If the exponent, «, is not too large, the maximum 
radius is reached very close to t = 0 and we find that 
if the cylinder radius is a, the largest orbit satisfies in 
the asymptotic region 


ra. — 2 


TV 


If the field varies linearly to some peak value this 
result is expressible in terms of the voltage around the 
cylinder and the peak energy per unit length stored in 
the magnetic field. If L is the energy per unit length 
in ergs/em and V the voltage in e.s.u., we find 
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NEUTRON EMISSION FROM LINEAR PINCHES IN DEUTERIUM AT 
HIGH RATES OF CURRENT RISE 
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Abstract—This paper describes the neutron emission observed during an investigation of the characteristics 
of fast linear Z-pinches using a low-inductance condenser bank. The neutron production is compared with 


the results obtained elsewhere and is shown to be different in several respects from that obtained with 
low-power banks, but is quite similar to that reported in more recent, high-power experiments. It is shown 
that much of the yield is non-thermonuclear, and a number of existing theories for the production of 
neutrons by acceleration processes in a plasma are discussed. A process of neutron production in fast 
linear pinches is suggested, which qualitatively accounts for many recently reported results; the proposed 
mechanism becomes the well-known Colgate process in discharges where m = 0 instabilities lead to narrow 
necks in the plasma. Reasons are given to account for the absence of appreciable thermonuclear yields 


which might be expected from theoretical considerations. 


1. INTRODUCTION 


THE possibility of heating a gas to thermonuclear 
temperatures by means of rapid magnetic compression 
(ANDRIANOV ef al., 1956; BICKERTON, 1957; FitTcu, 
1959) is being studied at A.W.R.E. Such a rapid 
compression can be produced most easily in a straight 
tube using an axial current (Z-pinch) and has been 
studied by many workers (including ARTSIMOVICH ef 
al., 1956; ANDERSON et al., 1958; DUNAWAY and 
PuHiLiips, 1958; MATHER and WILLIAMS, 1958; 
BERGLUND et al., 1957; ALLEN et al., 1957; BOoDIN 
and ReEYNOLDs, 1957; CurRRAN ef al., 1958). 

Two features common to all these studies are: the 
failure to achieve a high enough plasma temperature to 
give thermonuclear fusion; and the emission of 
spurious neutrons. The present paper is concerned 
with the characteristics of the neutron emission from a 
linear Z-pinch with a high rate of rise of current. The 
results are compared with other experiments and 
mechanisms of neutron emission are reviewed in an 
attempt to explain some of the anomalies in the results 
reported by different workers. 


2. APPARATUS 
The experiments were carried out with the Maggi 
condenser bank (FircH and McCormick, 1959) 
shown schematically in Fig. 1. The total capacity is 


100 wF and the inductance 5 muwH; voltages up to 25 
kV were used giving initial rates of current rise in the 
gas up to 2 x 10" A/sec. 

The discharge tube was of clear quartz (28 cm long, 
15 cm bore, 7:5 mm wall thickness) with plane copper 
electrodes. A continuous-flow gas-filling system was 


206 


usually used and the deuterium had an impurity 
content ~0-2 per cent CO, and N,. A low-energy 
oscillatory discharge (12 kA mean current) was used 
for pre-ionization to ensure rapid breakdown when the 
bank was fired. Varying the intensity of the pre- 
ionizing discharge did not affect the neutron yield. 

The voltage, current and rate of change of current 
were measured in the usual way as shown in Fig. 1 
and streak photographs of the discharge were taken. 
The total neutron emission was monitored by (n, y) 
reactions from thermalized neutrons in a 6:3 litre 
terphenyl-toluene scintillation counter surrounded by 
cadmium foil, while the time of the neutron emission 
was measured with a small (10 cm) unshielded counter 
of the same scintillator, having a response time of 
7 sec. 


3. PROPERTIES OF THE NEUTRON EMISSION 


(1) General aspects of the neutron production under 
typical initial conditions of pressure (50 4 Hg) and bank 
voltage (20 kV) 

A typical neutron pulse is shown in Fig. 2. The 
emission starts at about the first pinch, rises slowly, 
falls to zero before the current peak, and lasts for 1 to 
2 usec: the total yield is about 10° neutrons. The time 
of onset and duration of the neutron pulse is similar to 
that observed by HAGERMAN and MATHER (1958) 
and ANDRIANOV et al. (1958) who both used / ~ 10” 
A/sec. In the small bank at A.W.R.E. (OswaLp ILI, 
CurRAN ef al., 1958) with /~5 x 10" A/sec, the 
neutron emission began at the th'rd pinch and lasted $ 
usec. All these results are in contrast to those with 
i = 10" A/sec (ANDERSON ef al., 1958; DUNAWAY 
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Fic. 1.—Schematic diagram of Maggi Z-pinch discharge 
circuit. 
and PHILLIps, 1958) in which the neutrons (~107—108) 
were emitted over a very short period (~10~ sec) at 
the second or third pinch. 
The neutron emission is fairly constant from one 
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Fic. 2.—Typical Z-pinch wave forms showing also the 
neutron emission. 
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Fic. 3.—Histogram of neutron yield under conditions of 
constant bank voltage 25 kV, and pressure, 35 wu. 
discharge to another as shown in the histogram in Fig. 
3; with an average yield of 10° neutrons per discharge 
the yield lay within a factor of 2 of the mean for 
two-thirds of the discharges. This is in contrast to 
some early work on typical instability yields (DUNA- 
WAY and PHILLIPS, 1958; ARTSIMOVICH et al., 1956) in 
which ‘large fluctuations’ of the yield were reported. 


(2) Variation of the neutron yield with gas pressure and 
impurity content 

The variation of neutron yield with pressure is 
shown in Fig. 4. The fall-off in the yield below 30 u 
Hg is probably due to inefficient ionization in the 
initial stages preventing a proper discharge from taking 
place. Above this pressure the observed dependence is 
less steep than would be expected from a thermo- 
nuclear yield on all simple models of the pinch (e.g. 
T x I*/N, where N is the line density). The neutron 
yield was not found to be very sensitive to small 
amounts of impurities, in contrast to ARTSIMOVICH ef 
al. (1956), ANDERSON et al. (1958) and DUNAWay and 
PHILLIPS (1958). In the present experiments the yield 
was reduced by a factor 2 when the nitrogen impurity 
was raised from 0-2 per cent to 2 per cent. 
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Fic. 4.—Variation of neutron yield with deuterium gas 
pressure. 
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(3) The effect of an axial magnetic field on the neutron 
production 


In the experiments of ANDERSON ef al. (1958) axial 
magnetic fields (H,) of the order of a 100 gauss were 
sufficient to prevent the production of neutrons by an 
m = 0 instability process. In order to see if the neu- 
tron emission at high rates of current rise occurs when 
the m =0 mode is stabilized (ROSENBLUTH, 1956) 
steady magnetic fields up to 2000 gauss were applied. 

Fig. 5 shows the yield as a function of H,; the 
dotted curve shows the results with the small A.W.R.E. 
bank (CuRRAN et al., 1958). In both cases there is a 
gradual reduction of the yield as H, is increased. This 
is in contrast with the results of MATHER and 
WILLIAMS (1958) who found that a field of only 60 gauss 
caused a factor of five reduction in yield, while a 
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Fic. 5.—Neutron yield vs. mean applied H,. 


further 500 gauss was necessary to reduce the yield by 
another factor of five. The form of their curve at 
fields greater than 100 gauss is similar to the whole 
curve in the present experiments. The present results 
on the effect of H, on the total yield are similar to 
those reported by OHLIN and SIEGBAHN (1958). 

The application of fields up to 2000 gauss does not 
have a significant effect on either the time of emission 
or the duration of the neutron burst, and the emission 
always ceases before the current maximum. 


(4) The relationship between the neutron yield and the 
pinch dynamics: variation of yield with voltage and 
current 

One can relate the temperature in the dynamic 
pinch to the implosion velocity, or to the current (by 
pressure balance) if equilibrium between the containing 
field and the plasma is achieved. On the former pic- 
ture the yield should be a very sensitive function of 
dl/dt and hence bank voltage, while on the latter a 
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Fic. 6.—Neutron yield versus bank voltage with axial mag- 
netic field H, as a parameter. H, = 0 normalized to 
H, = 1760 G at 15 kV. 


sharp dependence on the current at the time of 
emission would be expected. Fig. 6 (H, = 0) shows 
that the yield is not a very sensitive function of voltage. 

The variation of the yield with current was found by 
varying thecapacity, but itshould be noted that thisalso 
changes the bank inductance. The yield is shown as a 
function of bank capacity in Fig. 7, (H, = 0) and as a 
function of the current at the peak of the neutron 
burst in Fig. 8, where the theoretical thermonuclear 
yield calculated from the pressure balance temperature 
is also shown (the assumptions made in this calcu- 
lation are discussed in Appendix A4). It is seen that 
the observed yield is not particularly sensitive to bank 
capacity or current—a roughly linear relationship is 
found. 

The experiments described above were repeated with 
an axial field of 1750 gauss. If the application of H, 
had had the intended effect of suppressing spurious 
modes of neutron production and enhancing the 
fraction of the yield due to thermonuclear reactions 
even although the total yield was less, the yield with 
H, should be a much more sensitive function of 
voltage and capacity. This was not found (see Figs. 6 
and 7) except at very low capacitance (see Section 3 (7)). 
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Fic. 7.—Variation of neutron yield with bank capacity. 


= 
| vol 
1959/ 
| | 
| i 
| 
| | 
| | 
100 


Neutron yield/discharge 


Neutron emission from linear pinches in deuterium at high rates of current rise 


3 


H 
; i 
i 


| 


209 


energy of the recoil protons by the expression 


Pp 


cos? 6 
where @ is the angle the track makes with the direction 
of the incident neutron. If the recoil proton energy 
from a monoenergetic neutron source is plotted as a 
function of 6, all points lie on the curve E, = E. 
cos*4; departures from this curve will arise due to any 
variation in the neutron energy. However, for a point 
source which is not monoenergetic, the curve E,, = E,, 
cos? (where E,, is now the maximum neutron energy) 
should form an envelope which encloses all the points. 
Fig. 9 shows the angular distribution of the recoil 
proton tracks; the full curve shows E, = E,, cos? 6 
for E,, 2-6 MeV (the recoil tracks show that some 
neutrons of a least 2-6 MeV must have been produced). 
This curve does not contain nearly all the points, and 
cannot do so unless an improbably high value of E,, is 
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Fic. 8.—Variation of neutron yield with current. (a) 
Observed yield at the maximum of the prompt neutron 
pulse 
(b) Theoretical thermonuclear yield obtained from pressure 
balance considerations, — —-— . f = fraction of gas swept up 
in the pinch. 


a = T,/T, (see Appendix A (4)). 


(5) Neutron measurements using nuclear emulsions 
Ilford C2 photographic plates were exposed axially a 
few cm from each end of the tube, and radially midway 
along its length; the plane of the emulsion was per- 
pendicular to the tube axis for the radial plates. A 
stabilizing axial magnetic field of 500 gauss was used 
for the experiment. The average yield per discharge 
was 7 x 10°; some 5000 discharges were fired and 58 
proton recoil tracks were counted over an area of 0-2 
cm? on the cathode plate and 38 tracks in 0-9 cm? on 
the anode plate. 

Spatial origin of the neutrons. The density of the 
tracks in the cathode plate was 7-6 times greater than 
in the anode plate. From this it follows that most of 
the neutrons were produced near the cathode and the 
angular distribution measurements (see below) con- 
firmed this. The results are consistent with production 
of all neutrons about 8 cm from the cathode, or with 
production of one-third of the total yield at the cathode 
surface together with production of two-thirds 


uniformly along the tube. 


Angular distribution measurements. If the neutron 


Current, MA dotted lines show E,, 
form an envelope enclosing most of the points. This is 


used. From this it follows that the source is not a 
point, but must subtend an angle at the plate. The 


2-6 cos 6 for sources at angles 
+30° and —30° and the three curves together 
interpreted as showing a wide source, subtending 
a solid-angle of 60° at the cathode plate. Fig. 10 
illustrates ¢ and 6. A similar plot of recoil energies 
versus 4 for the anode plate gave ¢ -15°. Angular 
distribution measurements in the radial direction also 
indicated a comparatively wide source. 

Energy measurements. Because of the low yields in 
the present experiments a neutron spectrum could 
only have been obtained if the source had subtended a 
small angle at the plates. The longest recoil tracks 
however set a lower limit to the maximum energy of 
the neutrons emitted in each direction. On the cathode 
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Fic. 9.—Angular distribution of recoil protons on cathode 
plate. Each point represents one track. Curve A is E, = 2°6 
cos® @ for the case of a point source at¢@ = 0. Curves B and 
C are E, = 2:6 cos*@ for point source at dé = 0. Curves B 
and C are E, = 2-6 cos?@ for point sources at d +30°. @ 
and 6@ are illustrated in Fig. 10. 


source subtended a very small angle at the plate, 
then the energy of the neutrons would be related to the 
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Fic. 10.—Sketch illustrating angles 9 and ¢. @ is the angle 
of recoil in the emulsion plane; ¢ is the angle the neutron 
source subtends at the plate. In the present experiment it is 
necessary to postulate ¢ up to +-30° at the cathode and up 
to -+-15° at the anode. 


plate a significant number of recoil protons had ener- 
gies between 2°45 and 2-6 MeV. The maximum pro- 
ton energy observed was 2°61 + 0-025 MeV, which 
established that some of the neutrons must have had 
energies extending at least up to this value. Such 
neutrons could have arisen from a reaction centre of 
mass moving from anode to cathode with a velocity 
equivalent to 20 keV and impinging on a stationary 
target. On the anode plate most of the recoil protons 
had energies less than 2:3 MeV, which was consistent 
with the above process: some tracks however were 
from recoil protons of energy between 2:3 and 2-45 
MeV, and these could have arisen from a smaller 
velocity of the reacting system. 

The poor statistics made it impossible to estimate 
what fraction of the yield arose from an acceleration 
process equivalent to the bombardment of a stationary 
target by 20 keV deuterons, but there is no reason to 
suppose that most of the neutrons were not produced 
in this way. 


(6) An investigation of the X-ray emission 


Ilford G films, placed under the discharge tube and 
shielded by various absorbing thicknesses of aluminium 
and tin, were used to investigate the energy of compo- 
nents of the radiation stopped by the walls. The 
optical densities under the stepped absorbers were 
compared with those exposed to radiation from an 
X-ray tube in a control experiment; it was found that 
the energy of the radiation corresponded closely to the 
applied voltage across the tube, i.e. 18 to 20 kV. The 
total flux per discharge at this energy was estimated to 
be 2 x 10" photons. This radiation was probably due 
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to electrons accelerated in the initial stages of the 
discharge by the applied voltage as found by Pop- 
GORNYI (1956). 

Further measurements with counters and film 
badges outside the tube showed that there were less 
than 10* quanta of energy ~50 keV emitted per 
discharge; this is in contrast to the findings of LuKya- 
NOV and PopGorRNy! (1956) who observed yields of 
5 x 10" quanta per discharge of mean energy ~200 
keV, accompanied by neutron yields ~10*. 


(7) Further properties of the neutron production 


In general it was found that the neutron emission 
was remarkably insensitive to the variation of external 
parameters. Only two ways of significantly changing 
the principal features of the yield have been observed. 
When one of the plane electrodes was replaced by a 
ring electrode the total yield was increased, but was 
more erratic from shot to shot and more sensitive to 
H,. Reducing the capacity of the bank by a factor of 
5 to 10 lowered the yield, but made it much more 
sensitive to H, and the scatter was also greater. A 
similar result was observed on the small bank when 
extra inductance was added (CURRAN et al., 1958), 
and was probably due to the same effect, because 
reducing the capacity also increased the bank induc- 
tance: at } bank capacity (12:5 wF) the total bank 
inductance was 35 =x 10-* H compared to 5 x 10-°H 
at full capacity. 


4. DISCUSSION 


(1) Discussion of the results 

By comparing the present results on the time of 
occurrence and the duration of the neutron pulse with 
those of other workers (Section 3(1)) it is seen that if 
i is increased from <¢ 10" to ~5 x 10" A/sec 
the neutron pulse (at the second or third pinch) 
becomes longer. If / is further raised to > 10" A/ 
sec neutrons are produced at the first pinch and the 
neutron pulse does not have the characteristic fast 
rise-time and short duration associated with an origin 
from an m = 0 instability, as found by, e.g. ANDERSON 
et al. (1958) using / ~ 10" A/sec. 

The comparative insensitivity of the yield to H, 
suggests that the neutron production in the present 
experiments and that from other high-power experi- 
ments (MATHER and WILLIAMS, 1958; OHLIN and 
SIEGBAHN, 1958) is different from that in the earlier 
experiments of ARTSIMOVICH et al. (1956), ANDERSON 
et al. (1958) and DUNAWAY and PHILLIPS (1958). 
Furthermore, in the present experiments the time and 
duration of the emission and the dependence of the 
yield on voltage and current are all similar with and 
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without H,, and it is concluded that the neutron 
producing mechanism is probably the same with or 
without H,, and cannot therefore be associated with 
narrow necks in the plasma column. 

The observation that the yield was insensitive to 
bank voltage and current suggests a non-thermonuclear 
origin and also that the temperature predicted by the 
pressure balance (T oc J*) was not achieved. From 
this it follows that the approximate agreement in Fig. 8 
between the experimental points and the theoretical 
thermonuclear neutron yield (a result in contrast 
to many other experiments, in which the observed 
yield exceeded the theoretical thermonuclear by ~100) 
does not imply a thermonuclear origin. 

The nuclear plate experiment established an ani- 
sotropy in the neutron energy, which makes a thermo- 
nuclear origin very unlikely; the non-uniform 
production along the tube is also unexpected on a 
thermonuclear basis. The wide neutron source, to- 
gether with the fact that most of the neutrons were 
emitted after the first maximum compression when 
the pinch had expanded, suggests that the origin of the 
neutrons may have been localized in the sheath. 

It is apparent, therefore, that the neutron emission 
observed in the present experiments (and probably in 
other experiments with / ~ 10"? A/sec) is not thermo- 
nuclear; it is different from the emission observed 
with / ~ 10" A/sec and cannot be accounted for by 
the Colgate m = 0 instability process (see ANDERSON 
et al., 1958). In the following section possible acceler- 
ation mechanisms are considered, and reasons to 
account for the failure to observe a large thermo- 
nuclear yield are given. 


(2) The origin of the neutrons 


Acceleration processes. In the m= 0 mechanism 
proposed by Colgate the reacting deuterons are 
accelerated by large voltages (V = IL) arising from 
the rapid growth of instability necks in the plasma 
column. The accelerating voltage in Colgate’s 
experiment was measured to be 50 kV, and to account 
for this at the observed current of 150 kA it was neces- 
sary to postulate that the m = 0 necks contracted to 
0-05 cm. This explained 

(a) the sensitivity of the yield to axial fields of ~100 

gauss, 

(b) the production of high voltage transients, 

(c) the brief duration of the neutron emission. 
However, at higher currents (e.g. J ~ 300 kA) large 
inductive voltages can develop along the plasma or 
parts of it due to radial pulsations or local contractions 
without the need for narrow necks (see Appendix B). 
Whereas in the former case the neutron production is 
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intimately associated with the catastrophic growth of 
m = 0 instabilities, in the latter case this is not so, and 
sufficient voltages (~20 kV) could develop across 
stable oscillations in discharges with H,. It is suggested 
that neutrons from many linear pinch experiments 
arise from a process in which deuterons are accelerated 
by /L voltages not necessarily associated with insta- 
bilities. 

In some conditions, possibly associated with low 
rates of rise of current (e.g. 10! A/sec; ANDERSON ef 
al., 1958; DUNAwAy and PHILLIPS, 1958) m= 0 
instabilities cause the development of narrow necks 
leading to break-up of the pinch. The induced voltage 
results in a large anisotropy in the neutron energy 
together with the other features of a typical m = 0 
instability process as described above. In other cases 
(/ ~ 10" A/sec), including the present experiments, 
the induced voltage develops at larger radii, the energy 
anisotropy is smaller and the yield is less. Because of 
the longer time-scale for the growth of the inductive 
voltage the rise time of the neutron pulse will be 
slower and the pulse duration longer. Furthermore, 
H, fields need not have so marked an effect on the 
neutron yield but will reduce the /L voltage and hence 
the reacting deuteron energy as found by MATHER and 
WILLIAMS (1958). 

It is not clear why, in the present experiments with 
H, = 0, narrow m = 0 necks did not grow and result 
in large yields from the Colgate process. However, 
some experiments, such as the addition of inductance 
to the small bank at A.W.R.E. (CURRAN et al., 1958), 
and the effects observed at reduced capacity or with a 
ring electrode in the present experiments, suggested 
that production showing many features of an m = 0 
process can be induced. 

In some experiments (MATHER and WILLIAMS, 1958) 
it was difficult to account for the enormous deuteron 
current required on the above process, which exceeded 
the total tube current when the neutron energy 
anisotropy was observed to be small. This could be 
explained by postulating collisions between deuterons 
moving towards the cathode and much slower deut- 
erons moving towards the anode. op) is such a steep 
function of deuteron energy at a few keV that collisions 
between oppositely directed particles could be the 
predominant process. Such a process will reduce the 
number of particles required to give the yield. For 
example, a 10 keV deuteron reacting with a 1 keV 
oppositely directed particle will give a shift equivalent 
to a 4:5 keV deuteron on a stationary target, and a 
reaction probability in the ratio o (17 keV)/o (4-5 keV) 
~10*. This mechanism requires that certain parts of 
the plasma move along the column with velocities of 
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about 10’ cm/sec. Radial velocities of this magnitude 
have been observed from streak photographs in these 
experiments and the displacement of plasma axially in 
both directions by radial constrictions could give axial 
deuteron velocities of the same order. The above 
mechanism does not require the very high velocities of 
the process suggested by HAGERMAN and MATHER 
(1958) in which the yield is due to an intense thermo- 
nuclear reaction in a small volume of plasma moving 
down the column with a velocity approaching 10° cm/ 
sec in the anode to cathode direction only. 

ARTSIMOVICH ef al. (1956) have postulated the 
acceleration of ions near the axis of the plasma where 
the magnetic field is low, and have measured large 
electric fields inside the plasma column. These electric 
fields will also accelerate electrons which will give 
large bursts of hard X-rays, which were observed in 
the Russian experiments. No hard X-rays were 
observed in the present work, so that it seems unlikely 
that this acceleration process can account for the 
neutron emission described here. 

A further possible process is the Fermi (1954) 
acceleration of deuterons reflected several times from 
the imploding sheath. It can be shown, by plotting 
trajectories, that a particle will only make an appre- 
ciable energy gain in this manner if the sheath accele- 
rates to a high radial velocity soon after leaving the 
walls. This is observed to occur when the initial 
di/dt is very large, as in the present case, when 
deuteron energies from 10 to 15 keV can be predicted 
by this process. However, the charge exchange cross- 
sections (Fite, 1959) at energies <15 keV are large, 
and it is doubtful if sufficient deuterons to give a 
detectable yield can make the required number of 
reflections before they escape as neutrals. Diametral 
collisions of the ions in the sheath do not contribute to 
the emission at this time since the directed energy 
(deduced from streak photographs) is too small (300 
eV at 50 w Hg). 

The thermonuclear process. Finally, we must 
consider why thermonuclear temperatures have not 
been achieved. Possible reasons are listed below: 

(a) A significant fraction of the total current may 
flow outside the pinch at or near the walls. 

(b) Radiation losses may cool the plasma. These 
losses could be due, for example, to optical transitions 
of partially stripped impurity atoms (Post, 1958) or 
microscopic instabilities in the pinch as discussed by 
Tuck (1958). 

(c) The number of electrons contributing to a 
pressure balance in the pinch may be greater than for a 
pure deuterium plasma due to stripped impurity atoms 
drawn in in the early stages. 
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(d) The pinch may break up or be carried to the 
walls by instabilities. 

(e) Impurities boiled off the walls may flood into 
the pinched plasma column. 

(f) The high-energy tail of the ion Maxwell distri- 
bution may have insufficient time to grow before the 
current fails, or the plasma is cooled due to (b), (d) or 
(e) above, or by heat loss to the electrodes. Fast 
particles in the tail of the Maxwell distribution will be 
lost to the ends first. 

There is evidence in these experiments (BODIN et al., 
1959) that after the first pinch there is sufficient build- 
up of current near the walls to limit the amount of 
energy put into the gas. ANDRIANOV ef al. (1958), 
studying high-current (~10° A) Z-discharges using 
bank voltages up to 120 kV, found that about half the 
current always flowed at the walls. This is one impor- 
tant factor in limiting the plasma temperature. No 
evidence has been found in streak photographs for 
gross turbulence or instabilities, in particular for 
discharges with H,. There is experimental support for 
cooling by a flux of impurities from the walls, but 
not until the later stages (after several msec); this 
could therefore quench a thermonuclear yield but not 
prevent it, unless the ion Maxwell tail had not developed. 
The theoretical times in Appendix A indicate that the 
ion Maxwell tail may not develop fully. There is 
optical evidence that the amount of impurity drawn in 
with the pinch is too small (~1 per cent) to seriously 
affect the number density, even if fully stripped. The 
importance of energy loss by radiation has not been 
established, but from the X-ray experiments it can be 
concluded that any significant energy loss must lie in 
the wavelength range >2 A. 


CONCLUSION 


The neutron emission with /~10" A/sec, 
although different from that at 10"! A/sec, and 
inconsistent with the Colgate m = 0 instability mecha- 
nism, is not thermonuclear. It may be accounted 
for by a process in which deuterons are accelerated by 
inductive voltages due to radial motion of the plasma 
column. Large yields of thermonuclear neutrons were 
not observed, and of the reasons suggested to account 
for this, build-up of current at the walls or radiation 
cooling appear to be the most likely. 
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APPENDIX A 
Relaxation times 

Because of the uncertainty in the values of number 
density and temperature in the pinch only rough 
values can be obtained, and these will be determined 
for a typical final number density of n = 10" ions/cm*. 
This is for a starting deuterium gas pressure of 50 yu 
and a compression ~30, which, within a factor 2, 
covers most of the relevant cases. The times, which are 
inversely proportional to n, are determined for several 
temperatures; the ion temperature in the pinch has 
been estimated indirectly by a number of methods (see 
BoDIN, et al., 1959) and is likely to be in the region of 
some hundreds of eV. 

(1) Jon thermalization. The bulk of the ion energy 
distribution will approach Maxwellian in about the 
time, 1,,, for one large angle scatter due to distant 
collisions. An approximate value of ¢,; is given by 
Post (1957) as follows: 


6 x 10° ws? 


n 


id sec (Al) 
where W is the ion energy in keV. 

For n; = 10" the value of ¢,, at different mean ion 
energies is t;; = 0-6 W* usec. Typical values are as 
follows: 


W (eV) 250 500 1000 


(usec) 0-075 0-21 0-6 


The main part of the ion distribution will therefore 
become Maxwellian very rapidly just after the first 
pinch. The electrons thermalize in a time ¢,, ~ 1/60 
t,, So will become Maxwellian almost at once. Thus 
under most conditions one can consider ion and 
electron temperatures. 

(2) The time, ty,, for the high energy tail of the 
Maxwellian ion distribution to grow. Almost all the 
thermonuclear reactions at the likely pinch tempera- 
tures come from particles in the tail of the Maxwellian 
distribution. It can be shown* that at low temperatures 
most of the reactions come from particles with an 
energy W,, given by 

= 2/T¥8 Tin keV (A2) 


It can be shown also (see for example MACDONALD 
et al., 1957) that the time, ¢,,, for the Maxwellian tail to 
grow to an energy W,, is of the order of one large angle 
collision period for a particle with an energy W4,. 


* Post (1956) gives an expression for the energy W at which 
most reactions occur as W/T = 8-1/T”3. However, as pointed out 
by CoLGaTe (1959) and others, at low temperatures reactions come 
from collisions between oppositely directed particles, and the tail 
need only grow to Wy = W/4, from which equation A2 follows. 


4 

) 
5 9/ 60 | 
: 
Bu 
Ze 
4 

= 
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Values of W,, given by (1) and the corresponding 
values of ty, (t;; at W,) are shown below. 


T (eV) 250 500 1000 


ty (usec) 0-4 1-7 


A general point emerges from the above considera- 
tions which is very important in any discharge where 
the Maxwell tail does not have time to grow com- 
pletely, due, e.g., to the onset of instabilities, some 
cooling process or insufficient energy in the bank, etc. 
The thermonuclear yield can increase much less rapidly 
with ion temperature, 7,, than would be expected on 
the assumption that the tail has formed. This arises 
because the time for the tail to grow to the appro- 
priate values of W,, increases linearly with tem- 
perature. 

Also, in any discharge with rapid heating, the 
thermonuclear neutron output at low temperatures 
need not rise rapidly with time; its rise will be pre- 
dominantly determined by the growth of the Maxwell 
tail and can be relatively slow. 

(3) Equipartition of energy between ions and electrons. 
At the time of the first pinch the ions will have a higher 
energy than the electrons, by a factor m,/m, ~3600. 
The hot ions will loose energy by heating electrons and 
T, will exponentially approach 7; with a time con- 
stant t,. This energy transfer will occur as well as any 
subsequent ion and electron heating which may take 
place, such as isentropic compression. 

The equipartition time is given approximately by 
Post (1956) as 

1-1] > 1027. 3/2 


n 


T,inkeV (A3) 


sec, 


n= 10", +, = 117,22 usec. 


To obtain the order of magnitude of the time for the 
ion and electron temperatures to approach one another 
the value of 7, (above) is put equal to }7;,, as, apart 
from further heating, 7, and 7; both tend to 37, 
eventually. Values of 7, are as follows. 


250 500 


TeV) 


0:5 


(4) Pressure balance. The pressure balance may be 
written (for deuterium) 


= 2NK(T, + Tf 
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where N is the line density of ions or of electrons in 
the tube and f is the fraction of gas swept up in the 
pinch (0 < f < 1). 
If 
T, = al, 
I? = 2NkT,f(1 + 
a = 1 if 7, is small compared to the length of the 
neutron burst, ¢,, and « = Oif 7, > 1¢,. The table in 
Appendix A(3) shows that r, ~ f,, and sol > a> 0, 
ie. there is some pressure contribution from nkT,. 
The value of f has not been measured, but taking 


f = 1 gives a lower limit of the temperature. 


Values of 7; have been determined for a wide range 
of values of fand «, as in the analysis of DUNAWAyY and 
PHILLIPS (1958). 

In Fig. 8 the neutron yields determined from the 
pressure balance temperature are shown for the 


values of 7; obtained in the following cases only. 
(a) fl +a«)=2 ie. f=1, «= 1 (lower limit of 
temperature) 
(b) fl + eg. f=1, «=0 
a= I ete. 


= 0 etc. 


or 


(c) fa = % 


APPENDIX B 
The growth of inductive voltages along the plasma 
The voltage developed along the plasma is 
V = djdt (LI) = IL 
when the inductance, L, changes rapidly. 
For a Z-pinch 
L = 2 log R/r » 
L = —2#/r x 


V = —2 


10-° H/cm 
H/sec/em 

10-° kV/cm 
J is in kA. r will be dependent on / in a way deter- 
mined by the type of contraction. Values of V for 
possible values of * and r are given in the table for 
I = 300 kA. V is in kV/cm. 


(cm/sec) 
r (cm) > 


0-1 
0-5 


5 


Thus, at currents of several hundred kA large 
voltages can develop at values of r and £ of the order of 
those existing in the present discharge. 


Wy (keV) 08 1:26 20 
Vol 
1 
1959, 
1000 0 60 120 
6 12 24 
3 3 6 12 
1-5 3 6 
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Abstract—A complete algebraic analysis has been obtained for the variation of the steady-state ion density m, 


with injected current / in an OGRA-type fusion device (i.e. a device based on trapping of ions by break-up of 
energetic molecular ions on collision with either the background gas or trapped ions). The most general 
variation of .. with J is shown to be an S-curve with at most three roots of m. for a given input J. A physical 
interpretation of these three roots is given. In addition algebraic expressions are obtained for the two currents 
at which the bends in the S-curve occur. It will be necessary to attain the larger current in order to build up 
a high-density plasma when the density is being increased from below. On the other hand, once the high 
density has been achieved, it may be maintained by steady injection of a current larger than the lower value. 
Parameters corresponding roughly to the specifications of OGRA are used to obtain some numerical results. 
In the final appendix, the previously published formulas for burn-out in DCX are extended to include effects 


of neutral backstreaming from the input beam and ‘ion-pumping.’ 


1. STEADY-STATE RELATION BETWEEN ION 

DENSITY AND INJECTED CURRENT 
IN two previous publications (SIMON 1958 and 1959) 
an expression was derived for the critical current at 
which formation of a plasma by high-energy injection 
will begin. This previous expression was for a case in 
which the trapping mechanism (although not specified 
in detail) was localized and did not depend on either 
the neutral gas in the device, the trapped ion density or 
the dimensions of the system. A trapping mechanism 
of this sort is provided by the arc in DCX (BARNETT 
1958a). 

The situation is quite different in a proposed fusion 
device such as OGRA (KurcHATOov 1958). Here the 
injected molecular ions have a long mean-free-path L 
before they strike the injector snout and trapping occurs 
by virtue of the dissociation of the molecule on colli- 
sion with either the background gas (cross-section 
o,°), the trapped ions (¢,,~), or other molecular ions 
in transit (o,7*). Nevertheless, one might suspect on 
physical grounds that a critical current also exists in 
this case and indeed such an expression has been found. 
The result is somewhat more complex than in the case 
of DCX because of a feed-back which is inherent in the 
gas-break-up scheme. The onset of neutral burn-out 
results in a reduction of the neutral break-up centres as 
well as an increase of the ion break-up centres and 
hence has a back effect on the input trapped current. 

A complete algebraic analysis of the steady-state 
equations has been achieved in the case when one can 


* Operated by Union Carbide Corporation for the U.S. Atomic 
Energy Commission. 


neglect the contribution of the molecular ions to burn- 
out or to break-up of other molecules as compared 
to the effect of the trapped ions and the neutral gas. 
(This is a highly valid approximation in almost all 
cases of interest.) The total mean-free-path 4 of the 
injected molecular ions is then: 

l 

5 Op (1) 
where N, is the average neutral density (atomic) 
external to the plasma region and n, is the trapped 
energetic ion density. (It has been assumed that the 
slow ions resulting from ionization of the neutrals in 
the plasma region contribute equally to break-up as do 
the neutrals themselves. The sum of the slow ion 
and neutral densities in the plasma interior should 
remain equal to the external neutral density even after 
burn-out.) The probability that a molecule will break 
up after a path length x is then 


dx 
P(X) (2) 
Ap 
where 
AB 


The percentage trapping is found by integrating 
equation (2) over all space. The result is 


percentage B.U. = 


The steady-state rate of trapping of energetic ions is 


le 
1 
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obtained by multiplying equation (4) by J, where J 
is the injected (number) current of molecular ions. It 
is assumed that trapping by dissociation of the mo- 
lecular ion will dominate over trapping by actual 
ionization. 

The trapped ions will be lost from the plasma in two 
ways. Either they undergo a charge exchange collision 
with a background gas atom or they scatter on each 
other and go out the mirrors. Since mirror loss will be 
negligible until well after burn-out sets in, weignoreany 
contribution to mirror loss due to scattering of the 
ions against the neutral gas atoms. The average 
neutral density /i) in the plasma interior is simply related 
to the exterior neutral density Ny (SIMON 1959). 

No = 


1+ 


1 + —n,0,* 
Up 


(6) 


Here / is the mean chord length of the plasma volume 
and A is the mean-free-path for destruction of a gas 
atom (by either ionization or charge exchange) as it 
enters the plasma. Equation (6) expresses this mean- 
free-path in terms of the properties of the ions. The 
quantity o,* represents the sum of the cross-sections 
for ionization and charge exchange of an ion incident 
on a gas atom: 

Og = + (7) 


The background gas has been assumed to be of the 
same species as the injected molecular ion (i.e. 
deuterium or hydrogen in all cases of interest). Hence 
a single ionization or charge exchange suffices to make 
it impotent. The average velocity of the gas atom is 
denoted by vy and v is the ion velocity. Throughout 
this paper we assume that energy degradation processes 
are unimportant and that the ions remain at their 
initial energy until they are lost. 

The steady-state loss rate of ions by charge exchange 
follows immediately from equation (6). It is: 


Nols. 


lv 
1+ 
Vo 


(8) 


where V is the plasma volume. Finally, the mirror loss 
rate is assumed to be given by the usual binary 
expression (Post 1958), 


= (9) 


where a, is the ‘effective 90-degree Coulomb scattering 
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cross-section’ by cumulative small angle scattering and 
P is the probability of an ion being in the loss cone 
after such a scattering. Combining equations (4), (8) 
and (9), we have the following steady-state equation 
for the ion density: 


] 
Uo 


+ 


(10) 


An expression for Np, the neutral density exterior to 
the plasma, may be readily obtained by accounting for 
all the sources of gas. The background gas is assumed 
to come from a steady outgassing of the walls of the 
container and trom backstreaming of neutrals resulting 
from the energetic ions and molecular ions which are 
injected and which finally strike the walls. We assume 
that a certain fraction I’ of the input molecular ion 
ultimately enter the vacuum region as neutral atoms. 
Of course this is a rather crude accounting and does 
not distinguish between the different re-entry proba- 
bilities of energetic ions and unbroken-up molecular 
ions which strike the wall. By conservation of atoms, 
we see that I’ < 2. The steady outgassing rate of the 
surface is denoted by «S where S is the surface area of 
interest and « is the outgassing rate per unit area. 

This influx of gas is balanced in two ways. First, 
neutrals are pumped off directly by external pumps 
acting on the system. If @ denotes the pumping 
speed of the external pumps, this loss rate is 9Ny. The 
second loss is due to the ‘ion-pumping’ action of the 
trapped plasma. Every neutral atom which enters the 
plasma volume and undergoes either an ionization or a 
charge exchange becomes a slow ion. This ion is 
trapped on a field line and rapidly moves out to the 
mirror regions. A large fraction of these slow ions may 
be permanently trapped and prevented from returning 
to the vacuum region, for instance by accelerating 
them into a titanium plate and continually evaporating 
new layers of titanium on that region. This is one 
possible form of ‘ion-pumping.’ Let o denote the 
fractional probability that a slow ion does not return as 
a neutral. The rate of loss of neutrals by this mecha- 
nism is then: 

» 
lv 


1 + —n,o,* 


The resultant steady-state equation for N, is then: 

lv 
1 + —n,0,* 

Uo 


+ «5 = + 


Now initially, in the absence of any input beam, the 
balance equation was 


aS = ON, (12) 


where N, is the initial neutral density in the vacuum 
region before injection began. Substituting equation 
(12) in equation (11), we have 


+ No 
niogoV (13) 
+ 


Uo 


Equations (10) and (13) combined constitute an 
implicit equation in the variables n, and J. (Some of 
these last considerations on backstreaming and ion 
pumping have not been included in previous publica- 
tions (SIMON 1958 and 1959) on burn-out in DCX. 
This is done here in Appendix B.) 


2. THE INJECTED CURRENT AS A FUNCTION 
OF THE ION DENSITY 
We wish to determine the variation of ion density 
n, with changes in the injected current /. The gross 
features of the variation may be obtained by an 
algebraic analysis. Equations (10) and (13) combined 
have the general form: 


fln,, I) = 0. (14) 


Let us first determine the possible roots of this equa- 
tion for fixed n,. 

We shall rewrite equation (14) so as to explicitly 
display it as a polynomial in J. From equation (10) we 
have: 


Notts 

—(N,o;,°L + = | 

V tb 

1 +—n.o,; 
Vo 


4 [1 + L) (15) 


+ 


which has the general form, by equation (13), 

I 

B) = (CI + + AIT+ B) (16) 
where A, B, C and D are positive definite quantities 


and are independent of /. Equation (16) may be 
written 


—ac| +1| cu + 40] 


— Di+ B)=090. (17) 
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Two cases may be distinguished: 


(a) : > C: In this case the product of the two roots 
is negative. 
Hence there is one positive real root and one 
negative real root. 


(b) 7< C; The coefficient of Jin equation (17) may 
be written as: 


Hence, in this case, it is negative. We see that the 
product of the roots is positive but that the sum of the 
roots is negative. This can only occur if the two roots 
are either both negative real or form a complex pair. 
There is no positive real root. 
Hence, we see that there can be at most one positive 
real value of J for a given n,. 
3. THE ION DENSITY AS A FUNCTION 
OF THE INJECTED CURRENT 
Let us now rewrite equation (15) in order to display 
it as a polynomial in n,. We define the quantity « as, 
lv 


4 
Uo 


(18) 


and multiply through by (1 + «n,)* in equation (15). 


The result is: 


alte No} (! n,)o,°L + L 
/ 0 


(14 en) «n,) No) 


< +n + Kn |. 
n.op + «n,) 4 No) 


hv 
(19) 


Uo 


op°L| 


which has the general form : 
An,> — Bn,4 + Cn,3 — Dn,? + En, — F=0 (20) 
Here 
A = 


B= +« 


We see immediately that the product of the roots is 
positive and that the sum of the roots is negative. It 
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follows at once that there is either only one positive 
real root or three positive real roots for n, for a given 
value of J. 

The results of Sections 2 and 3 enable us to sketch 
the general variation of n, with J and this is shown in 
Fig. 1. The curve has the general form of an S-curve.* 
It should be noted that the root analysis given above 
does not exclude the possibility that the S-curve 
behaviour will occur several times instead of just once 
as shown in Fig. 1. The physical interpretation of the 
S-curve given in the next section makes it clear, how- 
ever, that an S-curve will occur only once if at all. In 
this regard, it should be noted that in some cases no 
S-curve appears and instead the curve increases 


L.C.C. 
Fic. 1.—Variation of steady-state ion density with injected 
current for an OGRA-type device. 


monotonically to a limiting value of n,. The criterion 
for the occurrence of this behaviour is given below 
[see equation (32)]. 

For comparison, the characteristic curve of n, 
versus J in the case of a fixed break-up device such as 
DCX is shown in Fig. 2. 


4. PHYSICAL INTERPRETATION 
OF THE ROOTS 

The multiple roots occurring in Fig. 1 have a 
straightforward physical interpretation. In region | 
neutral burn-out has set in. The steady-state solution 
is achieved by balance between charge exchange loss of 
the trapped ions and feed by break-up of the molecular 
ions on the neutral background (mirror loss is negli- 
gible). The second solution in region 2 corresponds to 
the point at which the ion density has risen and the 
neutral density has fallen such that the break-up on the 
ions now is the same as the previous break-up on the 
neutral gas. The charge exchange loss remains the 


* A recent paper by I. N. Go Lovin (Harwell, April 1959, 
unpublished) states that KUZNETSOV and co-workers have numerical 
results indicating a behaviour of this sort. 
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ny 


C.C. 


Fic. 2.—Variation of steady-state ion density with injected 
current for a DCX-type device. 


same since it is proportional to the product npn, 
(where ny is the average neutral density in the plasma 
region) and since, after burn-out, m ~ 1/n,. The 
final root of region 3 corresponds to the point at which 
mirror loss becomes more important than charge 
exchange loss. 

The physical interpretation just given makes it clear 
that roots 1 and 3 are stable while root 2 is unstable. 
For example, suppose the system is in steady-state 
equilibrium at root | and that there is then a slight 
transient increase in the trapped ion density. The 
trapping rate will not increase appreciably since it is 
determined by the neutral gas density while the charge 
exchange loss rate increases linearly with n,. Hence 
the ion density will decrease and this root is stable. If 
the system is in equilibrium at root 2, the reaction to 
this increase is quite different. The trapping rate 
increases linearly with 7, since trapping is now prima- 
rily by collision with ions while the charge exchange 
loss rate (beyond burn-out) remains constant. Hence 
the ion density will continue to increase and the root is 
unstable. Finally consider the effect of a transient 
increase at root 3. The trapping rate increases linearly 
but the dominant mirror loss rate increases quadrati- 
cally. Hence the ion density decreases and this root is 
stable. 


5. THE UPPER CRITICAL CURRENT (U.C.C.) 


Of course we can stop at this point and analyse the 
behaviour of any given device by obtaining a curve 
such as in Fig. | from equation(10) and (13) by numeri- 
cal means. This is somewhat laborious, particularly if 
we wish to do a parameter survey and compare 
various proposals. Instead of the entire curve in Fig. 1, 
it would be almost as useful to know the two points at 


which the curve is vertical. These are denoted as the 
Upper Critical Current (U.C.C.) and Lower Critical 
Current (L.C.C.) in Fig. 1. It is clear that it is neces- 
sary to attain the U.C.C. in order to build up a high- 
density plasma when the density is being increased 
from below. On the other hand, once a high density 
has been achieved, it may be maintained by steady 
injection of a current larger than the L.C.C. A 
derivation of an approximate expression for the U.C.C. 
is given below and one for the L.C.C. is given in the 
next section. 

Let us consider Jas a function of n, and differentiate 
equation (14). We have: 

of di of 
0. (21) 

Now the U.C.C, and L.C.C. are distinguished by being 
the points at which d//dn, = 0. Hence we have 


of 
én, 


The U.C.C. and L.C.C. are determined by the simul- 
taneous solution of equation (14) and (22). Substitu- 
ting in equation (22) from equation (10), we have 


(22) 


On, | + 
0 Not oP 
on, lv 
+—n,0,' 
vo 
N,) 
= 
én, 
1 + «Kn (23) 


where « is defined in equation (18). 

To get an expression for the U.C.C. we neglect the 
second term on the right side of equation (23). This 
corresponds to mirror loss and should be negligible 
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according to the physical interpretation given earlier. 
To get a relatively simple result we must make one 
other approximation. We assume that the U.C.C. 
is well above burn-out, or in other words, that «n, > 1 
at that point. To first approximation, then, the brac- 
ket on the right-hand side of equation (23) is indepen- 
dent of n, and its partial derivative vanishes. Equation 
(23) becomes 


L + L (24) 
On, | 1 + Noop®L + 
Now 
dy 
d dx 
(25 
dx ( 1+ (1 + 
Hence equation (24) reduces to 
(Noop°L + = 9 (26) 
or 
lv 
(; No) On L| l 
On 
L (1+ «n,) 
nop 0 (27) 


After some algebra, this equation reduces to: 


or 


(29) 


We can now eliminate 7, in equation (14) by use of 
equation (29). The result is an implicit equation in J, 
whose solution should be the U.C.C, This equation is 
easily found to be: 


The solution of equation (30) gives us the U.C.C. and 
the corresponding value of n, is then given by equation 
(29). 


(31) 


It should be noted that we assumed initially that 
«xn, > 1 at the U.C.C. In order to be self-consistent, 
then, the value of « corresponding to our solution 


| 
TA 
Jol. 
59/60 
(— 1+ 

= 

d —] 

n, = 
K 

\ ‘db — 1 
— I+ No} —— 1 + Ao,°L —— lo, L| 
(; 0 ca B ne } B | aa 
«| Ao,®L + Jo (30) 
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should be large compared to unity. Our numerical 
results seem to indicate that quite good answers are 
obtained for the U.C.C. even when ¢ is of the order of 
2. When ¢ is less than unity, the approximation breaks 
down completely and in this case we have found no 
simple relation which can be used. 

It has not yet been demonstrated that there is only 
one real positive value of J which satisfies equation (30). 
We have succeeded in showing this in the limit of 
¢ > 1. The method is similar to that used earlier and 
consists in expressing equation (30) as a (3rd order) 
polynomial in ¢. It can be shown that one positive 
real solution for ¢ exists if 


(32) 


If the inequality is reversed, there is no positive real 
root. From the definition of 4, equation (28), we see 
that equation (32) is a necessary condition for the 
existence of an U.C.C. 

One final point before leaving this section. If we 
make the opposite assumption to that made at the 
beginning of this section and take «n, < 1, it is then 
easy to show that no simultaneous solution of equation 
(23) and (14) can exist. This verifies our physical 
understanding of the roots which requires that burn-out 
occur in order that an U.C.C. exist. 


6. THE LOWER CRITICAL CURRENT (L.C.C.) 
The L.C.C. is determined by the simultaneous 
solution of equation (23) and (14). Our previous 
physical picture of conditions at the L.C.C. indicated 
that the neutral background should be entirely 
negligible at that point. Hence we neglect the terms 
Nyo,°L compared to n,o,*L in equation (23). 
Correspondingly we assume that n,o,°L > 1 and 
kn, > 1. Equation (23) becomes: 


l 
on, (1 4 


a (5 + 


On, K 


The solution of this equation is: 


r 
No) 


l I 7] (34) 
26.vP 
which can be rewritten by use of equation (14) as: 
I (5 I+ No) 
(35) 


n 
LV K 
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Upon substitution in equation (14), we obtain an 
implicit equation in J, 


260,°L 

Just as in the case of the U.C.C., this expression is self- 
consistent only if the resulting solution is such that 
kd > land og*Lé> 1. Once again, in this limit, it is 
immediately demonstrated that there is at most one 
real positive root of equation (36) and that this root 
exists only if the inequality of equation (32) is satisfied. 


[= (36) 


7. NUMERICAL SOLUTIONS FOR ‘OGRA’ 


A series of numerical runs was made using para- 
meters which should be roughly that of the OGRA 
experiment. These parameters were: 

L = 10° cm 

50 cm 

V = 2:35 x 10° cm* 

6 = 4x 10’ cm*/sec 

P = 0-388. 
Both H,* and D,* injection was considered, each at an 
energy of 200 keV. Furthermore, since there appear to 
be some large differences in published values, two sets 
of cross-sections were used. One set, hereafter denoted 
by USSR, was taken from the curves of Federenko as 
given in KURCHATOV (1958). The other set, hereafter 
denoted as USA, were based on BARNETT’s results 
(BARNETT 1958b) and the Bethe formula for the ioni- 
zation cross-section (Mott 1949). These cross-sections 
(per gas atom) are tabulated below: 


(a) Deuterium: 
vo = 1:26 x 10° cm/sec 


v = 3-12 x cm/sec 
6.226 x cm? 
USA USSR 
o,° 5x10" 1:65 x 
o,* 5 x 10°" 1-65 x 
9x 75 x 
Oat 3-02 x 10-16 2-6 x 10-%* 


(b) Hydrogen: 
Vv. = 1:78 x 10° cm/sec 
v =44 x 10* cm/sec 


o.=2:6 x 10-* cm? 
USA USSR 
o;° 1-3 x 
5 x 10°" 13 x 
1-2 x 3 x 
o,* 1-32 x 10-** 1:08 x 


|_| 
Vv9 Oa" 
Vol 
1 
1959, 
(33) 


D>; USSR o's 
r 


={; o=i 
= 66 x 10° (107mm) 


4 {0 10° 10 10 
(mA) 
Fic. 3.—Variation of steady-state ion density with injected 
current. 

A series of exact solutions of equations (10) and (13) 
were obtained and the results are plotted in Figs. 3-14. 
The Upper Critical Current and Lower Critical 
Current are calculated for several values of the initial 
pressure N, and for various values of ¢ and I’. These 
results are given in Figs. 15-18. In addition, the calcu- 
lated values of U.C.C. and L.C.C. are indicated for 
each case in Figs. 3-14. 


10 


+ 
D2; USSR o's 
P=t; 

94"? 


10 

Fic. 4.—Variation of steady-state ion density with injected 
current. 


| 053 USSR o's 
No = 6-6 x 10° (10 


Fic. 5.—Variation of steady-state ion density with injected 
current. 


8. SUMMARY 

It is shown that the general shape of the curve which 
plots steady-state ion density versus injected current is 
an S-curve (see Fig. 1) for a gas break-up trapping 
device such as OGRA. The actual curve may be 
calculated by numerical means by use of equations (10) 
and (13). Approximate expressions are obtained for 
the two points at which the curve is vertical. The upper 
critical current (U.C.C.) is the solution of the implicit 
equation (30) and (31). The corresponding density is 
then calculated in equation (29). The lower critical 
current is the solution of the implicit equations (36) and 
(35). The corresponding density is then given by 
equation (35). Burn-out and the characteristic S-curve 
will only occur if the inequality of equation (32) is 
satisfied. If not, there is simply a monotonic increase 
of the density to a limiting value as the current 
increases indefinitely. 

A physical interpretation of these roots is given in 
Section 4. A numerical survey of U.C.C. and L.C.C. 
for an experimental device having the dimensions of 
the Russian OGRA is represented in Figs. 3-18, 
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Fic. 6.—Variation of steady-state ion density with injected 
current. 
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Fic. 7.—Variation of steady-state ion density with injected 
current. 
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Fic. 9.—Variation of steady-state ion density with injected current. 


Fic. 10.—Variation of steady-state ion density with injected current. 
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Fic. 14.—Variation of steady-state ion density with injected current. 
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@ No= 66 x 10° (1078 mm) 
No= x 109 (107 mm) 
B N= 66x (10° © mm) 
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Fic. 15.—Variation of upper and lower critical currents 
with o (the ion pumping efficiency). 


with o (the ion pumping efficiency). 
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Fic. 17.—Variation of upper and lower critical currents 
with o (the ion pumping efficiency). 


with o (the ion pumping efficiency). 
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Appendix A considers the effect of treating the path 
length L as a fixed range rather than a mean-free-path 
and Appendix B applies the ion pumping considera- 
tion to previous formulas for burn-out in DCX. 
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APPENDIX A 


The path length L considered as a fixed range 

It is not entirely clear whether the path length L 
should be considered to be a mean-free-path (as it is in 
the text) or a fixed range. If all injected particles 
entered at the same spatial point with the same angle 
then they would all ultimately strike some obstacle 
after traversing a fixed path length (in the absence of 
transient perturbations). More realistically, the 
injected beam has a rather wide spread in angle. The 
long path length and non-uniform magnetic field then 
produce a great deal of orbital precession and rando- 
mization and a statistical factor (i.e. a mean-free-path) 
would seem to be more correct. Actually the calcu- 
lation below indicates that the difference is not impor- 
tant numerically, anyway. 

Let us calculate the steady-state trapping rate if 
there is a fixed path length L. This is obviously 


= 1 — exp [—(N,oz° + 


which should be compared with equation (4). If we 
define 


(Al) 


x= (N,o;° (A2) 
then the ratio of these two expressions is: 
+3 
R(x) = | el +- x) (A3) 


x 


This ratio approaches unity for x very small and for x 
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very large compared to unity. The table below lists 
numerical values of R for several values of y, where 


ye=~)/ 0 1 2 3 4 5 6 -7 8 9 10 


R 1-29 1-30 1-28 1-25 1-22 1-18 1-141-101-0511 


APPENDIX B 


Extension of the DCX burn-out formula to include 
ion-pumping 
An approximate expression for the critical current 
has been derived in SIMON (1958; 1959). We shall 
now derive it in a different way and then generalize 
to include ion-pumping. Let us define ‘burn-out’ 
to be that point at which the mean-free-path of a 
neutral entering the plasma becomes equal to the mean 
chord length of the plasma volume. In the notation of 
this report: 
A=] (B1) 
or 
=] (B2) 


Now, since mirror loss is negligible at this point, the 
density is directly related to the input by the lifetime 
against charge exchange. Thus 


nV = (B3) 
I 
(B4) 
Fig 


Upon substitution of equation (B4) in equation (B2), 
we have 


d 
Now 
(B6) 
and, by SIMON (1959) equations (2) and (7), 
fp = No 
(B7) 
N 
= — at burn-out. (B8) 


where N, is the neutral density external to the plasma. 


Hence 
N, 0 


4 


(B9) 
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This differs by a factor of 2 from the result given in 
SIMON (1958). Of course, one cannot say which one is 
more ‘correct.’ Burn-out is not a precisely defined 
event and either approximate expression is a useful 
measure of its region of onset. 

The external density, Ny, is determined by the 
balance of wall out-gassing, ion pumping, external 
pumping, and backstreaming from the injected beam 
precisely as in Section | of the text. Hence, by equation 
(13), we have 


At burn-out, equation (B1) and (B2) apply, which 
gives 


+N 


0 


(B11) 


26/ 


Upon substitution of equation (B11) in equation (B9) 
and rearranging, we find 


(B12) 


It should be noted that burn-out will be possible only if 


6] 
Vv, 


(B13) 


which differs from equation (32) only by a factor of 2 


in the last term. Again this difference arises from the 
slightly different approximations we have used. 
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Abstract—The positive column of a gas discharge is shown to become unstable when a sufficiently large 


longitudinal magnetic field is superimposed. This instability causes oscillations which lead to an increase 
in the flux of charged particles striking the walls; that is, in agreement with the experimental results, there 


is an increase in the effective diffusion. 


1. INTRODUCTION 


Tue diffusion of electrons and ions across a magnetic 
field is a problem which is of considerable interest to 
plasma physics but it is one which up to the present 
time has yielded some very conflicting experimental 
results (GUTHRIE and WAKERLING, 1949; Simon, 1955; 
Bostick and Levin, 1955; Nepospasov, 1958; 
LEHNERT, 1959; HOH and LEHNERT, 1959; ZHARINOV, 
1959; Exwis et al., 1959; SirGit and 1959 
and VASIL’EVA and GRANOvSKII, 1959). In addition, 
in a number of experiments (GUTHRIE and WAKERLING, 
1949; Bostick and Levin, 1955; LEHNERT, 1959; 
HoH and LEHNERT, 1959; ZHARINOV, 1959 and 
ELLIs ef al., 1959). an anomalously large diffusion of 
the plasma across the magnetic field has been observed. 
Consequently, experiments on the diffusion of the 
plasma in the positive column of a gas discharge 
are of special interest and in this connexion we would 
particularly cite the work of LEHNERT and HOH (1959) 
and also LEHNERT (1959). In the absence of an applied 
magnetic field this type of discharge is well understood 
both theoretically and experimentally. It therefore 
forms a convenient subject for theoretical treatment 
and for comparison with experiment. It is to this 
problem that the work reported here was devoted. 

LEHNERT and HOH have measured the electric field 
E along the positive column as a function of the mag- 
nitude of the longitudinal magnetic field H. With 
magnetic fields which are not too strong they found 
that the electric field falls off as H increases 
in quantitative agreement with the theoretical form 
of the dependence of the ambipolar diffusion coeffi- 
cient on the magnetic field strength. However, at a 
certain critical field H,, which is of the order of 
several kilogauss, the character of the dependence of 
E on H was found to undergo a sudden change; the 
electric field increased with H and in some cases it 
actually exceeded the value at H = 0. This increase 


* A translation by D. L. ALLAN of this paper originally submitted 
in Russian. 


in E provides indirect evidence that the diffusion 
coefficient is considerably larger than the ‘classical’ 
value derived from a consideration of collisions be- 
tween the electrons and ions with neutral gas mole- 
cules. 

We show below that this effect can be explained by 
the instability of the positive column in the longitu- 
dinal magnetic field and by the development of oscilla- 
tions of the ‘diffusion’ type. 

2. INSTABILITY OF THE POSITIVE COLUMN 

One can see from a simple qualitative argument 
that a longitudinal magnetic field can lead to a loss 
of stability of the plasma current channel. In the 
absence of a magnetic field any disturbance of the 
plasma will be rapidly terminated by the increased 
diffusion of particles from regions of excess density. 
In particular, the twisting and wriggling of the current 
channel causes an increase in the flux of particles 
striking the wall at those places where the channel 
comes close to it and a decrease in the flux on the 
reverse side. This has the effect of restoring the origi- 
nal state of the plasma. In the presence of a magnetic 
field there is an additional force (1/c)j  H acting on 
the plasma, where j is the current density. With a 
helical distortion of the plasma this force acts either 
towards the axis of the discharge or towards the walls 
according to whether the helix is right or left-handed. 
When this force acts in the direction of the walls there 
is a build-up of the initial disturbance. As the magnetic 
field is increased this force becomes greater and the 
transverse diffusion, and along with it, the stabilizing 
action of the walls is reduced. Thus, for sufficiently 
large magnetic fields the plasma column becomes 
unstable. 

In order to investigate this stability problem we 
will make use of the diffusion equations for electrons 
and ions: 


on 


Ot 


on 


a +- div nv, = Zn. (1) 


+ div nv; = 
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Here n is the electron (and also the ion) density. 

Z = Z(T,) is the number of ionization events per 
electron per unit time, 7, is the electron temperature, 
v,, V, are the directional velocities of the electrons and 
ions which may be found from the equations of 
motion. 

For the electrons, the equation of motion has the 
form: 


kT, v, 
mn me m T 
where m is the electron mass, 1/7 is the collision 
frequency and V is the electric field potential. With 
Qr = (eH/mc)r > 1, we obtain from equation (2): 


b D, 1 
wee x x V 
“Or Qrn 
b, D, Vn 
(Qr)? n 
OV 
@z n Oz 


where h = H/H is the unit vector along the z-axis, 
b, is the electron mobility and D, is the electron 
diffusion coefficient. 

We will further suppose that the frequency of the 
collisions between the ions and the neutral gas mole- 
cules (1/7,) is much greater than the cyclotron fre- 
quency eH/Mc and also much greater than the 
frequency of the oscillations we are considering. With 
this assumption we can neglect the effect of the 
magnetic field on the ions and also the inertia of the 
ions. We then obtain: 


v, = —b,VV (4) 


where 5, is the mobility of the ions. We have neglected 
here the diffusion of the ions. It can be shown that 
taking the diffusion of the ions into account introduces 
only a small correction of the order of the ratio of the 
ion temperature to the electron temperature. 
Substituting the expressions for the velocities (3) 
and (4) into (1), we obtain two equations for n and V: 


On b 
x div nV (o.n— — D, =I =Zn (5) 
> — b, divnVV = Zn. (6) 


In the equilibrium state n and V depend only on dis- 
tance from the axis of the discharge tube. We will 
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suppose that the mean-free-path of the ions 2, is much 
less than the radius of the tube a. Then, as a boundary 
condition, we can equate the density at the wall to 
zero (Shottki condition), whereupon from (5) and (6) 
we obtain 


dV, D, 1 dny 


NoJo(Po! ), dr b. + Ng dr 
0 
b, D, Bo” 


b 


Z= 
Here fy = (%/a), % is the first root of the zero 
order Bessel function Jj, No is the density at r = 0. 
In order to obtain the stability conditions we 
must find the frequency of the small oscillations of 
of the current channel. Because the equilibrium state 
has cylindrical symmetry we can choose a perturbation 
of the form f(r) exp (imy + ikz —iwt) where y is the 
azimuthal angle. The linearized equations have the 
form: 


im b, 


Z + ikvy + 
D lad _ dV, 
(Qr)? + (Qr)* 7 dr dr 
im b, d 2 
b, d 0 g 
(Qr)* r dr (9) 
(—iw — Z)n’ + + b, — 
ld dv’ dV, 
+ n'—] =0. (9 
° dr dr (9) 


Here vy = 6, is the directional (current) velocity 
of the electrons in the equilibrium state and E is the 
longitudinal electric field. 

To the equations (8) and (9) we must now add the 
boundary conditions. The first two boundary condi- 
tions imply that n’ and V’ are regular at r = 0, the 
third condition is that the density at the wall is zero 
and the fourth follows from the equality of the electron 
and ion currents to the wall. Since (1/n)(@n/ér) 
~ (1/A,) is a constant at the boundary, then the last 
condition is satisfied if the potential V’ is finite at 
the wall. 

An accurate treatment of the set of equations (8), (9) 
is rather difficult, and therefore we will find an approxi- 
mate solution, specifying a certain radial dependence 
for n’ and V’. We will confine ourselves here to 
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perturbations for which |m| = 1, since such pertur- 
bations will define the region of stability. It is also 
natural to choose a density dependence of the form 
= n,J,(B,r), where = (%/a) and «, is the first 
root of the Bessel function J,. We will adopt the 
same form for V’, that is V’ = V,J,(A,r); the reason 
for this choice will be apparent later. 

Let us substitute these expressions into equations 
(8) and (9), multiply them by J,(6,r)r dr and integrate 
with respect to r. We then obtain a set of two alge- 
braic equations for n, and V,: 


L 
— xX 
Or 


—Z-+ ikvy + + 


Q 
| Or? 
1+ (7) (7) 


x 


b, 


Here n° is some average value of the unperturbed 
density and A = 0-66, C = 0-79, L = 0:74 and Q = 
1-56 are the constants appearing after integrating. 

In equation (11), we have neglected the motion of 
the ions along the z-axis in view of the fact that 
b,/b, <1. 

Putting the determinant of the set (10), (11) equal 
to zero we readily obtain the dispersion equation for w. 
We have a stable condition only when the imaginary 
part of the frequency is negative. Using the dispersion 
equation, this condition can be written in the form: 


b 
KX* + FX?+ G > mBv* 


i 


(12) 


yy + 1) y 
0-48(1 + y) | b, 1 


b1+y 


(13) 


BoD, 
From relation (12) it can be seen that the instability 
arises only when m > 0 and when the electron drift 
velocity vy is sufficiently large. The plasma is stable 
when there is no longitudinal current. 
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In a long tube arbitrary values X are possible. 
Therefore the plasma becomes unstable when the left- 
hand part of (12) turns out to be equal to the right- 
hand part at a unique point. In this case the deriva- 
tives of both parts will be equal too. Differentiating 
the equality (12) with respect to X, multiplying the 
result by X and subtracting one from the other we 
obtain a biquadratic equation for X, whence: 


—F + VF? + 12KG 


x2 
6K 


2b, 
v* = — X(2KX* + F). 


Bb. (14) 


Relation (14) determines the boundary of the sta- 
bility region v* = v*(y) where v* = (b,/f9)(E/D,) = 
(eE/PkT,). The electron temperature is a function of 
E/p and is well-known experimentally (KLARFELD, 
1941; KARELINA, 1941) and the same is true also of 
the mobilities b,, 5, (ENGEL, 1955; GRANOvSKII, 1952). 
Using these experimental results we can calculate v* 
and 4,/b; for those values of E for which the mono- 
tonic dependence of E upon H has been observed to 
break down and then, using (14), we can find y and so 
find a theoretical value for the critical magneticfield H.. 

We carried out this calculation for helium. We 
took the values of the electric field corresponding to 
H = H, from the experimental results of Hou and 
LEHNERT and the values of 7, were taken from the 
work of KLARFELD. A comparison of the calculated 
values H,, with the experimental values H,, is given in 
Table 1. 

A result corresponding to the last row and first 
column of this table has not been computed, for here 
the conditions are such that it is not possible to ignore 
the action of the magnetic field upon the ions. 

A similar calculation was carried out for argon but 
in this case there is only one experimental point: 
H,, = 3-7 kgauss with a= 1 cm and p= 0:92 mm 
Hg. Once again the calculated value of the critical 
field H,, = 3-3 kgauss agrees well with the experi- 
mental value. 

Since all the coefficients in (12) are roughly of the 
same order of magnitude, X turns out to be of the 
order of unity, i.e. the instability develops for long 
wave perturbations ka = (%)X/Qr) <1. This explains 
why, in the experiments of LEHNERT and Hon, the 
dependence on the length of the tube L disappears 
only when L/2a > 50. For shorter tubes X is restricted 
to lower values. Thus, depending on the actual 
relations between the various parameters in (12) the 
plasma channel will either become stable again as 
H increases or it will be stable with respect to 


4 

b, D, Bo” 
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TABLE | 


ap cm x mm Hg 0-24 0-45 


0-89 1-45 1-6 


a cm 


H../p kgauss/mm Hg 


kgauss/mm Hg 5-1 2°8 
(He~) 


H..|p 
(He~,.) 


kgauss/mm Hg 


perturbations with m = | at all values of H. In the 
latter case, the loss of stability will occur when oscilla- 
tions with m > | arise. 

We will now return to the question of the choice 
of the radial dependence for V’. Let us multiply 
equation (9) by [b,]/[b(Qzr)*] add it to (8) and neglect 
small terms of the order 


eH 
Mc 
Then, by virtue of (7), we obtain: 
, D.Bo? (a m 1 mdn, 
b, r(1 + dr} or dr 


(15) 


By making use of the condition (12), one can show 
that when the plasma becomes unstable the left-hand 
side of (15) turns out to be everywhere positive except 
in a small region near the wall where it changes sign 
and goes to a finite negative value as r—» a. Since the 
density n’ near the wall is small, this region makes 
only a small contribution while for the remaining 
values of r the function J,(f,r) is a satisfactory approxi- 
mation for V’. 


3 ‘ANOMALOUS’ DIFFUSION 

The oscillations of the plasma current channel 
which arise as a result of the instability lead to the 
appearance of an azimuthal electric field. The elec- 
trons are therefore able to drift in a radial direction 
which, when averaged, appears as an increased mobil- 
ity across the magnetic field; in other words, we 
have an ‘anomalous’ diffusion. 

For the purpose of providing a quantitative descrip- 
tion of this effect we can no longer use the linearized 
diffusion equations. Provided that the magnetic field 
is not much larger than H,, the amplitude of the 
oscillations will be small and can be treated as har- 
monic. Then, as before, we can write 


n = n,(r) + n, cos (y + kz — ot) 
V = V(r) + cos (y + kz — wt + (16) 


where the phase shift 6 can be considered to be 
approximately independent of r. 

Substituting these expressions into equations (5) 
and (6) and averaging over time, we obtain 


ld dV, D, dn, b, nV, sind 
rdr \QrP? ° dr dr r 2 
2/2 b, > > 
< py mV 
= COs 4 
J, = ZN (17) 
ld {, dV, 
b, nV, py J; (pr) 
A 
J, (Br) — (18) 


When the amplitude of the oscillations is small, the 
approximate solutions of equations (17) and (18) can 
be found by putting 

dV, dn, D, 


dr ny dr b, (1 + y) 


No NoJ ol Por), 
where S = const. 


We will now insert this into equations (17) and (18) 
multiply them by Jo(for)r dr and integrate with respect 
to r. From the equations obtained we can find Z and 


b; — 1)(1 + y) 


ctg 6. 
(19) 


Here 6 = 1 + Qrs.sin 4, s is a small quantity of 
the order of the amplitude of the oscillations and 
p = 2:6 is a constant which is expressed in terms of 
the integrals of the Bessel functions. 

In the equations for small oscillations we can 
neglect the non-linear terms since they contain second 
harmonics which disappear when averaged over a 
half-cycle. Thus n’ and V’ may once more be con- 
sidered as complex quantities and the only change we 


233 

0-535 1 1 1 0-535 1 1 
5-5 3-6 2-4 1-6 1-9 1-5 0-9 
3-3 21 1-6 1-5 1-4 1-0 
V’. 
ag 


234 


have to make to equations (8) and (9) is to replace Z 
and dV,/dr by the new values. 

Making this change and repeating the calculation, 
we obtain the following dispersion equation (m = 1): 


io (CA +y) X? \_ DB 


(2)'¢ +x [ + 
% (20) 
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The condition Im w = 0 takes the form: 
1+ y+ 0-78S — 
y(l + y) 
0O-8y + 1:8 + 0-6S — 0:8 
4 y+ + 
b, 1:38 — 0-3¢ b 


+ — = 0:163 — v* 
y ry b, X1 (21) 


2+ 0-8(1 — 0-4¢) x 


1+y 


It then follows that the frequency of the oscillations 
given by equation (20) is approximately 

b, 
b, Qr 


€ 


(1 — 0-46 + X?} (22) 


From the equation for the ions it is not difficult to 

find the phase shift 6. It is given by the relation: 

D, Be 
b, yw 


Inserting (22) and (23) into (19) we find the relation 
between S and ¢: 


ctg 6 = 


(QS — ¢). (23) 


1-3 + X2—0-7¢ 


1:5 XxX? 0-9¢ 


(24) 


By specifying a definite value for ¢ and substituting 
(24) into (21) we obtain an equation for X and y. 
Stationary oscillations are possible only where equa- 
tion (21) is satisfied at the unique point where the 
curves defined by the right and left-hand sides of (21) 
touch tangentially. From this condition we can 
determine the theoretical curve v* = v*(y, ¢). On 
the other hand we know the form of the dependence 
v*(E/p) experimentally and, furthermore, according 


to (19) 
E|p ap) 


where f(ap) is the experimentally determined depend- 
ence of E/p on ap in the absence of a magnetic field. 
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2 3 
H, kilogauss 
Fic. I. 
We will find y = y(¢), and consequently the relation 
between E and H in the presence of steady oscillations, 
by finding the intersection of the curve v* = v*(y) 
calculated in this way with the curve defined by the 
condition Im w = 0. 

In Fig. 1 the curve obtained on the basis of these 
calculations is compared with the experimental results 
of Hou and LeHNerT for the values a= 1 and 
p = 0-89. It can be seen that there is not only quali- 
tative agreement with the experimental points but, 
furthermore, good quantitative agreement up to a field 
H = 3 kgauss. At this value of the field ¢ = 4, i.e. 
the averaged flux of particles at the wall is four times 
greater than the diffused flux. The departure of the 
theoretical curve from the experimental points when 
H is increased further may be due either to the approxi- 
mations made in solving the equations or to the 
appearance of oscillations having a shorter wavelength 
(in particular, those with m > 1). 


4. SCALE RELATIONS 

Equations (5) and (6) describing the diffusion pro- 
cesses in the plasma have the specific property that 
length, time and magnetic field enter into them only 
in combination with the pressure; that is, in the form 
ap, tp, H/p. This is because Z is proportional to, and b, 
D and 7 inversely proportional to the pressure. 
Equations (5) and (6) still depend implicitly on the 
electron and ion temperatures and these are deter- 
mined by the energy balance, i.e. ultimately by the 
quantity E/p. 

This means that if we have two geometrically 
similar systems with identical parameters ap, E/p and 
H/p equations (5) and (6) coincide for both systems and 
the processes which take place in these systems will 
differ only by the time scale. This is still the case when 
the action of the magnetic field on the ions and the 
diffusion and inertia of the ions are taken into account. 

Furthermore, equations (5) and (6) are linear with 
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respect to the density n, i.e. the absolute magnitude 
of n or, in other words, the magnitude of the electric 
current in no way affects the processes which take 
place in the column. 

Thus, if the degree of ionization is so small that 
electron-ion collisions can be neglected, then we have 
the following scale relation: E/p and w/p are 
functions of ap and H/p only and are independent of 
the magnitude of the current. A comparison of the 
experimental dependence of E on H obtained by 
How and LexHnertT for different values of a and p 
shows that such a scale relation is in fact valid. 
This can also be seen from the table of critical field 
values H, (Table 1). 


5. CONCLUSION 
We have seen that the positive column of a gas 
discharge becomes unstable if the magnetic field ex- 
ceeds a certain critical value H,. If the magnetic field 
is only a little greater than H, then regular oscillations 
build up in the plasma with a frequency 


105,D, 
Qrb,a* 


which, for helium and the experimental conditions of 
LEHNERT and Hon, is roughly equal to 10 ke/sec. It 
seems possible that such oscillations would explain 
the effect observed by. FABRIKANT and ROKHLIN 
(1938) who found that the maximum electron density 
occurred off the axis of the discharge when a magnetic 
field was applied. 

One might suppose that with a further increase of H 
even higher harmonics will be excited and the oscilla- 
tions of the plasma channel will eventually become 
irregular and chaotic. Such a situation can be identi- 
fied with the turbulent state of the plasma first men- 
tioned by BoHM (GUTHRIE and WAKERLING, 1949). By 


235 


analogy with normal turbulence, one might attempt 
to formulate a theory of such a turbulent discharge 
but to do this it would be desirable to have more 
complete experimental data on the intensity and 
spectrum of the oscillations. 
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Abstract—The feasibility of filling up a magnetic trap with plasma has been investigated by injecting accele- 
rated plasmoids into a trap formed by a magnetic field which increases towards the periphery. It is 
shown that in such a system the lifetime of the plasma is several tens of microseconds under the conditions 


of these experiments. 


1. INTRODUCTION 


THE behaviour of a plasma within a trap formed by 
two solenoids connected in opposition has already 
been described in an earlier paper (LUKYANOV and 
PopGornyI, 1959). In the work reported here we 
examined the possibility of filling such a trap with 
plasma by injecting plasmoids at a velocity sufficient 
for them to pass through the magnetic barrier. A 
plasmoid which has penetrated into a zero field region 
may then find itself confined within the trap as a result 
of the occurrence of irreversible processes. 

The experiments to be described here were carried 
out with the aim of studying some processes by which 
the plasma is confined within a trap formed by a 
magnetic field which increases towards the periphery. 
In addition, we wished to find out more about the 
physical processes associated with the penetration of 
plasmoids through the magnetic barrier into the 
low field region. 

2. APPARATUS 


The vacuum chamber of the ‘accelerated plasmoids 
trap’ (LUS-1) was made of stainless steel and had 
a height of 100 cm and a diameter of 21 cm. The 
magnetic field was created by two solenoids which, 
in order to obtain the required field shape, were 
connected in opposition. At a current of 400 amp 
through the windings of the solenoids the maximum 
magnetic field in the space between them was 1500 
oersted. During the experiments the pressure of the 
residual gas within the vacuum chamber was less 
than 1-2 x 10-* mm Hg. 

The plasmoids were injected into the trap using a 
coaxial electrodynamic accelerator, details of which 
are to be published shortly (the work on this machine 
was carried out in conjunction with S. A. Chuvatin). 
The electrodes of the injector were connected directly 


*A translation by D. L. ALLAN of this paper, originally submitted 
in Russian. 


(i.e. no discharge switch was used) to a condenser 
bank with a working voltage up to 12 kV. For most 
of the experiments to be described here the capacity 
of the condenser bank was 24F. A _ measured 
quantity of hydrogen was passed through a high-speed 
mechanical valve which formed an integral part of 
the plasma injector. Under normal conditions the 
amount of gas introduced into the injector was ~ 
0-1 cm*. The discharge current in the injector circuit 
was measured by a Rogovsky belt. 

The radiation emitted by the plasma in the visible 
region of the spectrum was recorded by photomulti- 
plier tubes which were so collimated that only quanta 
originating in a definite region of the magnetic trap 
could reach their photocathodes. The position of 
these photomultipliers is shown in Fig. 1. In order 
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to record radiation emitted in a narrow spectral 
interval, a type UM-2 monochromator was interposed 
between the collimator and the photomultiplier tube. 
Photographs of the spectra in the visible region were 
taken using a type ISP-51 spectrograph. 

To measure the flux of heat reaching the wall of 
the vacuum chamber we used a thermocouple, the 
heat receiver of which could be moved near the wall 
inside the vacuum chamber. The height of the plate 
forming the heat receiver was 5 mm. 

The currents flowing in the plasma were measured 
by small Rogovsky belts which could be inserted in 
the vacuum chamber when required. Naturally, the 
introduction of foreign bodies into the volume occu- 
pied by the plasma affected its behaviour and conse- 
quently the results obtained using Rogovsky belts 
should be treated with a certain amount of reserve. 
In order to study the localized currents in the plasma 
we used a Rogovsky belt which could be moved along 
the axis of the chamber. Both the belt and the thermo- 
couple could be moved about inside the chamber 
without breaking the vacuum. 

The behaviour of the plasma as a function of 
time was studied using an OK-17M pulse oscillograph. 
Coaxial cable was used to connect up the measuring 
instruments and all leads and connexions were care- 
fully shielded. 

3. RESULTS 

We began our study of the plasmoid injection 
process by investigating the time dependence of the 
intensity of radiation emitted in the visible region of 
the spectrum. With the field producing solenoids ener- 
gized, a light impulse from the photomultiplier No. 2 
appeared several microseconds after current had begun 
to pass in the injector circuit (Figs. 2 and 3). This 
delay before the appearance of the light pulse is caused 
by the flight time of the plasmoid. At first the inten- 
sity of the radiation increases rather rapidly, it reaches 
a maximum and then dies away exponentially with 
a damping decrement of about 20 ysec. In those 
cases where the period of the current oscillations was 
short (injector circuit condenser capacity 0°6 uF) the 
maximum radiation intensity occurred after the cur- 
rent in the injector had ceased. 

With one or both solenoids switched off (in other 
words, in the absence of a trapping field) but with 
exactly the same amplifier gain in the light recording 
circuit, photomultiplier No. 2 failed to record any 
radiation from the plasma. In the absence of a mag- 
netic field, it was necessary to increase the amplifier 
gain several hundred times before light pulses were 
recorded from the travelling plasmoids. 

With the solenoids switched on, an examination of 


the spectral composition of the emitted radiation 
showed strong H, and H, hydrogen lines against a 
weak background. In addition, the ionized carbon 
lines at 4267 A and 6582 A were clearly seen. It was 
found that the time dependence of the individual spec- 
tral line intensities was the same as that of the 
continuous background and therefore, in later work, 
all measurements on the time dependence of the rad- 
iation intensity were carried out without placing a 
monochromator in front of the photomultiplier. A 
study of the variation of the plasma luminosity with 
magnetic field strength showed that for magnetic fields 
between 100 and 1500 oersted the damping decrement 
remained almost constant at the value already men- 
tioned (about 20 sec). 

Rather different results were obtained from photo- 
multiplier No. 3, which was placed below the chamber 
in a position where it recorded not only the light from 
the space inside the vacuum chamber but also the rad- 
iation emitted during the discharge in the injector 
(see Fig. 4). At the instant the gas in the injector 
breaks down there is an intense burst of radiation 
which dies away at the same rate as the current. After 
this, the output signal of the photomultiplier rises 
again. This fact as well as the increase in the intensity 
of the radiation recorded by multiplier No. 2 would 
appear to show that there is an accumulation of plasma 
inside the trap. One expects to find that the passage of 
the plasmoids through the magnetic barrier is accom- 
panied by an increase in the light impulse recorded 
by tube No. | compared with the light impulse 
recorded by this photomultiplier when the magnetic 
field created by the upper coil is removed. An in- 
crease in the luminosity of the light burst may occur 
not only as a result of an increase in the density of the 
plasma but also because of the reduction in the velo- 
city of the plasmoid as it penetrates into the interior of 
the magnetic field. Such an increase in luminosity 
was actually observed. Fig. 5 shows an oscillogram 
of the pulse recorded by tube No. | with the magnetic 
field switched on and it will be seen that no light was 
recorded by this photomultiplier after the injector 
current had died away. This is not surprising because 
it is not possible for any of the radiation emitted in the 
zero field region to reach the photocathode of this 
photomultiplier. 

After these preliminary experiments had demon- 
strated that the plasma could be captured and con- 
tained within a trap, we were in a position to begin a 
more systematic study. We inserted a Langmuir probe 
near the point of zero magnetic field and obtained 
probe characteristics by measuring the current to 
the probe as a function of the potential difference 
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applied between the probe and the walls. Then, using 
the usual methods, we deduced the electron tempera- 
ture and the charged particle density from the probe 
characteristics. 

These quantities were also determined by the double 
probe method, (JOHNSON and MALTeR, 1950), the 
results of the two methods agreeing to within the 
limits of the experimental errors. The maximum 
value found for the electron concentration was 
3 x 10 cm-* at an electron temperature ~10 eV. 
These values were obtained with a voltage Vy = 8-5 kV 
applied to the injector condenser bank (C = 2 uF) 
and a magnetic field in the slit, B = 1000 oersted. 
It should be noted that the probe current time- 
dependence curve is similar to the time-dependence 
curve for the intensity of the radiation emitted in 
the visible region of the spectrum. The damping 
decrement of the probe current was found to be roughly 
40 usec (Fig. 6). Both the plasma luminosity and probe 
measurements clearly demonstrate the effect of plasma 
capture and confinement within the trap. The next 
stage in these experiments was to measure the heat flux 
incident upon the wall of the chamber. This was done 
by moving the heat receiver of the thermocouple 
near the wall in the direction parallel to the axis of 
the chamber. 

The thermocouple was moved to different positions 
and, by measuring the heat received by the thermo- 
couple at various places, a curve giving the distribu- 
tion of heat flux to the wall was obtained. In some 
preliminary measurements we had shown that no 
current flowed to the walls during the discharge of 
the condenser bank in the injector circuit. Such 
a flow of current could have caused considerable 
heating of the thermocouple receiver and would have 
upset the heat flux measurements. 

These experiments showed that there was a sharp 
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peak in the heat flux distribution curve at a position 
corresponding to the gap between the solenoids. The 
width of this peak is determined partly by the width 
of the magnetic slit through which the outgoing 
charged particles pass and partly by the dimensions 
of the heat receiver of the thermocouple which, in 
these experiments, was 5 mm in height. The theoretical 
expression for the width of the magnetic slit (Firsov, 


Dt 
1958) is b= 4p /(1 where p = — the 
4 p* eB 


Larmor radius for electrons and D is the coefficient of 
diffusion in a direction perpendicular to the mag- 
netic lines of force. Fig. 8 presents the results of the 
experimentally determined half-widths of the heat flux 
distribution peaks measured at the wall for various 
magnetic field strengths. The experimental points can 
be well fitted by the straight line 6 = 6,, + K(//B). 
Extrapolating this line to infinitely large values of B 
gives 6,, = 5 mm which, as one would expect, corre- 
sponds to the dimensions of the thermocouple heat 
receiver. 

The experimentally determined dependence has the 
same form as that given by the theory (Firsov, 1958) 
provided it is assumed that the slit expands as a result 
of classical diffusion and if one takes into account the 
fact that the lifetime of the plasma does not depend on 
the magnetic field strength. Here we suppose, in 


n 
accordance with experimental data, that the ratio VE 
\ e 


which determines the diffusion coefficient 
4-10-4n 
D = 
VT B 


is insensitive to the magnetic field strength in the region 
investigated. The fact that the damping decrement 
remains constant as the magnetic field is varied would 
seem to indicate that in this case the time the plasma 
persists is determined not by the escape of particles 
through the magnetic slit but by other processes such 
as charge exchanging, radiationetc. If wesubstitutethe 
experimental values of the plasma lifetime, electron 
temperature and electron concentration, and use the 
expression for the classical diffusion coefficient 
(GUTHRIE and WAKERLING, 1949) we find that we 
obtain good agreement not only with the general form 
of the theoretical dependence 6 = f(B) but obtain 
good absolute agreement as well. For example, the 
calculated slit width for B = 1000 oersted is 4 mm 
while the experimental value obtained after subtracting 
the height of the heat receiver is 6 mm. 

It will be remembered that in the earlier work, 
(LUKYANOV and PopGorNy!I, 1959), in which a beam 
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of electrons was injected into the trap, a different type 
of dependence of the magnetic slit width on the 
magnetic field strength was obtained. It was found 
that for magnetic fields above 500 oersteds and for 
electrons with energies up to 200 eV, the width of the 
slit was independent of the magnetic field. This is due 
to an electron-optical image of the cathode surface in 
the side wall of the chamber. 

A flow of current must occur in the plasma when 
the plasmoids pass through the magnetic field region 
and become confined within the traps. Experiments 
showed that a closed current began to flow in the 
plasma as soon as the plasma glow appeared (Fig. 7) 
and that this ring current was localized in the space 
between the magnetic field solenoids. This current died 
away with the time constant 7 ~ 20 usec. Thedirection 
of the current in the plasma was the same as that in the 
upper solenoid. The direction did not depend on the 
polarity of the injector circuit condenser bank. The 
amplitude of the current fell by 20 to 30 per cent when 
the magnetic field was increased from 100 to 1500 
oersteds and the peak value was around 300 A 
(V, = 12 kV). When one or both solenoids were 
switched off, the current disappeared and no current 
was detected when the condenser bank voltage was 
less than 6 kV. For voltages higher than this, a current 
pulse was always observed, the peak value rising 
monotonically increasing with voltage. 

There may be several factors which cause the ring 
current in the plasma to die away. If Joule losses are 
the main cause of the current decay, we can find the 
conductivity of the plasma in the region where the 
current is flowing from the known geometrical size of 
this region as measured by a small Rogovsky belt. By 
substituting this experimental value of the conductivity 


into the formula expressing the conductivity in terms 
of the electron temperature, we deduced that the elec- 
tron temperature was 7, ~ 1S5eV. To within the limits 
of the experimental errors this value agrees with the 
probe measurement results and also with the results 
for the energy of the ions obtained by measuring the 
velocity of the plasmoids. It was assumed that a 
considerable fraction of the kinetic energy of the 
plasmoid is transferred to the electrons as thermal 
energy. 

The results obtained in this work demonstrate the 
existence of a plasma confining effect in a magnetic 
trap formed by a magnetic field which increases to- 
wards the periphery. Some of the results which have 
been presented do not appear to fit in with the existing 
ideas on the subject. For example, although the fact 
that a current pulse arises within the plasma can be 
explained by the penetration of the plasmoid 
through the barrier, the reason why the current pulse 
lasts for some time is not so clear. It is obvious that 
the whole problem of the decay and hence the life- 
time of a trapped plasma of the type discussed here 
requires further careful investigation. 
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The confinement of shock-heated plasmas 
in mirror magnetic fields 


(Received 25 February 1960) 


A possisLE method of producing a hot plasma is to heat a 
suitable gas such as deuterium by means of the shock wave 
driven by the rapidly rising magnetic field of an electrodeless 
gas discharge. Plasma leakage is reduced by shaping the 
surrounding conductor so that the magnetic field is greatest 
at the ends. A well-known experimental example is the non- 
uniform 6-pinch Scylla (Etmore ef al., 1958). Although 
these devices resemble the so-called ‘mirror machines’ in the 
general method of plasma containment, a detailed study of 
plasma loss reveals possible major differences of behaviour. 
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We shall consider here the case in which the central plasma 
density and temperature are such that the ion scattering time 
is so small that the ion pressure is isotropic. We can then 
consider the plasma as a fluid and work out the consequential 
behaviour. 

The ions are held in largely by space-charge forces which act 
across the current sheath. Such forces cannot of course act 
along the lines of force and the plasma can escape laterally 
within the current sheath. The effective area of the hole at the 
end of the device can be shown to be approximately 


Ag = Ay <&>/R, (1) 


where Ay = zr,? is the area of the middle of the flux tube 


which bounds the plasma, R is the mirror ratio (defined as the 


CURRENT LAYER 


The customary concept of a mirror machine is a device in 
which the plasma is well mixed with its confining magnetic 
field and the ratio of plasma pressure to the pressure of magnetic 
field in the plasma /, is small compared to unity. Particles 
whose velocity vectors lie in the so-called ‘loss cone’ can escape 
from the system. Particle losses are essentially determined by 
the scattering time for ions into the loss cone and hence in 
low-density, high-temperature plasma, long containment times 
are possible. 

In the shock-heated device, the magnetic field may be largely 
external to the plasma. We then have a central region of high 
density plasma surrounded by a region of mixed field and 


plasma (see Fig. 1). 


Fic. 1.—Section of non-uniform theta pinch. 
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PLASMA 


ratio of fields when there is no plasma present) and <§> is a 
dimensionless flux average defined by the relation 
<&>= B, dr/zr?? By, (2) 


0 


where B, is the field in the plasma and B, the field outside the 
plasma at the middle of the device. The integral is evaluated 
at the middle. Equation (1) follows quite simply by considering 
the plasma to be bound to the lines of force and applying 
Bernouilli’s theorem to the plasma which flows out of the device. 

Ions and electrons escape at the same speed i.e. the speed of 
the ions because the ions have the mass. 
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BIAS FIELD 


YY); 


Fic. 2(a). 

If particles escape axially with a speed v,, the containment Koc (1959). It follows at once from the result given in 

59/60 time of the plasma is roughly equation (3), that the exclusion of flux from the plasma 


improves plasma containment. 
= LAyl2 = (3) improves plasma containment 
On this simple picture, we also see that closed loops of field 
a result which apart from the factor <> was obtained by _ in the plasma due to the trapping of magnetic field of reversed 
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sense to the containing field have the effect of lowering <§> and 
thus enhance plasma containment. The sequence of events 
which gives rise to this situation is shown in Fig. 2 (a,b,c). 

Before the pinch collapses, a reversed bias field may be 
applied to the discharge tube (a). This field may be provided 
by separate coils or by the residual field from a previous 
half-cycle of the discharge. The current from the main 
condenser bank then flows through the surrounding coil and 
the main magnetic field compresses the gas after breakdown. 
Lines of force of the reversed field inside the discharge link up 
with lines of the compressing field which have penetrated the 
plasma (b). The compression continues and the closed field 
loops shrink axially because of diffusion. Finally in (c), we see 
the plasma compressed with the closed loops inside it. In three 
dimensions this internal configuration is just the same as a 
toroidal Z-pinch. These loops will rapidly disappear since 
firstly, the rate of dissipation inside them is much enhanced 
because of field reversal (this is because the magnetic field has a 
zero point or points inside the loop and hence the gradient of 
field is always maintained at a high level) and, secondly, the 
whole internal configuration is likely to be unstable, probably 
resulting in turbulent dissipation. Before the loops have 
disappeared, the plasma inside them is effectively contained 
because it has to cross the lines of force to escape. Of course, 
once they have disappeared following dissipation, the contain- 
ment is still improved by comparison with the case in which 
non-reversed trapped field exists because the plasma is left 
effectively field-free. 

We now treat the case which apparently exists in Scylla i.e. 
a plasma surrounded by a thin skin of field and plasma (perhaps 
due to reversed field trapping described above). 

We evaluate the penetration depth of the confining field by 
observing that the diffusion of field into the plasma is governed 
by the equation 


(V?B) + (7/47) V?B = = (4) 


where , is the electron density in the plasma, m, the electron 
mass and 7 the plasma resistivity. In the above equation we 
have taken electron inertia into account (alternatively, we have 
not neglected the finite electron larmor radius). 

We can roughly represent the solution of this equation by 
saying that if the field starts off at times = 0 completely external 
to the plasma, then the penetration depth at time ¢ is approxi- 
mately 

A = (nt/4a + A,?)"?, (5) 
where 
4, = 


is the plasma wavelength. 

The first term in the bracket on the R.H.S. of equation (5) is 
the square of the ordinary resistive skin depth. We see that 4 
cannot be less than /,. This is obvious when we remember that 
under perfectly conducting conditions, /, is the mean electron 
Larmor radius. 

The resistive part of the skin depth will increase until the 
axial flux of particles out of the sheath balances the radial 
diffusion of particles into the sheath i.e. 


4arAnv,/R = (6) 
To see this we must appreciate that if particles flow out of the 
sheath without being replaced, the requirements of pressure 
balance ensure that the gradient of magnetic field increases and 
there is enhanced dissipation. Conversely if not enough 
particles flow out of the sheath then the sheath thickens and 
the diffusion of the surrounding field slows down. 

Hence the resistive part of the skin depth increases until the 
time f is given by 


t= RL/2v) 


where 7;, is an ion transit time from the middle of the device to 
the end. At this point, we must question our original concept 
of the fluid being bound to the lines of force. However equation 
(6) implies that the diffusion time of an ion across the sheath is 


\ 

| 
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always greater than or equal to the ion transit time, thus our 
approximation is not a bad one. 
The area of the hole follows from equation (1) and is 


If we remember that the resistivity can be written in the form 
n = 


where 7,,; is the electron scattering time, then we may 
write the containment time in the form 


Te = 24,[1 T Teal (7) 


For the special case of electron-ion equilibrium, we obtain for 
a quiescent hydrogen plasma 


tT. = (RVT)"*8-7 x 10-°/[1 + 7-1 10°7?/RnL]*? sec, 


where V = r,*L, is the plasma volume. This has the interesting 
property that when 


*== RnL/7-1 x 10° approximately, 


then 7, starts to fall off as the temperature is increased. This is 
because whilst the sound speed in the plasma _ increases 
indefinitely, the sheath thickness becomes asymptotic to the 
plasma wavelength. 

In conclusion, we remark that the effect of reversed trapped 
field is of great importance in freeing the plasma of trapped 
flux. Experimental observations by Kors (1959) in particular 
Seem to bear out this argument. 
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End loss in the linear 6-pinch 


(Received 14 March 1960) 


THE previous letter discussed a 6-pinch in which all the lines 
of magnetic force that passed through the ‘mirrors’ at the two 
ends could be considered as part of an extremely thin current 
sheath, separating the plasma proper from the main B, field 
outside. The plasma trapped within this sheath was assumed 
either (i) to be essentially field-free, or (ii) to contain only 
closed magnetic field lines, formed from an initial reversed B. 
field in a way which has been explained (WRIGHT and PHILLIPs, 
previous letter). In either case the main body of the plasma 
tapered off to a sharp point at the two mirrors, as in the 
‘cusped configurations’ studied by BerKowrrz et al. (1958). 

However it seems possible to be faced with an alternative 
configuration in which some of the magnetic field lines that 
pass through the mirrors are mixed throughout the plasma. 
This might happen in two ways: 

(a) In some 6-pinch discharges, it is possible to obtain 
breakdown on the first half-cycle of current, without pre- 
ionization. During the breakdown phase, (which occupies the 
first 10 mye sec or so of the discharge), B, flux enters the gas, 
and this is subsequently compressed. Oscillations of such a 
configuration have been studied by NipLett and GREEN (1959). 

(b) If breakdown does not take place until the second 
half-cycle, some ‘reversed B, flux’ from the first half-cycle 
may be trapped within the gas as assumed previously, and then 
compressed. Mutual cancellation of this reversed field and the 
main field, at the mirrors, may not be exact so that some field 
lines from the main body of the plasma still pass through 
the mirrors. 

The loss of plasma from such a configuration will be studied 
here. For simplicity the current sheath will be treated as 
infinitely thin. The model adopted is shown in Fig. 1. C is a 
cylindrical conductor. SS, is the coaxial cylindrical current 
sheath, which encloses a uniform plasma P, containing a 
uniform axial magnetic field B;. The ratio of particle pressure p 
to internal magnetic pressure B;*/8z is fo. Outside SS, is a 
vacuum region, containing a uniform axial field B,. 

Beyond the plane IJ, the flux tube enclosed by the current 
sheath contracts to a ‘throat’ or mirror at I1,, after which it 
expands again towards I1,. Since it is only necessary to discuss 
one of the mirrors the device may be assumed to be of infinite 
length, ie. the problem is that of the discharge of a plasma 
reservoir through an orifice. 
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Fic.1.—Loss of plasma from 6-pinch. 
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The whole area of the plasma is assumed to be small compared 
to the area within the conductor C. Therefore by flux con- 


servation 
BAI) = BAU) (1) 


At the throat II, the particle pressure (at any rate in the 
transverse direction) is taken as zero. Hence from pressure 
balance at IJ, and IJ, (or Il), and from (1), it follows that 


2 
(=) p + (2) 
8r/n, \ 87/11, 


ie. the area of the throat is determined by the fact that the 
internal magnetic field must be compressed at IJ, until it 
becomes equal to the external field B,. Thus 


II 
(3) 


so that the escape of particles will be slowed down by an 


internal mirror ratio R; = V 1 +- /, even if there is no external 
mirror ratio imposed (as in Scylla (ELMorE, 1958)) by the shape 
of the conductor. 

The 6-pinch is assumed to differ from a classical mirror 
machine in the following way. An ion will undergo a series of 
encounters with one or other of the two mirrors. Each time it 
passes a plane I,, its velocity vector will make a certain angle @ 
with the axis. In a classical mirror machine there is a strong 
correlation between successive values of 4; they will in fact be 
equal except for a small rate of diffusion in velocity space. 
Here it is assumed that successive values of 0 are quite uncorrelated. 
This is most likely to be due to collisions at the high particle 
density used in §-pinches; it could also result from non- 
adiabaticity due to a large Larmor radius within the plasma or 
to a rapid variation of B; along the axis. 

In order to estimate the rate of escape of plasma in such a 
device, an argument will be used which is half-way between the 
classical mirror loss theory, and the application of Bernoulli’s 
theorem to magnetohydrodynamics mentioned in the previous 
letter (equations (1)(3)). Electrons and longitudinal electric 
fields will be ignored. Ions are assumed for simplicity all to 
travel with the same velocity 7; their density in the main body 
of the plasma is n. They are emitted isotropically at the rate 
nv cos 6/47 per unit solid angle towards the left from the plane 
II,, afterwards travelling adiabatically and without making any 
further collisions until they either escape through the throat or 
return across IJ,. 

With this assumption, only ions emitted from IT, within the 
loss-cone in velocity space with semi-angle 

1 


0, = sin- VR, (4) 


Letters to the editor 


will be lost. The total rate of escape is therefore 


p 5 
(5) 
4m Jo 4 R; 
The rate of escape with no mirror present is n#/4, so that the 
effect of the finite plasma pressure fy is to reduce it in the 
mirror ratio R; = ‘V1 + Bo. (From a hydrodynamic point of 
view, this is also the ratio of the cross-section of the flux tube 
at II, to that at IJ,). When an external mirror ratio R, is 
applied by shaping the conductor C as in Scylla (ELMore, 
1958), the rate of escape is reduced by the total mirror ratio 
R= R,R.. 
Turning now to a finite cylinder of plasma of length L, 
(with two ends), we find for the logarithmic rate of loss 


ldn 


ndt 
for hydrogen, where 7, is the temperature of the proton 
gas in keV. 

This analysis brings out a severe requirement on ‘cusped 
configurations,’ if they are to be used for serious plasma contain- 
ment. Only a negligible quantity of flux from the main body of 
the plasma can be allowed to pass through the cusps. \f ions are to 
be retained while they make N collisions with the cusps, the 
ratio of this internal field to the external field must not exceed 
2/N. 
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Handbuch Der Physik. Edited by S. Fiucce, Vol. XLIV 
Nuclear Instrumentation—I. Springer—Veriag, Berlin. 


THE design and construction of particle accelerators of increasing 
size and complexity has continued unabated since Lawrence 
built his first cyclotron in 1930. Yet, until the present volume of 
the Handbuch appeared, there was no comprehensive account of 
the subject collected together in one volume. Separate chapters 
are devoted to the cascade generator, Van de Graaff generators, 
the cyclotron, the betatron, proton synchrotrons and linear 
accelerators; the final chapter deals with reactor techniques. 

Cascade and Van de Graaff generators were amongst the 
earliest of the accelerating machinery. Today the former 
conveniently cover the energy range up to one million volts 
whilst the latter is capable of reaching ten million volts. The 
chapter on cascade generators (in German) by E. Beldinger is 
confined to a detailed description of the high voltage set. The 
chapter on the Van de Graaff generator by R. G. Herb is rather 
wider in scope. Extensive quotations from personal experience 
of existing machines is included. Advances in techniques have 
usually come from direct extrapolation; careful development 
has slowly overcome causes of voltage breakdown. It is 
unfortunate that the tandem generator received such brief 
mention; probably because the articles were completed early 
in 1958. 

Of the four articles on cyclic accelerators, the account of 
proton synchrotrons by G. K. Green, and E. D. Courant is the 
most comprehensive. When this chapter was written there were 
four operating synchrotrons; the Cosmotron at 2,3 Bev; the 
Birmingham Proton Synchrotron at 1 BeV; the Bevatron at 
6,2 BeV and the Moscow Synchrophastron at 10 BeV. After 
presenting a review of orbital theory the authors give a very 
excellent description of the four machines drawing attention 
throughout to points of difference in design, construction and 
operating characteristics. This chapter also contains a very 
elegant and condensed treatment of the theory of alternating 
gradient (AG) synchrotrons. It ends with an account of the 
Brookhaven AGS and CERN PS. Both machines employ the 
AG principle and are in the energy range 25 to 30 BeV. 

By comparison the companion chapter on electron synchro- 
trons by R. R. Wilson is sketchy and ill-balanced in parts. 
Recent work at M.I.T. and Hamburg receives but brief mention. 

The chapters on cyclotrons by B. L. Cohen and betatrons by 
D. W. Kerst deal with machines of longer standing. A brief 
account of the theory of azimuthally varying field (A.V.F.) 
accelerators is also given however. Readers should note that 
there are a few errors in the theory of phase stability in the 
chapter on cyclotrons. 

The article by L. Smith on linear accelerators contains a 
comprehensive review of both electron and heavy ion machines. 
The author has conveniently collected together much infor- 
mation which previously was contained in internal reports. 

The final chapter on reactor techniques by D. J. Hughes 
appears to be slightly out of line with the other chapters. It is 
concerned mainly with the utilization of neutrons either as beams 
or with internal targets. 
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In conclusion this volume of the Handbuch will be welcomed by 
accelerator physicists as well as the non-specialist as the most 
comprehensive account yet given of this field of research. 

W. W. 


Plasma Physics and Thermonuclear Research: Progress in 
Nuclear Energy Series X1, Vol. I. Pergamon Press 1959, 
612 pp., $15 (£5.5.0). 


THE Second International Conference on the Peaceful Uses of 


Atomic Energy, held at Geneva in 1958, forms an important 
landmark in the development of thermonuclear research. 
Here was presented, in the short space of four days, the 
accumulated results of some seven years of research by the 
major powers, the publication of which had hitherto been 
prevented by security restrictions. Of the one hundred and 
eleven papers presented at the conference, and published in 
full in Volumes 31 and 32 of the Proceedings, nine could be 
classified as surveys of the progress made and work being 
carried out in one particular country or institute, four as 
survey papers on one type of fusion device, some fifty-eight 
give more detailed accounts of a particular experiment or 
machine, while forty are theoretical. The book under review 
contains a selection of thirty-seven of these, or about 40 per cent 
by volume of the total material presented at the conference. 
It includes all the survey papers, eleven of the experimental, 
and thirteen of the theoretical papers. 

As is inevitable at a conference of this nature, many of the 
theoretical papers were highly condensed, making difficult 
reading for anyone not acquainted with the particular problem 
considered, while experimental papers, describing in detail the 
equipment used and results obtained, sometimes overlap with 
descriptions of similar work performed in another country. 
The selection contained in this book brings together most of the 
papers of general interest and those likely to be of more 
permanent value, while it omits many of the more specialized 
papers and reduces the duplication which occurred in the full 
proceedings. The newcomer to the subject will find in the 
survey papers a clear and comprehensive account of the 
underlying problems and objectives, while perusal of the more 
specialized papers will show how these problems are being 
approached and the progress made in understanding the many 
complex phenomena involved. The research worker may find 
missing a few of the papers relevant to his particular subject, 
but this book should contain most of the material of interest 
to him. While it is unlikely that many will master the full 
contents of this volume, it should remain a most valuable 
reference book for a considerable period, though its use in 
this respect would have been facilitated by inclusion of the 
Conference Paper Numbers in the list of contents, the form in 
which they are usually referred to in scientific journals. 
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Project Sherwood—The U.S. Program in Controlled Fusion, 
Amasa S. BisHop, Addison-Wesley, 1958. 216 pp., $6.50. 


ALTHOUGH Dr. BisHop’s authoritative, historical account of 
the United States programme in research upon controlled 
fusion is now well known, being almost two years old (its 
publication was timed for the 1958 Geneva Conference), it is 
perhaps still worthy of a short review because its content is of 
lasting interest. The varied experimental attempts to generate 
thermonuclear plasmas, and the apparatuses with their curiously 
uninformative names, are set in relation to one another with a 


Book reviews 


clarity that is perhaps not to be found elsewhere. The growing 
awareness of the difficulty of the problem is developed, but the 
book leaves a general impression of open-ended optimism that 
has perhaps not been fully borne out by subsequent develop- 
ments. Administrative history is also included, but is segregated 
so that the reader, like the reviewer, can omit it as desired. In 
short, the book is a readable, model primer to the subject, and 
in physical format it is marked by the clarity and beauty of the 
illustrations. It has reappeared, with a modernizing supplement 
(to June 1959) as an Anchor Book publication of Doubleday. 


A. H. 5. 
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AN EXPERIMENTAL TEST OF THE BEHAVIOUR OF CHARGED 
PARTICLES IN AN ADIABATIC TRAP* 


S. N. RODIONOV 


(Received 11 April 1959) 


Abstract—The motion of tritium /-particles in an adiabatic trap is considered. It is shown that under some 
conditions the /-particles may be reflected from the strong field region (the magnetic mirror) more than 107 
times. The lifetime of the particle has been studied as a function of the gas pressure and of the configuration 


and uniformity of the magnetic field. 


1. INTRODUCTION 

AN important characteristic of an adiabatic trap is 
the lifetime of a trapped charged particle. A basic 
factor determining the lifetime is the Coulomb 
scattering of the particle. This effect was discussed in 
detail by BuDKer.“’+ He used an adiabatic approxi- 
mation, i.e. he assumed that, as a consequence of the 
conservation of particle magnetic moment ys, every 
charged particle exists in the trap separately (i.e. with- 
out making collisions with other particles) for an arbi- 
trarily long time. In fact since the magnetic moment 
of a charged particle in a magnetic field is only approxi- 
mately (adiabatically) invariant it may change slowly. 
Theoretical estimates of this change only show that 
for p/R-—>0 the quantity Ayw/u tends to zero faster 
than any power of p/R (p is the Larmor radius of the 
particle, R the radius of curvature of the magnetic line 
of force). The value of Au/u at the final value of the 
ratio p/R remains completely indeterminate. At the 
same time in conditions of practical interest (for 
instance in devices such as OGRA), the ratio R/p is 
only a few units while the number of reflections from 
the magnetic mirror must be of the order of 10°-10°. 
For such a large number of reflections the cumulation 
of even very insignificant changes of « may lead to the 
particle escaping from the trap. In_ particular, 
azimuthal inhomogeneities of the magnetic field") may 
act in this way. For this reason the experimental 
study of the behaviour of charged particles in adiabatic 
traps is absolutely essential. 

BisHop™ and ANTROPOV, BELYAEV and ROMANOv- 
sku have attempted to perform such experiments, 
using external particle injection. However, as a result 
of the indeterminacies related to the ‘detaching’ of the 


* Translated by N. KeEMMER from Atomnaya Energiyva 6,623 (1959). 

+ In this work only binary collisions were considered. The 
question of the influence of collective interactions on the loss of 
particles from a trap has so far not been resolved. 


particles from the injector, these authors did not 
succeed in obtaining precise results. 

These difficulties were avoided in the present work 
by making use of the /-particles formed within a 
tritium-filled trap. The charged particle density did 
not exceed 10* cm so that it was possible to neglect 
collective interactions completely. 


2. EXPERIMENTAL ARRANGEMENT 

When a /-particle formed by tritium decay moves 
inside the trap it ionizes the atoms of the gas. The ions 
and slow electrons so formed can be collected by a 
weak electric field which does not influence the motion 
of the /-particles (as is done in an ionization chamber). 
The magnitude of the so measured ionization current 
is proportional to the number of /-particles formed 
in unit time (i.e. to the tritium pressure) and to the 
number of ion pairs produced by each /-particle. The 
latter quantity is in turn proportional to the tritium 
pressure and to the lifetime of the /-particle in the 
trap. 

If the removal of #-particles is determined by their 
scattering on tritium particles, the lifetime is inversely 
proportional to the pressure so that the ionization 
current will be directly proportional to the first power 
of the tritium pressure. If however there is also some 
additional mechanism for the removal of /-particles 
from the trap, then on decreasing the pressure below a 
certain value the lifetime of the /-particles becomes 
pressure-independent, so that the ionization current 
becomes proportional to the square of the pressure. 
The experiment therefore consisted in measuring the 
dependence of ionization current on tritium pressure. 
From the magnitude of the pressure at which the 
transition from quadratic dependence to linear depen- 
dence takes place, one can determine a lifetime for the 
6-particle in the adiabatic trap that is not determined 
by scattering on atomic tritium. 
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Fic. 1.—Schematic section of the apparatus. 
(1) Glass chamber; (2) High voltage electrode; (3) Guard ring; (4) Collector; (5) Annular glass projections; (6) Limit 
of the working volume for slow ions and electrons; (7) Limit of the working volume for fast -particles; (8) Electromagnet 
poles; (9) Yoke; (10 and 11) Coils; (12) Ionization gauge; (13) UT, heater. 


3. DESCRIPTION OF THE APPARATUS 


The magnetic field of the trap was produced by 
means of a yoke type electromagnet (19) (Fig. 1) with 
additional windings (11). The maximum field near 
the poles H,,, was equal to 5000 oersted while the field 
at the centre of the system was H, = 600 oersted. 
The mirror ratio H,,/H)y = y could vary within the 
limits 1-40. 


A glass chamber (1) was placed between the poles 
of the magnet with aluminium electrodes (2)-(4) 


deposited on its interior surface. The chamber 
was subjected to preliminary baking while being 
evacuated at a temperature of 400-450°C lasting 
several days, after which it was sealed off from the 
vacuum system. Then the chamber was joined to the 
tube (13), which contained a sample of freshly pre- 
pared uranium tritide UT; (with a small admixture of 
3He). The tritium activity of the sample was about | 
curie. The tube (13) also contained some uranium 
powder which served as a getter for- air, the residual 
pressure of which was of the order of 10-* mm Hg.* 
As the sample of UT; warmed up, the tritium pressure 
in the chamber rose (up to ~10-* mm Hg at ~100°C) 
and as the sample was cooled it fell (down to ~10~* 
mm Hg at the temperature of liquid nitrogen). 

The gas pressure in the chamber was measured with 
standard ionization gauges graduated with tritium. 
The calibration was performed by measuring the 
current *He* ions formed as a result of the f-decay of 
tritium in the absence of the trap field. (When there 
are no trapped particles the ion current due to 
ionization of the gas is unmeasurably small at these 


* The author wishes to express his sincere thanks to M. D. 
SENIN and Yu. V. GAGARINSKII for preparing the sample of UT, 
and adapting the chamber for the experiment. 


pressures.) The ionization gauge served at the same 
time as a pump for removing the *He. 

The measurement of ionization current was per- 
formed with a standard electrometer amplifier with a 
sensitivity threshold of 5 x 10- A. Currents from 
5 x 10-8 up to 5 x 10-°°A were measured. The 
source of voltage was a battery placed inside a 
screened box. All connexions were by means of 
screened leads. The resistance across the glass 
between the collector and the guard ring was 
~10" Q, and did not shunt the input resistance of the 
amplifier (10°-10" Q). 


4. DETERMINATION OF BACKGROUND 
CURRENTS 


There are three main sources of background currents : 
the current of *He* ions; secondary electron 
emission from the cathode under the action of the 
f-particles leaving the chamber walls; and secondary 
emission under the action of /-particles impinging 
on the cathode from the chamber volume. 

In the presence of a magnetic field the current of 
’He* ions is produced only by those ions which are 
formed within the volume (6) (see Fig. 1) that is 
bounded by the lines of force which touch the internal 
annular baffles (5) in the chamber. This volume 
can be calculated from the known magnetic field 
configuration. 

In the course of the experiments it was noticed that 
a considerable quantity of tritium (~10 mc) was 
deposited on the chamber wall. The time of deposi- 
tion was several days, so that in the course of a separate 
experiment lasting several hours, the tritium con- 
centration on the walls could be assumed constant. 
The £-particles produced by the decay of this tritium 
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were not captured in the trap, but collided with the 
walls after several revolutions, so producing secondary 
electron emission. Because of the form chosen for the 
electrodes (2) and (4) (see Fig. 1) the background 
current produced only those secondary electrons which 
appear on the region of the cathode adjacent to the 
volume (6). This current was measured by freezing out 
the tritium (py < 10-7 mm Hg). 

The f-particles formed in the volume (6) and 
incident on the cathode also caused secondary 
emission and a background current which was 
proportional to the tritium pressure. To evaluate this 
component of background current the coefficient of 
secondary emission was required. It was determined 
by special measurements and proved to be equal to 1. 

In all subsequent measurements the background 
currents were subtracted. 


5. CONTROL MEASUREMENTS 


The dependence of the ionization current on the 
collecting voltage was measured (Fig. 2). A character- 
istic diminution of current at high voltages (> 750 V) 
was found, at which the electric field begins to influence 
the motion of the /-particles. The main measurements 
were performed at a collecting voltage of ~200 V. 
The background currents remained constant at high 
collecting voltages, confirming the absence of dis- 
charges in the system. 

In order to verify whether the results are influenced 
by surface charges on the chamber glass the sign of the 
voltage on the h.t. electrode was regularly changed. 
In all cases the current changed its sign but remained 
unchanged in absolute magnitude. 

The ionization current in a uniform magnetic field 
(y = 1) was also measured. Within experimental 
error it proved to be zero, showing that background 
currents were being taken into account correctly. 


6. BASIC RESULTS 
If there is another gas in addition to tritium in the 
trap the ionization current on the collector (4), (Fig. 1) 


Vv, volts 


Fic. 2.—Dependence of the ionization current 7 on the 
collecting voltage V. 
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depends on the partial pressures in the following 
manner 


+ 
Pr + Po 


Here py is the tritium pressure, p, is the pressure of 
foreign gas; py is the tritium pressure at which the 
removal of /-particles from the trap due to scattering 
on tritium atoms is equal to the removal for other 
reasons (including removal by scattering on the 
foreign gas). «= (0, being the ionization 
cross-section). 

The current in the ionization gauge is J, ~ 
(py + ap,) with the same value of « as in the expression 
for J, because at an electron energy greater than 200 V 
(the anode voltage of the ionization gauge) « is 
practically independent of electron energy. 

Thus the ratio of the ionization currents in the trap 
and in the gauge is proportional to py/(py + po). 
At py = Po, this ratio is halved compared to its value 
for large py. An example of how p, is determined 
by the method described is given in Fig. 3. 

The important foreign gas in the present series of 
experiments was *He. Almost the whole tritium 
activity was contained in the UT, (not more than 10 
per cent of the tritium passed into the chamber) 
Therefore the *He formed was in the main retained in 
the UT; crystal lattice and when the sample was heated 
the helium was liberated from the sample together 
with the tritium in a quantity proportional to the 
latter. The coefficient of proportionality was deter- 
mined by special experiments involving the freezing 
out of tritium. Knowing the vapour pressure of *He 
one can find the tritium pressure from the readings of 
the ionization gauge. 

We consider first the measurement of the /-particle 
lifetime in the trap due totheirscattering bytritiumatoms 
(py > Po). It is sufficient for this purpose to know the 
energy loss of each /-particle in the trap or the number 
of ion pairs produced by the f-particle.* This number 
is equal to the ratio of the ionization current to twice 
the current of *He ionst from the volume bounded by 
the magnetic lines of force which are at a distance 
p+ inside the internal annular baffles in the chamber 
(see (7) on Fig. 1). (f is the Larmor radius of the 
p-particle in the magnetic field Hy, averaged over 
the /-spectrum.) The working volume must be 


* It was assumed that the production of | ion pair required on 
the average 60 eV.‘ 

+ The *He* ion current had to be doubled owing to the fact that 
the /-particles impinged on the anode and the cathode with equal 
probability and did not produce a current in the measuring circuit. 

+ The f-particles formed outside this volume perform several 
revolutions and then impinge on the annular baffles of the 
chamber. 
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Fic. 3.—Determination of po. 


The curves represent the function py/(pr + po). (1) po = 8 X 10-* mm Hg; (2) py = 10-° mm Hg; (3) py = 2 


determined separately for each configuration of the 
magnetic field. 

Knowing the energy lost by a /-particle using the 
usual formula for ionization losses, one can calculate 
the lifetime of the f-particle in the trap and also 
the path length it travels and the number of reflections 
from the magnetic mirrors. To calculate the number of 
reflections one calculates the mean path lengths of the 
f-particle between reflections. According to the 


configuration of the magnetic field this quantity varies 
between 15 and 20cm. The relation between AF, 
the energy loss of the /-particle in the trap, the number 
of reflections N and the lifetime 7 is shown in Table 1. 
(It was assumed that the mean initial energy of the 
tritium /-particles was 6 keV.) 


TABLE 1.—ENERGY LOSS, NO. OF REFLECTIONS AND LIFETIMES 
OF [-PARTICI ES IN THE TRAP 


TPr x 10° 
(sec mm Hg) 


AE (keV) Roe He) 
5-7 4 
11-1 8:3 
15-5 12 
18-3 15 
20-6 18-3 
21-4 20-2 


The dependence of 7, the f-particle lifetime in the 
trap (in units of the time of stopping by ionization, 
which is 2 x 10-* x py sec) on the different para- 
meters of the trap for py > pp, is given in Figs. 4-6. 

Fig. 4 gives the dependence of 7 on the magnetic 
field H, for y = 5. Each point represents the mean 
of six measurements performed at py, ~ 10-* mm Hg. 
The errors indicated (as also in the other figures) are 
statistical errors. 


< 10-° mm Hg. 


Fig. 5 gives the dependence of 7 on H, for given H,,.. 
A pronounced characteristic of this dependence is the 
presence of the maximum of 7 predicted by BUDKER." 
This maximum is connected with the fact that at 
small H, the removal of /-particles across the magnetic 
field becomes greater, while at large H, the removal 
through the mirrors (owing to the diminution of A) 
increases. The position of the maximum agrees with 
theoretical estimates. 

Fig. 6 gives the dependence of 7 on y for Hy, = 300 
oersted. According to BUDKER this dependence is 
proportional to the function 


y(y) = —In tan — cos gp; (sin® = 1/7). 


For /-particles formed in different regions of the 
chamber y = H,,/H has different values and is not 
constant as was assumed for simplicity by BUDKER. 
Therefore an average of y(yv) was taken over all f- 
particles of different y. The calculated curve so 
obtained was matched to the experimental points at 
large y. If one formally uses BUDKER’s results one 
obtains a somewhat low value for the mean /-particle 
energy of the matched calculated curve (~1-5 keV). 

In order to find the N and 7 that correspond to the 
external mechanism of /-particle removal from the 
trap (other than scattering on tritium atoms) one can 
use the data of Table | with p, replaced by py. As was 
already remarked the main such mechanism is the 
scattering of /-particles on *He atoms. It was found in 
the experiments that the dependence of py on py. can 
be expressed as follows: 


Po = + 5. 


The residual value of py, namely b, may be attribu- 
ted to the presence of traces of air in the trap and 
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Fic. 4.—Dependence of the lifetime of the /-particle in the 
trap on the magnitude of the magnetic field at the centre H, 
for y 


to the possible change of magnetic moment of an indi- 
vidual non-colliding, /-particle (without collisions). 

For certain configurations of magnetic field (1, 
200 oersted, y < 15) the value of b remained below 
2 x 10-°mm Hg. Assuming that there is no air in the 
trap one can get a lower limit for the number of 
reflections from the magnetic mirror, related to the 
change of wu for an individual /-particle. In particular 
for H, = 400 oersted, H,,, = 4500 oersted, we get N 
10° and + > 0-07sec. (In these conditions the /- 
particle forms 65 ion pairs and loses about 4 keV of 
energy before escaping from the trap.)* 

For some configurations of magnetic field the value 
of 6 found was considerably greater than 2 « 10° 
mm Hg, which can only be explained by a change of 
the « of an individual /-particle. Thus, for instance, 
if the magnetic field Hy was reduced to 90 oersted and 


* As the scattering cross-section for /-particles by air atoms is 
Z(Z + 1)/2 times greater than by tritium atoms the residual air 
pressure necessary to explain the observed value of 6 is only ~7 

10-* mm Hg. In our experiments the partial air pressure was not 
directly measured. 
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y increased to 40, the removal of /-particle from the 
trap was greatly increased (NV = 2 x 10°). 

The removal of /-particles from the trap was also 
increased if an azimuthal asymmetry was introduced. 
In normal conditions the azimuthal asymmetry did 
not exceed 0-5 per cent at the centre of the trap, and 
4 per cent near the poles. An artificial inhomogeneity 
was produced by means of a coil placed outside the 
chamber in the median plane of the magnetic field. 
In all cases the introduction of azimuthal asymmetry 
produced a decrease of the ionization current which 
was apparently connected with the change of the 
working volume in the trap. The results of measure- 
ments in the presence of azimuthal asymmetry are 
given below (Table 2). (The magnitude of the 
additional azimuthal asymmetry AH/H is indicated.) 


TABLE 2 


H, y AH/H (%) 


DW 


7. CONCLUSIONS 

The method used has enabled us to obtain quantita- 
tive data on the behaviour of charged particles in an 
adiabatic trap. This is of practical interest in the 
discussion of all traps with magnetic mirrors currently 
being considered. 

The /-particle lifetime in the trap related to Coulomb 
scattering on the gas atoms is in satisfactory agreement 
with the theory of BuDKER,"? being valid for up to 10° 
reflections from the magnetic mirrors. The influence of 


0:75 


300 
Ho,  Oersteds 


Fic. 5.—Dependence of the lifetime of the /-particles in the 
trap on the magnitude of the magnetic field in the centre Hy 


for H,, = 4000 oersted (9). Hy, = 3000 oersted x. 


Fic. 6.—Dependence of the /-particle lifetime 7 on y. 
(The solid curve is theoretical.) 
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azimuthal inhomogeneities which we have demon- 
strated apparently does not contradict the results of 
calculations performed very recently by CuirIKov. 
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Note added in proof: It has become known to us that 
similar experiments were performed by G. Gipson and E. LAvER, 
Bull. Amer. Phys. Soc. 3, 412 (1958). Details of this work have 
not yet been published. 
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RESONANCE PROCESSES IN MAGNETIC TRAPS* 


B. V. CHIRIKOV 


Abstract—Consideration is given to resonances between the Larmor rotation of charged particles and their 
slow oscillations along the lines of force. Under certain conditions these resonances can result in a complete 
exchange of energy among the degrees of freedom of the particle, so that the particle escapes from the trap. 
The influence of resonances on adiabatic processes associated with a time variation of the magnetic field is 


also examined. 


1. INTRODUCTION 

One of the methods for thermally insulating a plasma 
in order to realize a controlled thermonuclear reaction 
is the use of so-called adiabatic traps, or traps with 
magnetic mirrors, proposed and calculated by 
BuDKER.”’ Similar systems have been proposed by 
York” and calculated by Jupp, McDONALD and 
ROSENBLUTH.® Recently, considerable developments 
in this direction have occurred and therefore it is of 
interest to study further similar systems. 

The action of an adiabatic trap is based” on the 
conservation of orbital magnetic moment of a charged 
particle in a magnetic field (u = Mv,*/(2H) where 
v, is the component of the particle velocity in a 
direction perpendicular to the magnetic field H). It 
is a necessary, but of course not a sufficient condition 
for the usefulness of a trap that it can entrap a single 
charged particle. Generally speaking the lifetime of 
such a particle in the trap is not infinite because the 
magnetic moment is only an adiabatic invariant, i.e. 
it can change slowly and so allow a redistribution of 
energy among the longitudinal and transverse degrees 
of freedom of the particle and consequent escape from 
the trap. 

The question of the time variation of an adiabatic 
invariant has been considered in a number of 
papers.-*) However, only KuLsrup™ takes his 
calculations as far as concrete results for a harmonic 
oscillator, obtaining 

Al 

(2m,)**! 
Here / is the adiabatic invariant, A is the discon- 
tinuity in the gth derivative of w(t), 4) and m, are the 
phase and the frequency of the oscillator at the time 
of the discontinuity in the derivative. The basically 
unsatisfactory feature of the above expression is its 
asymptotic nature. This means that it is correct only 
if 1 /((@T)-—» 0 (T being the characteristic time for the 


(1.1) 


. COS (26, 


* Translated by N. KemMeR from Afomnaya Energiya 6, 630 
(1959). 


variation w(t). For finite values of the adiabaticity 
parameter 1/(w7) equation (1.1) is not always correct. 
(The conditions for its applicability are given in the 
Appendix.) In the particular case where w(f) is an 
analytic function, equation (1.1) gives A//J = 0. This 
means that when 1/(#7)— 0 the quantity A/// tends 
to zero faster than any power of the parameter 1/(w7) 
(for instance as exp (—T)), but it remains unknown 
how exactly it behaves. For this reason the normally 
used methods of asymptotic expansion in powers 
of a small parameter such as (1/7) are not applicable 
in this case. 

In the present paper we consider a different approach 
to this problem. It is based on the simple physical 
model of resonances between the Larmor rotation 
of the charged particle and slow oscillations of the 
particle along the magnetic lines of force.t Such 
resonances are possible in spite of the differences in 
frequency if the slow oscillations of the particle are 
anharmonic and contain high harmonics of their 
basic frequency. The action of the resonances leads 
in particular to a change in the magnetic moment of 
an individual particle (ignoring collisions). 

2. BASIC EQUATIONS 

The present paper does not aim to produce formulae 
for computation. The main attention is directed to 
the physical processes taking place when a charged 
particle moves in a magnetic trap. We therefore 
confine ourselves to the study of the simple Hamil- 
tonian used by Firsov? (M = 1) 


Po + py? + w(x)? 


H Pa = %3 Py (2.1) 


Here x and y are the co-ordinates along and across the 
magnetic line of force respectively and w is the Larmor 
frequency. The equations of motion have the form 


-w*y; x (2.2) 
1 » @ 


+ The importance of resonances for the change of adiabatic 
invariants has been pointed out by ANDRONOV, LEONTOVICH and 
MANDEL’SHTAM."”? 
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Since the oscillations along the x-axis are slow 
(Q <<) the solution for y can be stated in the form 


y=pcos0; (2.3) 
Here p is the Larmor radius of the particle and 


dw 
-—o — = 0). 


Since wp?/2 = I, where / is the adiabatic invariant 
in which we are interested and which is connected to 
the magnetic moment by the relation / = cu/e, we 
obtain 

dw ¥ 

Thus the motion along the x-axis is oscillatory with 
a potential energy /w(x) = wH(x) and superimposed 
on it a fast periodic perturbation of frequency 2. 
This perturbation is usually neglected because w > Q. 
However, if the oscillations along the x-axis contain 
high harmonics of the basic frequency, a resonance 
is possible between the high frequency perturbation 
I(dw/dx) cos 20 and one of these harmonics. 

The effect described can also be approached from a 
different direction. Let us consider the equation 
+ = 0 in which the dependence of on 
time is related to the oscillations along the x-axis. 
The period of the function «(t) is much greater than 
1/@, but if w(t) contains high frequencies right up to 
«, one of these may produce a parametric resonance. 

Since *#, the total energy of the particle, is con- 
served, both the resonances mentioned lead to a 
redistribution of the particle energy among its degrees 
of freedom. To investigate these resonances, we 
shall use a method described elsewhere by the 
author.“ First we introduce the Hamiltonian .7, 
which describes the motion along the y-axis 


_ prt 


0H = For the variation 
= #,/w we find 


dw 
—I— cos 20. (2.4) 
dx 


(2.5) 

Then ,/dt - 

of the adiabatic invariant / 
dl 


H Joo — 


(2.6) 


H = — y*), 
where the bar denotes an average over the phase 
which changes with the frequency w. Considering 
as a parameter, we obtain a correction to the frequency 


as where @ is given by (2.3) 


y ol Ow) 1.0 


= (2.7) 
20 
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We also introduce the Hamiltonian “, which 
describes the motion along the x-axis as given by (2.4) 


(2.8) 


pe 
= 7 + Iw(1 + cos 26). 


Putting 
x=x1,9); (2.9) 
and taking into account that the quantity W, = 
p,?/2 + Im, is equal to the total Hamiltonian # and 
is conserved, we get 


LW, = lo — x” 10s 20 = 0 


Here [,] denotes a Poisson bracket. Hence 


i = I—cos 26, (2.10) 


in agreement with (2.6). In analogy with (2.7) we 
obtain for the » of (2.9) 

Q da 

cos 26. 


(ax ax’ 


We note that the equations (2.7), (2.10) and (2.11) 
are exact for the particular Hamiltonian (2.1) we have 
chosen. 

3. FIRST ORDER RESONANCES 

We integrate (2.10) by expanding the right-hand 
side into a Fourier series. The function cos 20 
expresses the frequency modulated oscillation 


§=o+¢=6+ Ya, cos 
n 


(3.1) 
6t+ — sin 2nd. 
2 
Here, and in the following, the bar denotes an average 
over phases which change with the frequency QQ. 
Performing some simple transformations we find 


cos 20 = (F,,, + cos at + + nd). (3.2) 


Here we sum over the two sign combinations, with 
the upper and the lower signs taken together. The 
fact that we expand w(t) only in cosines is related to 
the symmetry of the process with respect to the two 
points of reversal (x = 0). The factor 2 in (3.1) 
characterizes the symmetry of (x) relative to the 
median plane of the magnetic field. The Fourier 
coefficients F,,, and F,,, are determined by the equa- 
tions 
cos sin 2nd = > F,,, cos 
/ n 


(3.3) 


sin sin 2nd) 


= > F,,, sin 2nd. 
n J 


n 


= 


¥ Q,,,, sin 


@ m 


(3.4) 
Multiplying (3.2) and (3.4) we obtain the equation 
(3.5) 
The condition @ ~ /Q shows that of the whole sum 
one should keep only the one term whose frequency is 


close to zero. This is just the resonance term which 
gives the greatest contribution to the variation of /. 


y, = 2(o1 I): — (3.6) 
4P, > Fin a Fy,,) 
m—n=l 
> Qi Fi nt F,,,) (3.7) 
> F,,,). 


Equation (3.5) must be supplemented by an equation 
for the y, of (2.7) and (2.11) 


6x dw Q 
= 216 —1Q — — sin 20 ——cos 26}. 
Taking 
Ox daQ (3.8) 
cos 
we obtain 
ly 
—12)— > Q,siny, (9) 
dt 
where Q,, is determined by the expression 
—4Q, (Fy nT Qi mn) 
m—n=p 
> (Fi, Fy, (Qe, Qi mn) 


4. HIGHER-ORDER RESONANCES 

The equations (3.5) and (3.9), which we will discuss 
further below, are approximate not only because we 
have discarded non-resonance terms in them (these 
only lead to small oscillations of 7) but mainly because 
not all resonances have been taken into account. 
In deriving (3.5) and (3.9) we started from (3.1) and 
(3.2) assuming ¢ and y to be constant, while in fact 
these quantities contain small periodic components 
as shown by (2.7) and (2.11). It can be shown that 
this leads to additional resonances determined by the 
condition k@ = /Q(k > 2). (We shall call k the order 
of the resonance.) There are also other effects which 
lead to resonances of higher orders, which we shall not 
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take into account exactly. However, an examination 
of particular cases has shown that higher order 
resonances are described by equations similar to 
(3.5) and (3.9) with the replacements © -—>k@; 
P,— P;“) =~ P,a, and Q,— Q,“) = Q,a, where a, 
is taken to be equal to the greater of the quantities 
(p/R*— and (Q,/Q)*! (R is the radius of curvature 
of the magnetic line of force). In the first case, in 
which p/R is involved, both integral and half-integral 
values of k are possible, while in the second case, 
involving Q,/@, only integral values are allowed. Of 
course, the rule just formulated is only valid for 
rough estimates and the whole question requires 
further study. 


5. THE STATIONARY CASE 

We shall call conditions stationary if in (2.1) @ is 
not explicitly dependent on time (@m/dt = 0), while 
in the non-stationary case we have m = w(x,1).* The 
stationary case corresponds to a magnetic field which 
is constant in time and axially symmetric. Non- 
stationary conditions arise both as a result of azimu- 
thal inhomogeneitiest (owing to particle drift) and 
also when the magnetic field depends explicitly on 
time. 

It is well known (see for instance BOGOLYUBOV 
and Mirropou’ski!” that in the present case equa- 
tions (3.5) and (3.9) determine regions of instability at 
= 1Q whose widths are A(@ — /Q) ~ Q,. As will 
be shown below there is no need to investigate these 
regions in detail. It is important merely to note that 
they do not overlap, i.e. that their width Q, is less than 
the distance 202 between them. This follows directly 
from the estimate (1.2)¢ for Q, which gives Q/Q < 

Higher-order resonances do not change this last 
inequality, since the total resonance width is 


~D KO ~ OQ, kaye ~ Qi; (% 
k k 


(See Section 4). 

However in that case the regions of instability play 
no part at all because of the non-linearity of the 
oscillations, or more precisely because of the depend- 
ence of the frequencies © and 2 on J. Even for 
particles which fall into the unstable regions, / will 
not change monotonically, but will perform oscil- 
lations round its resonance value.“ In the following 


* The time dependence w(t) which occurred above was not explicit 
in x. 

t Strictly speaking the Hamiltonian (2.1) is only correct in the 
axially-symmetric field. However, if change in the magnetic field 
due to particle drift is small in a time 1/2 one can retain the form 
(2.1) with an explicitly time-dependent @. 

¢ (1.1)-(1.3) are the formulae of the Appendix. 
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we shall call such oscillations phase oscillations in 
analogy with the phase oscillations of charged particles 
in accelerators. They can be investigated with the 
aid of the equation which is obtained from (3.5) and 
(3.9) by ao of I: 


= 2 — 1Q) + 2/P, = — 1Q) cos y,. (5.1) 
Here and in the following, we neglect terms in Q, 
which is permissible under the condition 0? < 
0(@ — 1Q)/01| which is always satisfied." The 
amplitude of the frequency change in phase oscillations 
is 


— 12) ~ 2 | (@ — (5.2) 


while the frequency of the ea oscillations is given by 


Q (5.3) 


~ | IP, — — 1Q) 


The case requiring further special discussion is 
when the amplitude (5.2) becomes comparable or 
exceeds the distance between the resonances 2Q (see 


Section 7). 


6. THE NON-STATIONARY CASE 
(FAST PASSAGE THROUGH RESONANCES) 


If the frequencies © and Q are explicitly time- 
dependent and if the difference © —/Q varies, a 
resonance is crossed and thus a change of / occurs. 
We first consider a fast passage through resonance, 
in which the rate of change of @ and { due to the 
change in J can be neglected in comparison with the 
rate of change due to the explicit dependence on time. 


0 
IP, = (@ — 10) 


(6.1) 


— 1Q) 


In this case the equations (3.5) and (3.9) can be 
integrated immediately and in first approximation 
(in we have 


y P, COS (Pq, + 7/4) 


Here wo, is the value of the phase y, at the instants of 
resonance, (7, = 0). If the distribution of the phases 
Wo, in the different passages through resonance is 


random we have AJ = 0, and 


(6.2) 


(6.3) 


(AD? - 
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Here the summation extends over all resonances 
crossed and the bar denotes an average over the 
phases yp,. In the next approximation we have 


(6.4) 


IP 

: 

—(@ — 1Q) 
Ot 


The first moment (6.4) characterizes the systematic 
change of J while the second moment (6.3) charac- 
terizes its spread. Knowledge of the two moments 
is sufficient to establish Fokker-Planck type equations 
which can be solved to find the flux of particles into 
the forbidden cone.’ However, as is shown by the 
expressions for the moments, this equation proves 
very complicated. We therefore consider a simpler 
method for estimating the change in /. 

It follows from (6.4) that A//I~(AN2/I2. If 
Al/I <1 the influence of the first moment may be 
completely neglected ({(A/)?//2]!/2 Al/D. If AI > I 
the influence of the two moments is of equal order of 
magnitude. For estimates it is therefore sufficient to 
investigate only the change of (AD?. The condition 
for escape from the trap then has the form (A/)? ~ 
(1, — f,)*, where J, is the initial value of / and /, its 
value on the surface of the forbidden cone. 

Since the number of resonances crossed in unit time 
is (k/Q) |A(@ — 1Q)/d7| we get, in view of (6.3) 


d 2 


dt 


This ordinary differential equation is easy to solve 
either numerically or by approximate methods. Of 
course, for (6.5) to be valid it is necessary that the 
change of J in crossing a single resonance should be 
small compared to / itself. 

The coefficient k in (6.5) denotes the order of the 
resonance crossed and is determined by the range of 
the variation of © —/Q due to the explicit time 
dependence. 

k = Q/A(@ — (6.6) 
In particular, if the magnetic field has some azimuthal 
inhomogeneity we may estimate k according to the 
formula k (Q/@)(AH/H), which is obtained from 
— 1Q)/6 ~ AH/H.* 


* It may appear that the azimuthal inhomogeneity does not lead 
to a change of the frequencies @ and {2 because the particle drift is 
perpendicular to YH. However, if one takes into account the motion 
of the particles along the lines of force, it is not difficult to see that 
H will change along the particle orbit, in fact in such a way that one 
has to take for AH/H the maximum value of the inhomogeneity 
along the line of force. 


AI = 55 (Al? + 
a 

1 

| 

| 
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As an example we give a comparison of the estimates 
obtained with the asymptotic formula (1.1). We 
find the expression (2.3) for P and from (6.5) that 
Al/I ~ or, in a time At = 
m/(2Q), corresponding to the monotonic change of 
«(t) in one direction that was assumed by KuLsrup,"”? 
~ which agrees with (1.1) 
in order of magnitude. 


7. CRITERIA OF STOCHASTICITY 


The equations (6.3)— (6.5) are based on the assump- 
tion of stochasticity, i.e. on the randomness of the 
phases y,. We now attempt to elucidate under what 
conditions this assumption may be justified. 

For simplicity we discuss a periodic crossing of a 
single first-order resonance at equally spaced instants 
7/2. According to (6.2) we have AJ ~ 3 cos y,, 


n 


where the y,, are the phases at the instants of resonance. 
If the frequencies @ and 2 do not depend on /, we 
have 


ta+ T/2 
Wasi — Yn = Vo = 2. (@ — 1Q) dt = constant 
t 


n 


and therefore 


AI ~ cos nyy < 1/sin $y. (7.1) 


In this case AJ is bounded and there is no stochasticity. 
We now take into account the non-linear nature of the 
oscillations. After each passage through resonance the 
frequency @ — /Q will be changed by the quantity 
(Aw),, = (AD),, —1Q)/0T and in the next 
passage through resonance this will lead to an addi- 
tional change of phase by the amount y,,, = 7(Ao),,. 
If y<1 we come back to the previous case. If 
however, y, > 1 then y, also determines the phase 
change y,,. Unlike (7.1) this phase change will not 
be uniform but will depend on the previous phase 
~ (Aw), ~ (AT,,) ~ cos y,,) and a slight change 
of the previous phase will give rise to a change 
of 27 in the following one. It is evident that in this 
case the sequence of phases y,, will be near to random. 
However, a rigorous proof of this statement does not 
at present exist and we accept it as a hypothesis. 
The criterion of stochasticity then has the form 


@ — IQ) 


> 1. (7.2) 


10] 


Similar criteria have been obtained by GowarpD"” 
and Hine"* by means of numerical calculations on 
the motion of a non-linear oscillator under the action 
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of short periodic impulses. The authors derive v, as 
the criterion for instability. Its connexion with 
stochasticity is not examined. According to these 
papers instability begins at », = z. 

We shall give this criterion a somewhat different 
physical interpretation. If w(x, f) is periodic in ¢ then 
each harmonic in (3.5) and (3.9) will be modulated 
with a certain frequency 2, = 27/T and can be 
expanded into new harmonic components of fre- 
quencies 2(@ — /Q) + pQ, (@ denotes an average 
over phases varying with the frequencies Q and Q,, 
and ( is averaged over phases varying with the 
frequency 2,). The coefficients of this expansion are 
~ P(Q,/(2A(@ — 1Q))'* (see Appendix, para- 
graph 1). 

Inserting the last expression into (7.2) and putting 


Ata 
— 19), 


0 
— (6 — 
| ( ) | 


we obtain 


I, (7.3) 


Q 
where = (a — 10 + is the 


square of the frequency of the phase oscillations for the 
new system of resonances (5.3) and Q, is the distance 
between them. 

We apply the criterion (7.3) to the stationary case 
(see Section 5). Using (5.3) and taking into account 
that the distance between resonances is 22 we obtain 


K (7.4) 


If (7.4) is satisfied, the variation of / is stochastic. 

Apparently this effect was observed by GARREN 
et al.“*) who used numerical methods to investigate 
the motion of a charged particle in an adiabatic trap. 
They discovered that near the forbidden cone there 
exists a region of ‘unstable’ orbits which escape from 
the trap stochastically. Let us apply criterion (7.4) 
to the data of this paper. We determine P, from 
(3.5) in the same way as this was done in the example 
of Section 6. 


(AI/D 7P,/Q, 


where (A///),). is the relative change of J in a half 
period (7/Q) of the slow oscillation. This quantity 
was also evaluated by GARREN ef al." Putting 
|A(@ — 1Q)/01| ~ &/I, we find from (7.4) that insta- 
bility begins at (AJ/J),,. > 0-1, while from the data 


q 
> 
m4". 
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of GARREN ef al. it follows that (A//I),,. > 0-02. 
The discrepancy should not be considered as very 
great, remembering that the estimates are very rough. 


8. NON-STATIONARY CASE 

(SLOW PASSAGE THROUGH RESONANCE) 

Evidently the condition for the slow passage through 
a resonance is A> 1 where A is defined in (6.1). 
As was shown by the author elsewhere“ there are two 
basic regimes for the slow passage through a 
resonance: trapping and single passage. An important 
characteristic of the second regime is that AJ is 
independent of the phase of the oscillations and, 
related to this, that the process is reversible even when 
the stochasticity condition (7.2) is satisfied. Therefore, 
if one and the same resonance is passed through 
periodically and slowly, in both directions, / will 
experience only small oscillations. 

The trapping regime is characterized by the fact 
that when the frequencies ® and {2 change / changes 
automatically owing to the explicit time dependence, 
in such a way that the condition of resonance © ~ /Q 
always remains satisfied. It is evident that if the 
frequencies © and {2 vary periodically the process 
will also be completely reversible. 

Trapping may however exert an essential influence 
on the adiabatic processes when there is a con- 
siderable change of magnetic field with time, because 
the additional condition /22 = constant must be 
satisfied. The main difficulty in utilizing this influence 
is connected with the fact that the region of trapping 
is small. Its width across each resonance is approxi- 
mately equal to™ 2A,,(@ — 1Q) ~ Q,, where A,,, is 
given by (5.2). If / has a uniform distribution among 
the particles and if therefore the frequencies are also 
uniformly distributed, the proportion of particles 
captured is Q),/Q. But this is just the ratio which 
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must be small according to the stochastic criterion 
(7.4). 


9. COMPARISON WITH EXPERIMENT 


As far as we know, the only work in which quantita- 
tive data on the variation of the adiabatic invariant 
have been obtained is that of S. N. Ropionoy.“® 
His comparison of experimental data with the 
theoretical results obtained above was performed for 
three magnetic field configurations (see Table 1). To 
find the Fourier coefficients {2,,,, the magnetic field on 
the axis of the system (H(x) ~ @(x)) was approxi- 
mated by a function of the form 1/(x + 5)? where x 
is the distance from the turning point of the path 
(x = 0) and 4 was so chosen as to obtain the best 
agreement. The accuracy of the approximation was 
20-50 per cent. The following numerical values were 
assumed: mean distance of the particles from the 
axis of symmetry in the median plane of the magnetic 
field: r; = 2cm; radius of curvature of the magnetic 
line of force R = 2/ncm; index of the fall-off of 
magnetic field n = (y — 1)/640; here y = H,,/Hp, 
where H,, is the maximum field on the axis of the 
system (the magnetic mirror) and H, the minimum 
field on the axis.* 

The variation of 7 was found from equation (6.5). 
I, was so chosen that v, ~ vy. Initially (for / ~ 4) 
the change of J was at its slowest both because of the 
higher order of the resonances passed through (large Q, 
see (6.6)) and because of the smallness of P, (smoother 
function @/m smaller Q,,,). It was assumed that it 
was sufficient to determine the number N of reflections 
on the magnetic mirrors which led to a change 
(AJ,,.) of J such that the order of the resonances 


* For a more accurate description of the experiment see 
Ropionov."?® 


TABLE 1.—COMPARISON OF THEORETICAL AND EXPERIMENTAL DATA 


| AH/H(%) k 


<4 


Ni(calc.) N(exp.) 


|__| 
Vol 
959/ 
No | | A K 
= 2:5 — <x 2 x 10-8 we -6 x 10° 
1 13 6 x 
3 3-5 — <2 2x XL -6 10° 
<4 4 3x 10-3 0-4 10° 
2 40 5 x 10°° 9 2 i 2 0-4 8 x 10° 2 x 10¢ 
. 15 1-5 2 x 10° y J 0-4 6 x 10° 2 x 104 
13-5 — <8 x 1¢-* 4x >3 x 
3 5 3 
4 2 <8 x 4x 10-’ >3 x 10° 


passed through decreased by a factor },* because after 
this the rate of change of J increases. It was assumed 
that AJ, ./1 ~ 3k <1 where k is given by (6.6). Using 
the relation dt = dN(7/Q) we obtain from (6.5) 

The coefficient P was estimated according to the 
formula (1.1), the criteria A, » and « according to 
(6.1), (7.2) and (7.4) and it was assumed that 


(9.1) 


~ off; 


0 
—(@ — 1Q -= 
Fa 2 


The drift frequency of the particles Q, = v,/r was 


estimated according to the formula’ 


The results of the calculation are given in Table 1. 
The data of the last column are taken from Ropio- 
Nov.) In fact a comparison can only be performed 
for his field configuration .+ For AH/H = 9 and 
15 per cent we find satisfactory agreement with 
experiment. A sharp discrepancy for AH/H < 4 per 
cent can apparently be explained by the large value 
of « (for absence of stochastic changes of / it is 
necessary that «<1. For «1 the number of 
oscillations would be only about 1000). 


10. CONCLUSION 

The resonance exchange of energy among the 
degrees of freedom of a charged particle that has been 
considered in this paper certainly takes place in any 
magnetic trap. However, it represents a danger, 
(allowing particles to escape,) only in systems which 
have ‘forbidden’ directions for the particle velocities. 
In addition to systems with magnetic mirrors some 
systems with compensation of the toroidal drift are 
in this class. The most unfavourable conditions 
from the point of view of resonance exchange exist 
in traps with ‘corrugated’ magnetic fields.“ In 
such fields the amplitudes of the resonance harmonics 
of the slow oscillations (2,,) are considerably greater 
than in a monotonically changing field. 

We note finally that similar resonance phenomena 
can occur in devices to contain plasma by means of 


* Naturally in the general case one can have both $ or | according 
to the ratio of the quantities p/R and Q/Q2 (see Section 4). 

+ Special experiments for the verification of the present theory 
were not performed because at the beginning of the calculations 
(autumn 1958) the experiments of S. N. RopioNov were already 
completed and his apparatus dismantled. 
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high-frequency fields.“’-*) In such cases one has not 
an exchange of energy, but a change of energy due to 
the action of the high-frequency oscillations. 
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APPENDIX 
Estimate of the coefficients P and Q 
1. We assume that Q2,,, ~ Q,,, and that their signs 
arerandom. We assume also that the F, are all of the 


same order for @,/Q <n < @,/Q and that F, = 0 
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outside this interval, while the signs of the F, are 
random. (Aw = @, — @, is the range of variation 
of w). Such a shape of spectrum is a good approxi- 
mation in the case of harmonic frequency modulation 
and can also be utilized for estimates in other cases. 
Then, by Parseval’s inequality |F,,| ~ (Q/Aw)'/? and 


1/2 
2 


| 


m=a,/Q 


|O,|~ V2|P). (Al.1) 

Applying Parseval’s equality to the sum under the 
the root, we find that it does not exceed {? (see 
(3.4), @/@ ~Q). Assuming also that Aw ~@ we 
obtain from (A1.1) 


< (A1.2) 
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2. If w(t) has a discontinuity A™ in its gth derivative, 
so that its (¢g + 1)th derivative contains a 6-function, 
direct calculation gives 


2 QAM 


in” 7 o(2mQ)* 


Q 


for m— 


Inserting this into (A1.1) we get 
_ V2 


P (A1.3) 


It is easy to see that for (A1.3) to be valid, it is not 
at all necessary that there should be a mathematical 
discontinuity in @(¢). It is only necessary that (a) 
at a certain instant the derivative of w(t) should change 
by A® during a time <I/m, and (b) at all other 
times it should only change during times >1/o. 
This is just the condition that (A1.1) be applicable. 
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A CYCLOTRON WITH A RADIALLY TRAVELLING 
MAGNETIC WAVE 


E. G. KOMAR* 
(Received 6 January 1959) 


Abstract—Possible designs for a cyclotron with a radially travelling magnetic field wave are considered and 
relations between the parameters are deduced. One or more radially travelling waves can be produced in 


the magnet gap by using separate ring windings fed from an a.c. source. Two possible systems are proposed. 
In the first, the travelling wave is responsible for accelerating the particles; in the second, a travelling field 
is superimposed on the normal fixed field and the particles are accelerated in the resulting total field. A 
region of stability (1 > m > 0) can be obtained and this must move outwards at the radial velocity of the 
particles. Stability is possible if the absolute field strength increases sharply from the inside to the outside 
of the acceleration zone. In principle, the system would allow the production of particles with energies as 
high as desired. In spite of the cyclic nature of the action, the mean beam intensity could well be better than 
that from a synchrocyclotron because of better focusing. Some approximate calculations are presented 
for accelerators of this type designed to produce various energies. It is shown that for a given energy the 


weight and size can be substantially less than for other types of accelerator. 


1. GENERAL CONSIDERATIONS 


THE proposed accelerator differs from a conventional 
cyclotron by virtue of the fact that the particles are 
accelerated in a circular magnetic field wave which 
travels radially outwards from the centre of the 
machine. Such a wave could be produced by the 
arrangement shown in Fig. 1. The diagram shows only 
one magnetic field wave but there could be several. 

The wave velocity v, must be such that the particles 
move in a region of the magnetic field where the 
condition 0<n< 1 is fulfilled throughout the 
acceleration period. That is, the radial component 
of the particle velocity, which is determined by the 
accelerating voltage, must be equal to the wave 


ve \ \ f \ \ 
\ \ 


Fic. 1.—Arrangement for obtaining a radially travelling 
magnetic field wave using separate circular conductors on the 
surfaces of the magnet pole pieces. 


* Translated by D. L. ALLAN from Afomnaya Energiya 7, 57 
(1959). 


velocity of the field. The magnetic field can be 
increased in step with the moving wave as it travels 
outwards towards the maximum radius while at the 
same time maintaining the condition for vertical 
focusing. It will then be possible to keep the accelerat- 
ing voltage constant in the region where the particles 
become relativistic and consequently such a cyclotron 
may be designed for as high an energy as one desires. 

It should be noted that in this case a value of n 
can be chosen which will give a larger instantaneous 
beam intensity compared with that available in an 
ordinary cyclotron or synchrocyclotron. Such an 
increase of beam intensity can be effected if, by 
choosing a sufficiently large gap width, a low magnetic 
field is created in the central region of the accelerator 
and if the gap width is made to fall off as the energy 
of the particles is increased. In spite of the fact that, 
as in the synchrocyclotron, the proposed machine 
accelerates the particles in bunches, one expects a 
larger mean beam intensity because of the better 
focusing conditions. In fact, one expects the mean 
beam intensity to be several orders of magnitude 
higher than in a synchrotron. 


2. A PRACTICAL DESIGN FOR 
THE ELECTROMAGNET 

A practical design for the electromagnet of the 
proposed accelerator is given in Fig. 2. The vacuum 
chamber is placed between two plates forming a gap 
with a conical profile. These plates are made of sheet 
iron with radial sections. They serve both as pole 
pieces and as part of the magnetic circuit. The plates 
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Fic. 2.—A possible design for the electromagnet. A few of 
the concentric magnetic field waves (multipolar system) are 
shown. Below: a design for the radial sections of the pole 

pieces. 

consist of separate sectors, the sections of which are 

shown in Fig. 2. Concentric ring windings are fixed 

to the inside surfaces of the plates, facing each other. 

There are several ways of supplying power to the 
coils. For example, they can be suitably grouped and 
fed from a three-phase supply. Then, as is known 
from the theory of electrical machines, it is quite easy 
to produce a magnetic field (Fig. 2) consisting of 
radially moving waves having a velocity which depends 
upon the frequency of the alternating current and upon 
the coil spacing. The lines of force are closed through 
the sections of the plates. Such an arrangement 
behaves as a multipolar system in which the weight 
of the magnetic circuit is substantially reduced because 
of the comparatively small thickness of the plates. 

Another form of construction is shown in Fig. 3. 
Here there is only one magnetic field wave and the 
lines of force are closed either through the air gap of 
the machine (Fig. 3) or through a special yoke located 
outside the cylindrical surface of the accelerator 
(Fig. 4). One needs to use individual switching 
devices in the versions illustrated in Figs. 3 and 4 and 
it would seem that these would be best provided by 
ionic valves. To reduce the reactive power, the energy 
in the magnetic wave can be recovered when switching 
from one point to another. 

The gap width in the proposed accelerator can be 
very small—it may be ~5—10 cm at maximum radius. 
The maximum field intensity will be at the final radius 
and the choice of value depends upon the magnetic 
properties of the iron and upon the feasibility of the 
required coil arrangement. For ordinary electro- 
magnet steel, a suitable magnetic field intensity would 
be about 20,000 oersteds. 

Since there is a limit to the velocity which can be 
given to the magnetic field wave, the energy gained 
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3. 3.—Version where the lines of force of the magnetic 
field wave cross the magnet gap twice. 


Fic. 4.—Version where the lines of force of the magnet field 
wave are closed through a special yoke around the outside of 
the pole pieces and cross the magnet gap only once. 


by the particles per revolution must be of the order 
of hundreds or thousands of volts. Such voltages 
demand a rather high vacuum in the vacuum tank but 
this is offset by a considerably reduced high frequency 
generator power and by the fact that a rather simple 
accelerating system can be used. 

In low energy accelerators, the accelerating system 
can consist of Dees but, for high energy machines, 
separate sector electrodes inserted between the sectors 
of the magnet plates must be used. The division of 
the magnet plates into sectors provides also a con- 
venient means of access for the pumping lines. 

Considerable difficulties arise in connexion with 
the design of a suitable injection system for the 
proposed accelerator. Here, we shall not be concerned 
with the details of how the particles are injected into 
the travelling magnetic wave field. For low and 
intermediate energies the central region can be 
designed as an ordinary cyclotron, as shown schemati- 
cally in Fig. 6. In this diagram, the coil A provides 
the magnetic field for the initial cyclotron acceleration 
while the coils B excite the travelling magnetic field 
wave. It is possible to think of other methods of 
injection—in particular, one might use linear acceler- 
ators, synchrocyclotrons and synchrotrons. How- 
ever, one design deserves special consideration. This 
is a cyclotron in which a travelling magnetic field wave 
is superimposed on a fixed magnetic field. In this 
case the magnetic circuit of the accelerator is the same 
as in a conventional cyclotron or synchrotron (Fig. 7). 
The pole pieces, which can form part of the vacuum 
chamber, are made of iron in sections. The weight of 
the electromagnet turns out to be much the same as in 
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an ordinary cyclotron or synchrotron but, by using 
the travelling wave principle, a very high energy 
cyclotron can be built. In view of the special nature of 
this design we will consider it in some detail below. 


3. RELATIONS BETWEEN THE FUNDAMENTAL 
PARAMETERS: APPROXIMATE CALCULATIONS 
FOR THE DESIGN WITHOUT A FIXED 
MAGNETIC FIELD 


In order to have a constant particle revolution 
frequency and, consequently, a fixed accelerating 
voltage frequency, the magnetic field intensity at all 
radii must be 


H = + W/E) (1) 


where H, is the field intensity at the start of the 
acceleration process, when the kinetic energy W 
is zero. If W,, is the energy at the final radius (the 
nominal energy of the accelerator) and H,, is the 
maximum field intensity at the final radius, then the 
initial field intensity is given by 

Hy — H,,/[1 (W,,,/Ey)] 

For protons, the orbital radius (cm) for kinetic 
energy W (eV), rest energy E, (eV) and magnetic field 
H (oersteds) is: 
\/ + 2B,)] 
300H 


Inserting the value of H given by (1), we have 
__VIW(W 2E,)] 
+ (W/E))] 

dr E,°/300H, 
dW (W+ E,P[W(W + 


Whence the step of the spiral is 
n dr uE,?/300H, 
(W+ E|W(W + 


where w is the energy acquired by a particle in one 
revolution. 
The revolution period of the particles is given by 


v 
where v is their velocity (em sec~') and c is the velocity 
of light (cm sec~*). 
The particles have a radial velocity component: 


Ar uc E, 


W +E, (4) 


= 


 6007Hor 


A cyclotron with a radially travelling magnetic wave 


Accelerating 
electrode 


Fic. 5.—Accelerating electrode arrangement. 


Fic. 6.—A possible injection scheme. 
A—Coil for central injecting cyclotron. 
B—Coils creating radially travelling magnetic field wave. 


Massive Part built 
part in sections 


Fic. 7.—Design for a cyclotron in which the fixed magnetic 
field of an H-shaped electromagnet is superimposed upon a 
radially travelling magnetic field wave. 


Equation (4) implies that the velocity of the magnetic 
wave in the central region of the accelerator must be 
appreciably greater than that in the final orbit. 
Table | gives some of the parameters for such an 
accelerator for a number of energies. The following 
parameters were used in the calculations: AH, 
20,000 oersteds, gap width 6 = 7-5 cm, frequency of 
current supplied to the magnetizing coils f = 50 c/s. 
The weight of iron required was calculated assuming 
the pole piece plates were 15 cm thick and neglecting 
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TABLE 1 


Final 
energy 
(MeV) 


Final 
orbital 
radius 

(cm) 


Field 
intensity 
at 
beginning of 
acceleration 
(oersteds) 


Revolution 
frequency 
of 
particles 
(Mc/s) 


Weight 
of iron 
(tons) 


Power input (KVA) 


Load of 

all coils, 

without 
switch 
gears 


Load for 
two waves 
without 
energy 
recovery 


100 
1000 
10000 
50000 


74 
284 
1810 
8500 


18000 
9750 
1720 

367 


2°64 
0°56 


37000 
550000 


the weight of the accessory installations which could 
substantially increase the weight of a large accelerator 
(the upper plate could be supported in its proper 
position by a composite bridge type of structure). 

In working out the details of the construction it 
may be found that the required coil arrangement 
demands a larger gap between the poles and con- 
sequently more power than was assumed in the 
calculations. For the 100 MeV accelerator, the 
reactive power was calculated for the case where the 
excitor coils are supplied directly from the alternating 
current supply. The method of creating the travelling 
field using a three-phase alternating current supply 
is the same as that employed in ordinary electrical 
machines. The power requirement for the 1000 MeV 
accelerator was calculated for the direct supply from 
an alternating current system and for the case of a 
switching system in which the magnetic energy is not 
recovered from the individual sections of the excitor 
windings. The figures for the 10,000 MeV accelerator 
power requirements refer only to the case where the 
energy of the magnetic field is recovered. The power 
requirements of the highest energy accelerator 
(50,000 MeV) have not been examined, but such a 
machine would be feasible only if the magnetic energy 
is recovered. It is clear from the figures given in 
Table | that, from the point of view of the cost of such 
a project, it is doubtful if an accelerator of such a size 
would be worth building. 

Values of the magnetic field intensity and magnetic 
wave velocity at various orbit radii for the 100 MeV 
cyclotron are given in Table 2 and the same parameters 
for the 1000 MeV cyclotron are given in Table 3. The 
accelerating voltage uv for the 100 MeV cyclotron was 
taken as 115 V and for the 1000 MeV cyclotron as 
1540 V. The radial magnetic field velocities and the 
corresponding accelerating voltages given in Tables 2 
and 3 relate to the fixed accelerating voltage version. 
However, if the accelerating voltage is made to change 


TABLE 2 


W (MeV) A (oersteds) r (cm) V, (m/sec) 


10 18200 ae 38-7 
20 18400 39-3 242 
40 18800 49:1 18-2 
60 19150 53°3 14-1 
80 19500 67:7 11:9 

20000 74 


TABLE 3 


W (MeV) | H (oersteds) r (cm) V, (m/sec) 


9800 SES 422 
10200 101°5 214 
10800 137°5 136 
12900 209 54 
14900 244 28-9 
20000 284 10 


during an acceleration cycle, it would be possible to 
obtain a constant or almost constant wave velocity 
for all orbital radii. This would reduce the weight of 
the excitor coils considerably. 

In order to simplify the calculation of the acceler- 
ating voltages, no allowance was made for the 
necessity of compensating for the e.m.f. induced by 
the rotational field. It is not difficult to show that the 
radially travelling magnetic field wave induces a 
rotational electric field whose vector is opposed to the 
accelerating voltage vector. To compensate for this, 
the accelerating voltage must actually be larger than 
the figures given above. 


4. RELATIONS BETWEEN THE FUNDAMENTAL 
PARAMETERS: APPROXIMATE CALCULATIONS 
FOR THE FIXED MAGNETIC FIELD DESIGN 


Equations (1) to (4) are valid also for the case 
where we have a radially travelling magnetic field 
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A cyclotron with a radially travelling magnetic wave 


ae 
U 


oersteds 


Fic. 8.—Curves giving magnetic field intensity and the ratio 
of the wave velocity to the accelerating voltage for a fixed 
field cyclotron with ~ 700 cm diameter pole pieces. 
Ordinate: H, oersteds. 


wave superimposed upon a fixed magnetic field (see 
Fig. 7). As shown in this figure, the pole piece 
sections are constructed so that as the orbital radius 
of the accelerated particles increases there is a corre- 
sponding decrease in the width of the magnet gap. 
This reduction in gap width must be such that the 
magnetic field intensity varies with the particle energy 
according to equation (1). A curve giving the variation 
of the magnetic field intensity, calculated for a magnet 
with external pole diameter ~700cm, is given in 
Fig. 8. 

To maintain proper focusing conditions, a travelling 
wave must be superimposed upon the fixed field to 
provide an annular zone where the condition 0 < n 
< 1 is fulfilled. A graph representing such a super- 
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position of magnetic fields is given in Fig. 9. A 
current / passes through the set of circular conductors 
of width / located at radius r,. Special switching gear 
moves the position of the set of coils being excited to 
a larger radius while at the same time the radius of 
curvature confining the magnetic field created by this 
set of conductors is correspondingly increased. The 
addition of the fixed and varying magnetic field forms 
a circular zone in which n has the required value. 

If (dH/dr), and (dH/dr), are the absolute values of 
the derivative of the magnetic field intensity curve 
with respect to radius for the fixed flux and for the 
total field intensity in the annular zone, then the total 
current through the coil conductors in a section of the 
circular zone of width / is 


dH 
I= 


(5) 


dr 


) | 


where 0, is the gap width at radius r. 


Travelling wove 


Fic. 9.—Diagram showing the superposition of a travelling 
magnetic wave upon the fixed field of a cyclotron. 


TABLE 4 


H 


(oersteds) 


r (cm) 


u, 6b when 


v, = const (cm) (cm) 


8600 
8750 
9100 
9550 
10300 
13200 
15900 
17700 
19600 
21000 


| | | 

| | | a 
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‘dH ‘dH 

yr (m/sec) 100 m/sec 

0 0 = 61-2 = 

113 50 8-7 40 365 705 58 58 131000 a 
155 100 10 31 230 1130 55 
213 200 24:3 24-2 127 2050 51 
276 500 61 24-1 48-7 5340 39-8 39:8 107000 : ba 
305 800 108 26-2 24-9 10400 33 al 
318 1000 167 27:8 17-1 15200 29-7 
327 1200 250 30 12-5 20850 27 
332 1350 415 31°8 10 26100 25 25 224000 om 
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The e.m.f. induced by the travelling magnetic wave 
in a section of conductors of width / may be calculated 
from the following formula: 


E = 2nr v, X 10 = x 10*V. 
0-86, 6, 

The results of some approximate calculations for 
the case of a magnet with ~700cm pole diameter 
are given in Table 4. The power required by the 
coils, assuming no energy recovery and a wave 
velocity of 100 msec", turns out to be 2-3 MW. 
The power is proportional to the frequency of the 
cycle and consequently also to the intensity. 

The accelerating voltages given in Table 4 were 
computed for a constant wave velocity. In practice 
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it is more convenient to keep the power required by 
the coils per cycle fixed and to decrease the wave 
velocity as the orbital radius increases. As in the 
preceeding calculations, the effect of the rotational 
electric field was neglected. 


5. CONCLUSION 


This account of the proposed accelerator has been 
limited to a discussion of the general principles of 
operation. Some possible designs for the construction 
of such a machine have been given as well as some 
approximate calculations. The results so far are 
encouraging and suggest that further calculations 
and the working out of constructional details would 
be profitable. 
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A STEPWISE INCREASE IN THE ELECTRON CURRENT TO A PROBE 
PLACED IN A DISCHARGE IN A MAGNETIC FIELD* 


A. V. ZHARINOV 


(Received 13 February 1959) 


Abstract—Preliminary results from a study of the effect of a magnetic field on electron diffusion in a plasma 
are described. A stepwise increase in the ratio of the electron current to the ion current to a probe has been 
found for a certain critical magnetic field strength. According to the preliminary results, this critical 
magnetic field is proportional to the gas pressure. These facts seem to indicate that there are two quali- 
tatively different mechanisms of the transverse movement of electrons, one of these being diffusion by 


collisions. 


1. INTRODUCTION 


One of the methods whereby the rate of motion of 
electrons in a plasma across a magnetic field can be 
estimated is to measure the ratio of the electron and 
ion currents to a probe in regions of the discharge 
where ionization may be neglected. On the basis of such 
measurements BOHM (GUTHRIE and WAKERLING™’) has 
formulated a hypothesis that the electrons have an 
anomalously large transverse mobility. Although the 
mechanism of Boum diffusion of electrons is not clear, 
it can be assumed that such diffusion does not always 
occur, and that in certain conditions the rate of ordinary 
diffusion of electrons by collision is sufficient to 
compensate the space charge of the ions. 

In order to test this assumption, measurements have 
been made of the ratio of the electron current to a 
probe to the ion current for magnetic fields between 
400 and 4500 oersteds. 


2. APPARATUS AND MEASURING 
EQUIPMENT 

Fig. 1 shows a diagram of the discharge apparatus. 
The discharge chamber is the cavity of a thick-walled 
copper cylinder C, whose ends are covered by a 
molybdenum anode A and a diaphragm D. A pre- 
heated cathode devised by B. N. Makov was used. 
The cathode itself was a tungsten cylinder K, 5mm 
in diameter fixed on a special projection of the cathode 
unit B opposite an aperture of diameter 3 mm in the 
diaphragm. The cathode was heated by the thermionic 
current from a tungsten wire N. Six apertures of 
diameter 0-8, 1, 2, 3, 4 and 2mm were made in the 
anode at 10 mm from its centre. Six collectors S were 
placed, one opposite each aperture, at ~0-5 mm 


* Translated by J. B. Sykes from Atomnaya Energiya 7, 215 (1959). 


Nitrogen 


Fic. 1.- 
(Dimensions in 


The discharge chamber. 
millimetres.) 


from the rear face of the anode. These were used 
to find the probe characteristics. The collectors 
were attached to the screen G by means of glass 
insulators. The gas used was nitrogen, admitted to 
the discharge chamber by means of the tube F. 

This apparatus was placed inside a metal vacuum 
chamber which was situated in the gap of an electro- 
magnet and evacuated by an oil diffusion pump, 
which gave a vacuum of ~10-° mm mercury outside 
the discharge chamber with a continuous flow of 
nitrogen into it. The pressure inside the discharge 
chamber was about two orders of magnitude higher. 

Fig. 2 shows the measuring equipment. A saw- 
tooth oscillator G and a measuring resistance R = 
1 kQ are connected in series between the probe S and 
the anode A. The constant component of the os- 
cillator output voltage is balanced out by means of the 
battery B in such a way that the potential of the probe 
varies symmetrically with respect to the anode. From 
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Fic. 2.—The measuring equipment. 


the measuring resistance, the signal passes to the 
input of the d.c. amplifier UIPP-2, from whose output 
it is applied to the plates of the oscillograph EO-7. 

To avoid linear distortion of the probe currents, 
which is considerable when the sensitivity is high, the 
probe potential is not measured directly, i.e. the 
oscillograph time-sweep generator is used to give the 
horizontal deflexion of the oscillograph beam. 

In all measurements the amplitude of the probe 
potential relative to the anode was ~15V. The 
measurements were made at a frequency of 50 cycles 
per second. With strong magnetic fields, marked 
oscillations always occurred in the discharge, and the 
electron part of the probe characteristic was strongly 
modulated by oscillations of a few tens of kilocycles 
per second. In such cases the measuring resistance 
was shunted by a capacity of 0-1 wF by using the 
switch K,, and in this way the characteristic was 
averaged over the high-frequency components of the 
probe current. 

When the electron current exceeded the ion current 
by a factor of more than 20-30, the ion current was 
measured at a higher amplification than the electron 
current, in order to record the ratio more accurately. 
By opening the switch Kg, the detector D was operated 
and the electron current was detected to avoid 
overloading the amplifier. 

The switch Ks, which shunts the amplifier input, 
was used to apply the zero-current line when the probe 
characteristics were being photographed. 


3. RESULTS OF THE MEASUREMENTS 


Fig. 3 shows a series of oscillograms of probe 
characteristics corresponding to a discharge current 
of 1 A, a discharge potential of 180 V, and a pressure 
in the vacuum chamber of 7 x 10-°mm mercury. 
The pressure in the discharge chamber was 2 to 
3 x 10°%mm mercury. These characteristics were 
obtained with the probe of diameter 3mm, the 
remaining probes being earthed. The oscillograms 


4 
I+ | | 
| 
1000 


2000 3000 
H, Oersteds 


Fic. 4.—Electron current /_ and ion current J, at the probe 

as functions of the magnetic field strength. Probe diameter 

Dgs=3mm, J,=1A, V,=180V, p=7 xX mm 

mercury. 
1-7 were taken without the capacitive shunting of the 
measuring resistance. 

On examining these oscillograms, we observe the 
absence of oscillations, for both the ionic (lower 
branches) and the electronic (upper branches) currents 
when the magnetic field strength is less than 3000 
oersteds. In a magnetic field only slightly exceeding 
this value, however (oscillogram 7), there are strong 
oscillations of the electron current at the probe. The 
oscillograms | to 6 show clearly a gradual decrease of 
the ratio of the electron and ion currents as the 
magnetic field increases. 

The behaviour of the electron current /_ and the 
ion current /, at the probe, as functions of the 
magnetic field, is more easily seen from Fig. 4, which 
is based on oscillograms | to 8. The sudden stepwise 
increase of the electron current for a magnetic field 
~3050 oersteds is of great interest. The ion current 
is almost unchanged at this point. 

Fig. 5 shows the ratio /_//, as a function of the 
magnetic field strength. At first this ratio decreases 
from 11 at 450 oersteds to 4 at 2500 oersteds. Between 
3000 and 3050 oersteds it rises from 5 to 17 if the 
electron current is measured from the lower envelope 
in oscillogram 7 (without capacitive shunt); if it is 
measured from the averaged oscillogram 8 (with 
capacitive shunt) the ratio /_/J, is ~10? at a field of 
3050 oersteds. 

Figs. 6 and 7 show similar relations, with the 
current on an arbitrary scale, for the same probe but 
with a discharge current 0-6 A, a discharge potential 
210 V, and the same pressure (p= 7 10-°>mm 
mercury). In this case the magnetic field was varied 
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(7) (8) 
Fic. 3.—Oscillograms of probe characteristics of discharges at various magnetic field strengths H. k = amplification factor. 
(1) H = 430 oersteds, A = 50 (5) H = 2500 oersteds, k = 500 


(2) H = 850 oersteds, k 400 (6) H 3000 oersteds, k 1000 
(3) H 1250 oersteds, k 400 (7) H 3050 oersteds, k 100 
(4) H = 2050 oersteds, k 400 (8) H 3050 oersteds, A 100. 
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A stepwise increase in the electron current to a probe placed in a discharge in a magnetic field 269 
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Fic. 5.—Ratio /_/I, as a function of the magnetic field 
strength (from Figs. 3 and 4). Ds = 3mm, /, = 1 A, V, 
180 V, p = 7 X 10-° mm mercury. 


over a wider range, and it is seen that the stepwise 
increase in the electron current is followed by a 
fairly smooth decrease. 

When the pressure is halved (3-5 x 10-° mm 
mercury), the general nature of the probe character- 
istics is not greatly changed, but the discontinuity in 
the electron current, accompanied by strong oscil- 
lations, occurs at a magnetic field ~1500 oersteds, 
not ~3000 oersteds as when the pressure is 7 
10-° mm mercury. 


4. DISCUSSION OF THE RESULTS 
The principal experimental result of this work is 
the discovery of a stepwise increase, at a certain 
critical magnetic field, in the electron current to the 
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O6ersteds 
Fic. 6.—Electron current /_ and ion current /, at the probe 
as functions of the magnetic field strength. Ds = 3 mm, 
I, = 0-6 A, V, = 210 V, p = 7 X 10-> mm mercury. 


probe, accompanied by strong oscillations. The 
critical value of the magnetic field increases propor- 
tionally to the gas pressure. This seems to indicate 
an important role of the quantities w,7, and w_t_, 
which characterize the effect of the magnetic field on 
the plasma and may bring about a new state of the 
discharge with strong oscillations and a high velocity 
of the transverse motion of the electrons. 

A rigorous quantitative analysis of the results is 
difficult for a variety of reasons. Firstly, the design 
of the probes used is imperfect, since the collecting 
surface is indefinite (both for electrons and for ions) 
om account of the appearance of a layer of negative 
anode potential fall at the edges of the probe aperture 
in the anode. Secondly, Boum’s" theory of the 
collection of electrons by a probe in a discharge in a 
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Fic. 7.—Ratio 1/1, as a function of the magnetic field 
strength (from Fig. 6). 


strong magnetic field is valid only for sufficiently 
long discharges, satisfying the condition 
L > al\/(D_”/D_), 

where L is the length of the discharge, a the 
radius of the probe, D_” the coefficient of 
transverse diffusion of electrons in a magnetic field, 
and D_ the electron diffusion coefficient without the 
magnetic field. In the present work, the reverse 
condition is more likely to be satisfied. Finally, in 
BouM’s theory it is assumed that the kinetic energy of 
the ions in the plasma e7., < eT_ (where T_ is the 
temperature of the electrons), and so the electron 
current should be observed to reach saturation at 
probe potentials which are ~7., more positive than 
that of the plasma. The oscillograms in Fig. 3 show 
that no saturation of the electron current is observed 
in our experimental conditions. This seems to be due 
to the relatively high energy of the ions. 
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If we ignore all these objections and use BoHM’s 
formula 


8ay/(D_D_”)(1 + T,/T_) 


I, 0-4 x 


to estimate the ratio /_/J,, substituting a = 0-15 cm, 
/M,=~4 14+ 7,/T_.=1, we find 
I_|I, x 3-5 for H = 3000 oersteds, and this is close to 
the measured value of ~4. It should be noted that 
the experimental value of /_//, also cannot be deter- 
mined accurately, on account of the non-saturation of 
the electron current. 

Without placing too much reliance on this estimate, 
but bearing in mind the undoubted sudden increase in 
the electron current to the probe, we may conclude 
that these results, together with those of), confirm 
the existence of at least two qualitatively different 
mechanisms of the transverse motion of electrons. 
One mechanism, which operates at magnetic fields 
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below the critical value, is, apparently, ordinary 
diffusion due to collisions. The other mechanism is 
still not clear, but it may be hoped that a more 
thorough and careful study of the observed critical 
transition in the state of the discharge will make 
possible an elucidation of the fundamental nature of 
this mechanism. 
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THE DIFFUSION OF ELECTRONS IN 
A MAGNETIC FIELD* 


A. V. ZHARINOV 


(Received 13 February 1959) 


Abstract—Experimental data concerning the anomalously high mobility of electrons across a magnetic field 
are discussed. It is shown that the concentration distribution of the secondary plasma of a hot-cathode 
discharge is almost independent of the transverse diffusion coefficient of the electrons, and so cannot be used 
to elucidate the mechanism of diffusion. The electron diffusion coefficient is estimated from the density of 
the electron current to the anode; the result confirms that the transverse mobility is anomalously high. 


1. INTRODUCTION where 7, and 7_ are the ion and electron temperatures 
THE study of various experimental data on a hot- in potential units, and D,” and D_” the ion and 
cathode discharge in a strong longitudinal magnetic electron transverse diffusion coefficients. The coeffi- 
field led BoHM (GUTHRIE and WAKERLING!) to put cients / and y relate the ion and electron current 
forward the hypothesis that in such a discharge a new, densities at the anode, j,“ and j_*, to the plasma 
hitherto unconsidered, mechanism of transverse concentration n: 
motion of electrons exists, which is considerably more jst = Bn, 
effective than diffusion by collisions. jt =yn. 

In particular, one argument in favour of an anom- 
alously high transverse mobility of electrons was 
furnished by an analysis of probe characteristics. yT_/D_? < BT,/D,”, (3) 
Assuming that electron diffusion takes place by 
means of collisions, BoHM found a value of 4 or 5 for 
the ratio /_/I, of the electron and ion currents to the — Jif =." D =| 
probe, whereas the measured value of /_//, in corre- hits 7s 9 
sponding conditions was from 20 to 35. Although 
Boum’s calculations lay no claim to great accuracy, 
it is nevertheless improbable that they should give 
too low a value of /_//,, and so they must be given 
serious consideration. 

Another experimental fact used by BoHM to demon- 
strate the anomalously high transverse mobility of 
electrons was the unexpectedly slow decrease in the 
plasma concentration with increasing distance from 
the primary electron beam. An approximate theoretical 
analysis was made of the concentration distribution in 
the secondary plasma (outside the primary electron 
beam) in the two-dimensional case. Using the 
condition of quasi-neutrality, assuming the transverse L 7 
motion of ions and electrons to take place by diffusion 7™N Dam. 
and neglecting ionization in the secondary plasma, 
BouM obtained the following expression for the 
distance x) over which the concentration decreases by 
a factor of e away from the primary beam: 


Assuming also that 


Boum obtained, instead of (1), the expression 


(4) 


Thus, according to formula (4), a measurement of 
Xy makes possible an estimate of the transverse 
diffusion coefficient of the electrons. Comparing the 
measured value of x, with that calculated from (4), 
and assuming that ordinary diffusion of electrons 
occurs, BOHM found a disagreement between theory 
and experiment: the electron diffusion coefficient 
calculated from (4) was two orders of magnitude 
greater than the diffusion coefficient resulting from 
collisions. 

Simon”) has derived for xX) an expression quite 
different from (4): 


(5) 


where D.,,, is the coefficient of longitudinal ambipolar 
diffusion. On comparing the measured values of Xx 
with those calculated from formula (5), he obtained 
satisfactory agreement. It was also found that, as the 
OF: | (7. + TL (1) magnetic field strength H increases, xy decreases as 

(BT,/D..”) + (yT_/D_”) 1/H. For this reason SIMON thinks that, in the experi- 

. ments under consideration, the diffusion of both ions 

* Translated by J. B. Syxes from Atomnaya Energiya 7, 220 

(1959). and electrons takes place by means of the familiar 
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processes, and that there is no need to postulate the 
existence of the anomalously high transverse electron 
mobility deduced by Boum. 

However, SIMON does not use the results of the 
probe measurements already mentioned. Moreover, 
it is not really possible to determine the electron 
diffusion coefficient on the basis of a measurement of 
the distance x, in the discharge conditions considered 
by SIMON and by Boum. 

The object of the present paper is to show that, 
under certain conditions, the secondary plasma- 
concentration distribution does not depend on the 
value of the electron diffusion coefficient, but mainly 
on the motion of the ions. Consequently, it can be 
shown that BouM and SIMON have incorrectly applied 
results concerning the plasma concentration dis- 
tribution in attempting to elucidate the mechanism of 
the transverse diffusion of electrons. 


2. THE PLASMA CONCENTRATION 

DISTRIBUTION IN A HOT-CATHODE 

DISCHARGE IN A LONGITUDINAL 
MAGNETIC FIELD 


Boum’s formula (4) corresponds to ambipolar 
diffusion of the plasma, as was apparently first 
pointed out by SIMON. It is interesting to note that 
Boum did not assume ambipolar diffusion as such, but 
his use of the condition (3) is equivalent to doing so. 

However, in the discharge conditions considered 
(Fig. 1), the diffusion cannot be ambipolar. For, if 
ambipolar transverse diffusion takes place outside the 
primary beam, then everywhere outside that beam (P) 
the resultant longitudinal current to the anode will be 
zero, 1.€. 


= T_ log (v_/v,), (6) 


where ¢ is the potential of the plasma relative to the 
anode, and v_, v, the mean longitudinal velocities of 
the electrons and ions. Formula (6) follows from the 
equality of the anode currents j,“ = j_’. If the trans- 


Sh 


Fic. 1.—Diagram of the discharge chamber. (Dimensions 
in millimetres.) 
K cathode; A anode; P primary beam; S probe. 


verse diffusion is ambipolar, the potential 4 must 
increase away from the primary beam by an amount of 
the order of 7. This is incompatible with (6) for an 
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equipotential anode, since the electron temperature 7_ 
in a strong magnetic field must decrease quite rapidly 
outside the primary beam, on account of the cooling 
of the electrons by the gas. 

This hypothesis may be experimentally confirmed 
by using the results of measuring the current to the 
anode in the secondary plasma, obtained by the 
author and shown in Figs. 2 and 3. These figures 
give the distribution of current over the surface of the 
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Fic. 2.—Distribution of current over the cross-section of the 
discharge. J, = 200 mA, V, = 80 V, H = 2300 oersteds, 
p=2 x mm mercury. 


anode, measured by a probe in the form of a disk of 
diameter 1 mm placed in the plane of the anode and 
moved perpendicular to the magnetic field. The 
primary beam had a diameter 5mm. The curves 
shown correspond to a discharge potential of V, = 80 
V, a discharge current J, = 200mA, a magnetic 
field H = 2300 oersteds and a pressure of argon in the 
discharge chamber p = 2 x 10°? mm mercury. The 
discharge gap was L = 10 cm, and the diameter of the 
discharge tube 30 mm. 

In Fig. 2 the distance from the probe to the wall of 
the discharge chamber is plotted as the abscissa; the 
ion current to the probe in microamperes is plotted 
upwards along the axis of ordinates, and the electron 
current in milliamperes is plotted downwards. The 
region occupied by the primary beam is shown by the 
circle. The probe is at a potential below that of the 
anode. The figure indicates that, at ~1 mm from 
the boundary of the primary beam, the ion current is 
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FiG. 3.—lonic parts of probe characteristics at various points in the discharge cross-section. 
(a) near the primary beam; (b) near the edge. 


predominant. Furthermore, the current-voltage 
characteristics of the probe, obtained in the same 
experiment and shown in Fig. 3, indicate that the ion 
current to the probe considerably exceeds the electron 
current at distances of more than ~1 mm from the 
edge of the primary beam. At greater distances 
(Fig. 3b) the probe receives almost the saturation ion 
current. For example, at r = 9 mm, i.e. ~8 to 9 mm 
from the centre of the primary beam, the electron 
current is about 6 per cent of the ion current. 

These results evidently prove that the diffusion in 
the secondary plasma is not ambipolar, and that the 
electrons move across the field considerably more 
slowly than the ions. 

From the data thus obtained, we can deduce that 
the electrons in the secondary plasma are, as it were, 
in a closed potential vessel, and in a first approximation 
we can neglect those which escape, i.e. assume that the 
electron gas is in Boltzmann equilibrium, and hence 
there are almost no electron currents in the secondary 
plasma. Then it is easily shown that the characteristic 
distance xy is given by 


>= = (7) 


According to this formula, the distribution of con- 


centration in the secondary plasma is independent of 
the electron diffusion coefficient; the physical 
significance of (7) is clear if we recall that, in diffusion 
of ions, the ratio of the mean square displacements 
across and along the magnetic field is 


Xp2/(ALP D.”/D,. 


Formula (7) can also be derived from BOHM’s 
theory if we assume that the opposite condition to (3) 
holds: 


yT_|D_? < BT,,/D..”. (8) 
This follows because the electron current to the anode 
is small, even in comparison with the ion current. 
From (8) we obtain, instead of (4), 


P 


In longitudinal diffusion of ions, the coefficient / is in 


order of magnitude 


(10) 


It is not difficult to see that, when (10) is substituted in 
(9), formula (7) is in fact obtained. It should be noted 
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that Simon’s formula (5) gives the same quantitative 
results as (7), but SIMON’s formula seems less clear 
from the physical point of view, having been obtained 
by neglecting, in the charged-particle flux balance, 
terms proportional to the transverse mobilities of the 
~ ions and electrons. It is by no means evident that this 
neglect is justified. 

When the distribution of concentration is practically 
independent of the electron diffusion coefficient, we 
may attempt to estimate the latter directly from the 
magnitude of the electron current to the anode at 
some point r. In order of magnitude this is 


LD_? nfr’*. 


The ratio of the electron and ion currents is 


(11) 


(12) 


The lower probe characteristic in Fig. 3(b) (r = 9 mm) 
was obtained for a plasma concentration ~10" cm 
and a neutral gas concentration ~7 x 10% cm~*. 
For this ratio of concentrations and 7_~ 1 eV, 
collisions between electrons and ions may be neglected. 
Then the electron diffusion coefficient in a magnetic 
field H = 2300 oersteds is D_? ~ 10cm* sec’. As- 


suming that the argon ions move freely“ and have a 
longitudinal energy ~T_ = 1 eV, we find v, ~ 2 x 10° 


cm sec"'. Substituting these values and L = 10cm, 
r = 1 cm in (12), we obtain 
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5 x 10+. 


The measured ratio of currents at the anode is 
~6 x 10° (see above). Although the estimate is very 
rough, the observed discrepancy of two orders of 
magnitude clearly does not support the theory that 
diffusion takes place by means of collisions. 

A more convincing proof that there is some 
mechanism of transverse motion of electrons other 
than ordinary diffusion is furnished by the stepwise 
increase of the ratio of the electron current at the 
probe to the ion current, and by the marked increase 
in the transverse diffusion coefficient. 
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LETTERS TO THE EDITOR 


On ‘superposed’ accelerators* 
(Received 7 August 1958) 


It has recently become obvious that it is necessary to study the 
interaction of electrons and photons of very high energy with 
material media. 

A short time ago VEKSLER and the author indicated the 
possibility of using one and the same annular accelerator for 
alternative or simultaneous acceleration of different particles.” 
The conditions under which a ‘superposed’ accelerator works 
alternatively do not require any clarification, for, by simply 
adding to the existing injection and acceleration system of a 
synchrophasatron or an annular phasatron an injection and 
an acceleration system for electrons, one can switch to one or 
the other system alternatively and obtain acceleration of either 
electrons or protons. 

The use of one and the same accelerator as a source of fast 
protons and electrons is extremely advantageous because such 
apparatus is complicated and costly. 

Even more promising is the simultaneous combined accelera- 
tion of protons and electrons. (Evidently the simultaneous 
acceleration of positive ions of different masses should also be 
possible. With a great improvement of the vacuum one could 
accelerate simultaneously positive and negative ions.) Indeed if 
in future one could considerably increase the density of bunches 
of electrons and protons in an accelerating chamber (such an 
increase would be aided by the mutual attraction of oppositely 
charged and oppositely directed bunches) it would become 
possible to make two opposing bunches of electrons and 
protons collide with each other. In this case the velocity v of the 
reference system, in which the sum of the momenta of the two 
colliding particles is zero, is determined relative to the laboratory 
system by the equation 


c E, + E, 


r,/By 


Here E, and E, respectively are the total energy of the protons 
and the electrons in the laboratory co-ordinate system and r,,r, 
are the radii of curvature of the proton and electron trajectories. 

Thus, in practice, the laboratory system coincides with the 
centre of mass system of the colliding particles. This is equivalent 
to a considerable energy gain when compared to the situation 
when either a bunch of protons collides with a stationary electron 
target (the proton energy is increased by a factor k,) or a bunch 
of electrons collides with a stationary proton target (the electron 
energy is increased by a factor k,). 

Here 


+ BB. 


Vv 1—pe- v1 


To realize simultaneous superposed acceleration of bunches 
of particles of different masses one must, in practice, overcome 
a difficulty arising from the interaction of the proton bunch 


k, = 


* Translated by N. KEMMER from Afomnaya Energiya 6, 660 
(1959). 


with the field resonator that accelerates the electrons. In the 
initial period of acceleration the protons revolve much more 
slowly than the electrons so that it is only necessary to avoid a 
loss of protons when their period of revolution T,, passes through 
integral multiples of the period of revolution T, of the electrons, 
For annular accelerators we have 

P, 


B 


The last passage through a ‘resonance’ of this kind takes place 
at an electron energy of only some hundred MeV (for not too 
high radio-frequency) while the radiative energy loss per 
revolution is still insignificant. 

Further, at electron energies of the order of 3 BeV, the 
revolution frequencies of the electron and proton bunches will 
approach each other and a strong perturbation of the proton 
motion becomes possible. It is therefore necessary to find 
methods for reducing the influence of the electron resonator 
field on the proton motion. This field is very strong in order to 
compensate for radiation losses. The reaction of the proton 
accelerating element on the electron motion will evidently not 
be dangerous because in the initial stage of acceleration the 
frequency of the field accelerating the protons is considerably 
less than the frequency of revolution of the electrons and, at 
later times, when the frequencies approach each other, the 
voltage amplitude accelerating the protons becomes small 
compared to the voltage in the electron resonator. 

We can indicate several methods of overcoming this difficulty. 
For a weak-focusing accelerator one can effect a spatial 
separation of the orbits and correspondingly of the limiting 
resonance frequencies of the electron and proton bunches 
and so diminish the perturbation of the proton orbits. Thus 
for instance with a frequency difference 


Aw 


the amplitude AR, of the maximum radial perturbation of the 
proton bunch is 


(AR,) max. 


7 


where R is the equilibrium radius, ” the magnetic field index and 
V, the voltage accelerating the electrons. 

The above formula is valid at considerable values of the 
frequency spread Aw/m,. If this spread becomes small, high- 
amplitude synchrotron oscillations begin to be excited which are 
connected with the protons going over to a new ‘equilibrium’ 
orbit corresponding to the orbital frequency @,. Another 
unfavourable circumstance is that in this transition the new 
‘equilibrium’ orbit is situated inside the previous orbit and 
within the electron equilibrium orbit (since #, < f,) so that it 
is near the inner wall of the vacuum chamber. 

The effect of the electron resonators on the motion of the 
protons can be reduced if they are excited at a frequency 
considerably higher than the orbital frequency of the electrons. 
However, in weak-focusing accelerators the choice of permissible 
frequency is limited by the effect of quantum fluctuations of 
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the electron radiation on the amplitude of their synchrotron 
oscillations.'*.*) In strong-focusing accelerators such limitations 
on the permissible frequency are practically non-existent. 

The most promising method appears to be to accelerate 
electrons by the electromagnetic field of a wave that progresses 
in the direction of the electron motion, or by using as accelerator 
a special system consisting of two or more resonators placed 
at different azimuth angles which have specially matched and 
controlled phase shifts. Let us assume that two resonators 
with equal voltage amplitudes V are excited at the orbital 
frequency of the electrons and have the adjustable phase shift 


A$ — = (I 


Assume they are placed on two neighbouring rectilinear 
stretches of a race track, i.e. at an azimuth distance of 0 = 7/2. 
The action of such a system of resonators on the electrons is 
equivalent to that of a single resonator of amplitude 2V, while 
the system can neither accelerate nor decelerate the protons 
revolving in the opposite direction to the electrons. It is 
essential to regulate the phase shift only within narrow limits 
and sufficiently slowly in comparison with the slow change of 
orbital frequency of revolution for relativistic protons. 

Simultaneous superposed acceleration of protons 
electrons in a single accelerator is apparently possible at very 
high energies, up to several BeV. 


and 


E. M. Moroz 
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The effect of a space charge on the motion of 
particles in accelerators* 


(Received 20 April 1959) 


IN connexion with the problem of obtaining high fluxes in 
accelerators, the question of the effect of a space charge in the 
beam on the free oscillations of particles acquires considerable 
interest. This question has been discussed":*, but the 
screening effect of the chamber walls and of the iron in the 
electromagnet was not considered. In the present note both 
these effects are taken into account; only the horizontal walls 
of the chamber are considered, since the screening effect of the 
vertical walls is considerably less. 

Let us suppose that the beam of particles is an infinite cylinder 
of radius p. Then, assuming the chamber walls to be perfect 
conductors and the magnetic permeability of iron to be infinite, 
we find that outside the beam the expressions for the vector 
and scalar potentials are 


A = p* log [cosh* (7x/h) sin* (7z/h) 


sinh® cos? (7z/h)], 
(1) 
¢ = log [{cosh + cos (7z/xh)}/ 
{cosh (7x/ah) — cos (7z/«h)}], 


* Translated by J. B. Sykes from Atomnaya Energiya 7, 268 
(1959). 
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where A is the component of the vector potential along the axis 
of the beam, f = v/c, N is the number of particles per unit 
volume, x and z are the deviations from the axis in the horizontal 
and vertical directions and « is the ratio of the vertical aperture 
of the chamber to the distance A between the poles of the 
electromagnet. Assuming that p/h < 1 and solving Maxwell’s 
equations inside the beam, we find 


2 (p/h 


6, 
6% 


+ 


(p/h)? 
6x2 


7 
H, - 5 
3 | 
J 
where &,.., H,,. are the electric and magnetic field components. 
When these fields are taken into account, we obtain the following 
equations for the free oscillations: 
x” + kl — (n — 6n,)\x = 0, | 
z” + k*[n + = 0, | 
where the differentiation is along the are o of the equilibrium 
orbit, & is the curvature of the orbit, ” is the guiding magnetic 
field index of the accelerator, and 


= (pil? (= | (4) 
the upper and lower signs relating to dn, and dn, respectively, 
and E being the total energy of the particle. 

From equations (3) we can easily derive the formula for the 
change in the frequency of free oscillations ‘*°): 


(1 — — (p/h) [= - (5) 
6 a? 


(3) 


2Ep? 


The quantity M ‘,,4” is themean square modulus of the Floquet 
function, which in this case is normalized so that the Wronskian 
and L is the perimeter of the orbit. If the point considered is at 
the centre of a cell beunded by resonance bands, then, assuming 
that Ar,,,.| } of the distance to the nearest resonance, we find 
the limitation on the beam current that can be injected into the 

accelerator chamber. 

It follows from an analysis of formula (5) that the screening 
effect (the second term in the square brackets) gives a contri- 
bution of 10 to 20 per cent in the non-relativistic case. In the 
relativistic case (f ~ 1), however, this term may be of impor- 
tance, leading to additional restrictions on the possible number 


f bunches. 
V. I. Korov 
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